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PREFACE 


This  final  volume  of  the  Course  of  Theoretical  Physics  deals  with  physical  kinetics, 
in  the  wide  sense  of  the  microscopic  theory  of  processes  in  systems  not  in 
statistical  equilibrium. 

In  contrast  to  the  properties  of  systems  that  are  in  statistical  equilibrium,  l he 
kinetic  properties  are  much  more  closely  related  to  the  nature  of  the  microscopic 
interactions  in  a  particular  physical  object.  This  is  the  reason  for  the  enormous 
variety  in  such  properties  and  the  considerably  greater  complexity  of  the  relevant 
theory.  The  choice  of  topics  to  be  included  in  a  general  course  of  theoretical 
physics  thereby  becomes  less  clear. 

The  scope  of  the  book  will  be  evident  from  the  table  of  contents.  Here  we  shall 
add  only  a  few  remarks. 

Much  attention  is  given  to  the  theory  of  gases,  as  the  simplest  branch,  in 
principle,  of  kinetic  theory.  Several  chapters  are  concerned  with  plasma  theory,  not 
only  because  of  the  intrinsic  physical  significance  of  this  department  of  kinelic 
theory,  but  also  because  many  of  the  problems  involved  can  be  completely  solved 
and  furnish  an  instructive  illustration  of  the  general  methods  of  the  kinetic  theory. 

The  kinetic  properties  of  solids  are  especially  multifarious.  In  the  selection  of 
material  for  the  chapters  in  question,  we  naturally  had  to  confine  ourselves  to  the 
most  general  subjects  which  exhibit  the  basic  physical  kinetic  phenomena  and  the 
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course  of  theoretical  physics,  and  does  not  set  out  to  be  a  textbook  of  solid  state 
theory. 

There  are  two  evident  omissions  from  the  book:  the  kinetics  of  magnetic 
processes,  and  the  theory  of  transport  phenomena  arising  from  the  passage  of  fast 
particles  through  matter.  These  omissions  are  due  to  lack  of  time,  and  we  resolved 
to  accept  them  for  the  present  edition,  so  as  not  to  delay  its  publication  any  further. 
We  trust  that,  although  the  book  thus  does  not  contain  all  that  it  might,  everything 
in  it  will  be  found  both  interesting  and  useful. 

This  volume  completes  the  programme  laid  down  by  Lev  Davidovich  Landau 
more  than  forty  years  ago.  The  entire  Course  comprises  the  following  ten  volumes: 


Vol.  1  Mechanics 

Vol.  2  The  Classical  Theory  of  Fields 

Vol.  3  Quantum  Mechanics  (Non~Relativistic  Theory ) 

Vol.  4  Quantum  Electrodynamics  (formerly  Refaticfstic  Quantum  Theory) 
Vol.  5  Statistical  Physicsy  Part  1 

Vol.  6  Fluid  Mechanics 


IX 


X 


Preface 


Vol.  7  Theory  of  Elasticity 

Vol.  8  Electrodynamics  of  Continuous  Media 

Vol.  9  Statistical  Physics ,  Part  2 

Vol.  10  Physical  Kinetics 


The  position  of  Vol.  9  results  from  the  fact  that  it  makes  considerable  use  of 
material  from  fluid  mechanics  and  macroscopic  electrodynamics. 


In  the  new  series  of  Russian  editions  begun  m  1973,  Volumes  1 


i  ^ 
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have  so  far  appeared.  Volume  7  can  be  reissued  with  only  minor  changes.  Volume 
4,  previously  published  as  Re/atiuistic  Quantum  Theory ,  will  lose  the  chapters  on 
weak  and  strong  interactions  and  shortly  be  reissued  as  Quantum  Electrodynamics. 
Volumes  6  and  8,  which  have  not  been  reissued  for  many  years,  require  more 
substantial  revision  and  expansion;  we  intend  to  proceed  to  this  in  the  near  future. 

We  should  like  to  express  our  sincere  thanks  to  A.  F.  Andreev,  R.  N.  Gurzhi,  V. 
L.  Gurevich,  Yu.  M.  Kagan,  M.  I.  Kaganov  and  i.  M .  Lifsnitz,  with  whom  we  have 
discussed  matters  treated  in  the  book.  We  are  also  grateful  to  L.  P.  -Gor’kov  and  A. 
A.  Rukhadze,  who  read  the  manuscript  and  made  a  number  of  comments. 


November  1978 


E.  M.  Lifshitz 
L.  P.  PlTAEVSKll 


NOTATION 


Particle  distribution  function  /  (Chapters  I— VI) ;  momentum  distribution  function 
always  relative  to  d3p. 

Occupation  numbers  of  quantum  states  n(p)  for  electrons  and  N(k)  for  phonons 
(Chapters  VII  and  IX-XI);  momentum  distribution  always  relative  to  d3p/(27rh)3. 
Collision  integral  C;  linearized  collision  integral  I. 

Thermodynamic  quantities:  temperature  T,  pressure  P,  chemical  potential  p,, 
particle  number  density  N,  total  particle  number  Ji,  total  volume  V. 
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In  estimates:  characteristic  lengths  L;  atomic  dimensions  and  lattice  constant  d\ 
mean  free  path  / ;  speed  of  sound  u. 

Averaging  is  denoted  by  angle  brackets  (. . .)  or  by  a  bar  over  a  letter. 
Three-dimensional  vector  suffixes  are  denoted  by  Greek  letters  a,  j3, . . . 


In  Chapters  III— VI: 

Electron  mass  in,  ion  mass  AT 
Electron  charge  -e,  ion  charge  ze. 

Electron  thermal  velocity  vl€  =  (TJm)m. 

Ion  thermal  velocity  in  =  (T,/M)1/2. 

Plasma  frequency  Cl,  =  (47rNte2lm)if2,  =  (47rN,z2e2/M)1/2. 

Debye  length  ae  =  (TJA^rNge2)112,  a,  =  (Ti/47rNjZ2e2)I/2,  a'2  -  av  2  +  a,“2. 
Larmor  frequency  =  eBImc,  ojfl,  =  zeBfMc , 


References  to  other  volumes  in  the  Course  of  Theoretical  Physics: 

Mechanics  =  Vol.  1  (Afecficmics,  third  English  edition,  1976). 

Fields  =  Vol.  2  ( The  Classical  Theory  of  Fields ,  fourth  English  edition,  1975). 
QM  =  Vol.  3  (Quantum  Mechanics ,  third  English  edition,  1977). 

RQT  —  Vol.  4  (Re/atiiisfic  Quantum  Theory,  Part  1,  English  edition,  1971;  Part  2, 
English  edition,  1974);  to  be  reissued  (see  Preface). 

SP  1  =  Vol.  5  (Stahsticfl/  Physics,  Part  1,  third  English  edition,  1980). 

FM  ~  Vol:  6  ( Fluid  Mechanics,  English  edition,  1959). 

TE  =  Vol.  7  ( Theory  of  Elasticity ,  second  English  edition,  1970). 

ECM  =  Vol.  8  (E/ecrrodymnmYs  of  Continuous  Media,  English  edition,  1960). 

SP  2  —  Vol.  9  (Statistical  Physics,  Part  2,  English  edition,  1980). 

All  are  published  by  Pergamon  Press. 
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CHAPTER  I 

KINETIC  THEORY  OF  GASES 


§  1 .  The  distribution  function 

This  chapter  deals  with  the  kinetic  theory  of  ordinary  gases  consisting  of  electric¬ 
ally  neutral  atoms  or  molecules.  The  theory  is  concerned  with  non-equilibrium 
states  and  processes  in  an  ideal  gas.  An  ideal  gas,  it  will  be  recalled,  is  one  so 
rarefied  that  each  molecule  in  it  moves  freely  at  almost  all  times,  interacting  with 
other  molecules  only  during  close  encounters  with  them.  That  is  to  say,  the  mean 
distance  between  molecules,  r  —  N~113  (where  N  is  the  number  of  molecules  per 
unit  volume),  is  assumed  large  in  comparison  with  their  size,  or  rather  in  com¬ 
parison  with  the  range  d  of  the  intermolecular  forces;  the  small  quantity  Nd3~ 
(dir)3  is  sometimes  called  the  gaseousness  parameter. 

The  statistical  description  of  the  gas  is  given  by  the  distribution  function  /(t,  q,  p) 
of  the  gas  molecules  in  their  phase  space.  It  is,  in  general,  a  function  of  the 
generalized  coordinates  (chosen  in  some  manner,  and  denoted  jointly  by  q )  and  the 
corresponding  generalized  momenta  (denoted  jointly  by  p),  and  in  a  non- steady 
state  also  of  the  time  t.  Let  dr  -  dq  dp  denote  a  volume  element  in  the  phase  space 
of  the  molecule;  dq  and  dp  conventionally  denote  the  products  of  the  differentials 
of  all  the  coordinates  and  all  the  momenta  respectively.  The  product  /dx  is  the 
mean  number  of  molecules  in  a  given  element  dr  which  have  values  of  q  and  p  in 
given  ranges  dq  and  dp.  We  shall  return  later  to  this  definition  of  the  mean. 

Although  the  function  f  will  be  everywhere  understood  as  the  distribution 
density  in  phase  space,  there  is  advantage  in  expressing  it  in  terms  of  suitably 
chosen  variables,  which  need  not  be  canonically  conjugate  coordinates  and 
momenta.  Let  us  first  of  all  decide  on  the  choice  to  be  made. 

The  translational  motion  of  a  molecule  is  always  classical,  and  is  described  by 
the  coordinates  r  =  (x,  y,  z)  of  its  centre  of  mass  and  by  the  components  of  the 
momentum  p  (or  the  velocity  v  =  p/m)  of  its  motion  as  a  whole.  In  a  monatomic 
gas,  the  motion  of  the  particles,  which  are  atoms,  is  purely  translational.  In 

polyatomic  gases,  the  molecules  also  have  rotational  and  vibrational  degrees  of 
freedom. 

The  rotational  motion  of  a  molecule  in  a  gas  is  almost  always  classical  too.t  It  is 
described  in  the  first  place  by  the  angular  momentum  vector  M  of  the  molecule. 
For  a  diatomic  molecule,  this  is  sufficient.  Such  a  molecule  is  a  rotator  turning  in  a 
plane  perpendicular  to  M.  In  actual  physical  problems,  the  distribution  function 

^The  condition  for  the  rotation  to  be  classical  is  ft2/2J  <  T,  where  I  is  the  moment  of  inertia  of  the 
molecule  and  T  the  temperature  of  the  gas.  This  condition  can  be  violated  in  ordinary  gases  only  for 
hydrogen  and  deuterium  at  low  temperatures. 
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molecule  in  this  plane,  all  orientations  of  the  molecule  in  the  plane  being  equally 
probable.  This  is  because  the  angle  <p  changes  rapidly  as  the  molecule  rotates,  and 
the  result  may  be  understood  as  follows. 

The  rate  of  change  of  <p  (the  angular  velocity  of  rotation  of  the  molecule)  is 
<p  =ft  =  MIL  Its  mean  value  0  ~  v/d,  where  d  is  the  molecular  dimension  and  v  the 
mean  linear  speed.  Different  molecules  have  various  values  of  fi,  distributed  in 
some  way  about  ft.  Thus  molecules  which  initially  had  the  same  <p  very  soon 
acquire  different  values;  there  is  a  rapid  “mixing”  with  regard  to  angles.  Let  the 
distribution  of  molecules  in  angle  <p  —  <p0  (in  the  range  from  0  to  2tt)  and  in  fl  at  the 
initial  instant  t  =  0  be  given  by  a  function  /(<p0, H).  We  separate  from  it  the  mean 
value  independent  of  (p: 


/  =  /(ft)  +  /'(Vo*ft)- 
7(fl)  —  J^2,r  /(^>°,  I  I)  d9o, 

so  that  f(<po,  ID  is  a  function  periodic  in  <p0  with  period  277  and  zero  mean.  In  the 
course  of  time,  the  free  rotation  of  the  molecules  (<p  =  Of  +  <p0)  changes  the  distribu¬ 
tion  function: 


/(<f>,  at)  =  /(n)  +  f(<p-f2t,f2); 

In  the  course  of  time,  /'  becomes  a  more  and  more  rapidly  oscillating  function  of  ft:  the 
characteristic  period  of  oscillation  Afi  —  27t /t,  and  becomes  small  in  comparison  with 
ft  even  during  the  mean  free  time  of  the  molecules  between  collisions.  All  observable 
physical  quantities,  however,  involve  some  averaging  of  the  distribution  function  with 
respect  to  ft;  the  contribution  of  the  rapidly  oscillating  function  f'  to  such  mean  values 
is  negligible.  This  enables  us  to  replace  the  distribution  /(<p,  fl)  by  the  angle-averaged 
function  /(fl). 

The  above  arguments  are,  of  course,  general  ones,  and  apply  to  any  rapidly 
varying  quantities  (phases)  which  take  values  in  finite  ranges. 

Returning  to  the  rotational  degrees  of  freedom  of  molecules,  let  us  note  that  in 
polyatomic  gases  the  distribution  function  may  also  depend  on  the  angles  which 
specify  the  fixed  orientation  of  the  axes  of  the  molecules  relative  to  the  vector  M. 
For  example,  in  molecules  of  the  symmetrical-top  type  this  is  the  precession  angle 
between  M  and  the  axis  of  the  fbp,  whereas  the  distribution  function  may  again  be 
regarded  as  independent  of  the  rapidly  varying  angles  of  rotation  of  the  top  about 
its  own  axis  and  precession  of  this  axis  about  M.t 

The  vibrational  motion  of  the  atoms  within  the  molecule  is  practically  always 


tin  the  rotation  of  a  spherical-top  molecule,  such  as  CH4,  the  two  angles  remain  constant  which  define 
the  orientation  of  the  molecule  relative  to  M  (i.e.  the  direction  of  the  angular  velocity  fl).  In  the  rotation 
of  an  asymmetrical-top  molecule,  a  combination  of  angles  remains  constant  which  represents  the 
rotational  energy  Erot  =  M//2/1  +  M^/2/2  +  where  Mi.  are  the  components  of  the 

constant  vector  M  along  the  rotating  principal  axes  of  inertia  of  the  molecule. 
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§1 

quantized,  so  that  the  vibrational  state  of  the  molecule  is  specified  by  the  ap¬ 
propriate  quantum  numbers.  Under  ordinary  conditions  (at  not  too  high  tem¬ 
peratures),  however,  the  vibrations  are  not  excited  at  all,  and  the  molecule  is  at  its 
ground  vibrational  level. 

In  this  chapter  we  shall  denote  by  Y  the  set  of  all  variables  on  which  the 
distribution  function  depends,  other  than  the  coordinates  of  the  molecule  as  a 
whole  (and  the  time  t).  We  separate  from  the  phase  volume  element  dr  the  factor 
dV  =  dxdydz ,  and  denote  by  dY  the  remaining  factor  in  terms  of  the  variables 
used  (and  integrated  over  the  angles  on  which  f  does  not  depend).  The  quantities  T 
have  an  important  common  property:  they  are  integrals  of  the  motion,  and  remain 
constant  for  each  molecule  during  its  free  motion  (in  the  absence  of  an  external 
field)  between  successive  collisions;  but  they  are  in  general  altered  by  each 
collision.  The  coordinates  x,  y,  z  of  the  molecule  as  a  whole  vary,  of  course,  during 
its  free  motion. 

For  a  monatomic  gas,  the  quantities  T  are  the  three  components  of  the  momen¬ 
tum  p  —  mv  of  the  atom,  so  that  dY  —  d3p.  For  a  diatomic  molecule,  T  includes  not 
only  the  momentum  p  but  also  the  angular  momentum  M;  accordingly,  dY  may  be 
expressed  as 


dY  =  2tt  d3p  M dM doM,  (1.1) 

where  doM  is  a  solid-angle  element  for  the  direction  of  the  vector  Mt.  For  a 
symmetrical-top  molecule,  the  quantities  Y  include  also  the  angle  6  between  M  and  the 
axis  of  the  top;  then 


dT  =  4 77 2  d3p  M2  dM  doMd  cos  6 

(one  factor  of  277  comes  from  integration  over  the  angle  of  rotation  of  the  top 
about  its  axis,  and  another  from  integration  over  the  angle  of  precessional  rotation). 
The  integral 


fit,  r,  Ddr  =  N(f,r) 


is  the  spatial  distribution  density  of  gas  particles;  N  dV  is  the  mean  number  of 
molecules  in  the  vnlnm#*  plpmpnt  /IV  14 tUa  f ^11^.. — +„ _ 

-  .  v-.v-.w.n  «  T  •  iivi  V  mv  luiiuwing  VU1JI111C111S  me  11CCUCU. 

An  infinitesimal  volume  element  dV  really  means  one  that  is  not  mathematically 
but  physically  small,  i.e.  a  region  of  space  which  is  very  small  in  comparison  with 
the  characteristic  dimensions  L,  of  the  problem,  but  still  large  in  comparison  with 
molecular  dimensions.  The  statement  that  a  molecule  is  in  a  given  volume  element 

tThis  expression  can  be  derived  by  first  writing 


dT  =  d3p8(M .  n)  d3JVf  don 

=  d3p8(M  cos  6)M2  dM  doMd  cos  0  dtp, 

jvhere  don  =  d  cos  0  d<p  is  a  solid-angle  element  for  the  direction  of  the  molecule  axis  (6  being  the  angle 
co  Ween  an^  M)-  The  delta  function  expresses  the  fact  that  M  has  only  two  independent 

is  m^onen!s  (corresponding  to  the  number  of  rotational  degrees  of  freedom  of  a  diatomic  molecule):  M 
Perpendicular  to  the  molecule  axis.  Integration  of  this  formula  over  d  cos  6  dtp  gives  (l.l). 
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dV  therefore  defines  its  position,  at  best,  only  to  within  distances  of  the  order  of  its 
dimensions.  This  is  a  very  important  point.  If  the  coordinates  of  the  gas  particles 
were  specified  exactly,  then  the  result  of  a  collision  between,  say,  two  atoms  of  a 
monatomic  gas  moving  in  definite  classical  paths  would  also  be  entirely  definite.  If, 
however,  the  collision  is  between  atoms  in  a  given  physically  small  volume  (as 
always  in  the  kinetic  theory  of  gases),  the  uncertainty  in  the  relative  position  of  the 
atoms  means  that  the  result  of  the  collision  also  is  uncertain,  and  only  the 
probability  of  one  or  another  outcome  can  be  considered. 

We  can  now  specify  that  the  mean  number  density  of  particles  refers  to 
averaging  over  the  volumes  of  physically  infinitesimal  elements  thus  defined,  and 
correspondingly  over  times  of  the  order  of  that  taken  by  the  particles  to  traverse 
such  elements. 

Since  the  dimensions  of  the  volume  elements  used  in  defining  the  distribution 
function  are  large  in  comparison  with  the  molecular  dimensions  d,  the  distances  L 
over  which  this  function  varies  considerably  must  always  be  large  also,  in  com¬ 
parison  with  d.  The  ratio  between  the  size  of  the  physically  infinitesimal  volume 
elements  and  the  mean  intermolecular  distance  r  may  in  general  have  any  value. 
There  is,  however,  a  difference  in  the  nature  of  the  density  N  determined  by  the 
distribution  function,  according  tr»  tliA  vo!ha  r*f  thst  rstin  Tf  thA  AlAmpnt  H  V  ic  nrst 
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large  compared  with  r,  the  density  N  is  not  a  macroscopic  quantity:  the  fluctua¬ 
tions  of  the  number  of  particles  present  in  dV  are  comparable  with  its  mean  value. 
The  density  N  becomes  a  macroscopic  quantity  only  if  it  is  defined  with  respect  to 
volumes  dV  containing  many  particles;  the  fluctuations  in  the  number  of  particles 
in  these  volumes  are  then  relatively  small.  It  is,  however,  clear  that  such  a 

H  A'finiti/'iti  ic  «acci’1\1a  Anli/  if  a1cr\  tfiA  pfiarar,t/>ri  ctiV*  HimAnciAnc  /'if  tliA  nrAKlAfTl 

..............  ...  V/mi  j  11  UlOO  LI  IV  Vliui  UVLV1  louv  VlllilVll  IJIV/AI  kl  v/l  Lliv  pi  V/  L/AVlll 


V1V1  IIHLIV/Il 


L>r. 


§  2.  The  principle  of  detailed  balancing 

Let  us  consider  collisions  between  two  molecules,  one  of  which  has  values  of  T 
in  a  given  range  dT,  and  the  other  in  a  range  dTh  and  which  acquire  in  the  collision 
values  in  the  ranges  dT'  and  dTJ  respectively;  for  brevity,  we  shall  refer  simply  to  a 
collision  of  molecules  with  T  and  T i,  resulting  in  F  and  T[.  The  total  number  of 
such  collisions  per  unit  time  and  unit  volume  of  the  gas  may  be  written  as  a  product 
of  the  number  of  molecules  per  unit  volume,  /(t,  r,  OdT,  and  the  probability  that 
any  of  them  has  a  collision  of  the  type  concerned.  This  probability  is  always 
proportional  to  the  number  of  molecules  T i  per  unit  volume,  /(t,  r,  T^dF,  and  to 
the  ranges  dF  and  dT[  of  the  values  of  T  for  the  two  molecules  after  the  collision. 
Thus  the  number  of  collisions  T,  Ti->F,  T[  per  unit  time  and  volume  may  be 
written  as 


w(F,  r;;  r,  rotfi  dr  dr,  dF  dr;;  (2.0 

here  and  henceforward,  the  affixes  to  f  correspond  to  those  of  their  arguments 
F  /,  =  /(t,  r,  Ti),  =  r,  F),  and  so  on.  The  coefficient  w  is  a  function  of  all  its 
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arguments  Ft  The  ratio  of  w  dP  dT[  to  the  absolute  value  of  the  relative  velocity 
v-vi  of  the  colliding  molecules  has  the  dimensions  of  area,  and  is  the  effective 
collision  cross-section: 


|v-v,| 


dr  dr,. 


(2.2) 


The  function  w  can  in  principle  be  determined  only  by  solving  the  mechanical 
problem  of  collision  of  particles  interacting  according  to  some  given  law.  However, 
certain  properties  of  this  function  can  be  elucidated  from  general  arguments. t 
The  collision  probability  is  known  to  have  an  important  property  which  follows 
from  the  symmetry  of  the  laws  of  mechanics  (classical  or  quantum)  under  time 


reversal;  see  QM,  §  144. 


-L  l-’T 

i^ei  i 
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by  time  reversal.  This  operation  changes  the  signs  of  all  linear  and  angular 
momenta;  hence,  if  T  =  (p,  M),  then  TT  =  (— p,  -M).  Since  time  reversal  inter¬ 
changes  the  states  that  are  “before”  and  “after”  the  collision  we  have 


(2.3) 


This  relation  implies,  in  a  state  of  statistical  equilibrium,  the  principle  of  detailed 
balancing ,  according  to  which  the  number  of  collisions  I\  Ti ->  P,  r[  is  equal,  in 
equilibrium,  to  the  number  FT,  T[T  -*rT,  YrT.  For,  expressing  these  numbers  in  the 
form  (2.1),  we  have 


w(P,  r;;  r,  at  dr{  dr  dr;  =  w(rT,  rtT;  rT,  rD/o/m  dr^r^dr^dr;7. 


where  /0  is  the  equilibrium  (Boltzmann)  distribution  function.  The  product  of  phase 
volume  dements  dT  dTidr'dr;  is  unaltered  by  time  reversal;  the  differentials  on 
the  two  sides  of  the  above  equation  may  therefore  be  omitted.  Next,  when  t  is 
replaced  by  -t,  the  energy  is  unchanged:  e(D  =  e(r7),  where  e(V)  is  the  energy  of 
the  molecule  as  a  function  of  the  quantities  F  Since  the  equilibrium  distribution 
function  (in  a  gas  at  rest  as  a  whole)  depends  only  on  the  energy. 


/o(0  =  constant  x  e  e{l  )IT . 


(2.4) 


where  T  is  the  gas  temnerature.  we  have  fTP  =  fJVT\  T  activ  k™ 


j  u\—  /  j  u\j 


u j  9  KJ j  uiv  ictvv  ui 


conservation  of  energy  in  the  collision  of  two  molecules  e  +  et  =  e'+  e[.  Hence 


frJr.,  =  flfL 
J  uj  ui  JUJUU 


/O  C\ 


snd  the  above  equation  reduces  to  (2.3). 

This  assertion  remains  valid,  of  course,  for  a  gas  moving  with  a  macroscopic 

mechanic^'  ^  <f>  S*a‘“  ”  “*  WriUen  tr°m  ri*ht  to  Iett’  «  * 

thiVdn!).011141*36*6"!?1188*264*  immediateIy  that’  although  the  free  motion  of  molecules  is  assumed  classical 
ally  in  r  T  f  a  »ean  that  their  colI,si°n  cross-section  need  not  be  determined  quantum-mechanic- 

given  t,  aC^’  j  SUa  ^  mUSt  be  S°  determined-  The  whole  of  the  derivation  of  the  transport  equation 
ere  is  independent  of  the  classical  or  quantum  nature  of  the  function  w. 


m 
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velocity  V.  The  equilibrium  distribution  function  is  then 

/0(O  =  constant  x  exp^-  (2.6) 

and  equation  (2.5)  continues  to  be  valid  because  of  the  conservation  of  momentum 
in  collisions:  p  +  Pi  =  p'  +  pl-t 

Note  that  (2.5)  depends  only  on  the  form  of  the  distribution  (2.4)  or  (2.6)  as  a 
function  of  T ;  the  parameters  T  and  V  may  vary  through  the  gas  volume. 

The  principle  of  detailed  balancing  may  also  be  expressed  in  a  somewhat 
different  form.  To  do  so,  we  apply  not  only  time  reversal  but  spatial  inversion, 
changing  the  sign  of  all  coordinates.  If  the  molecules  are  not  sufficiently  sym¬ 
metrical,  they  become  their  stereoisomers  on  inversion,  and  they  cannot  be  made 
to  coincide  with  these  by  any  rotation  of  the  molecule  as  a  whole. $  In  such  cases, 
inversion  would  mean  replacing  the  gas  by  an  essentially  different  substance,  and 
no  new  conclusions  would  be  available  as  to  its  properties.  If,  however,  the 
symmetry  of  the  molecule  does  not  allow  stereoisomerism,  the  gas  remains  the 
same  on  inversion,  and  the  quantities  which  describe  the  properties  of  a  macro- 
scopically  homogeneous  gas  must  remain  unaltered. 

Let  T7P  denote  the  set  of  quantities  obtained  from  T  by  simultaneous  time 
reversal  and  inversion.  Inversion  changes  the  sign  of  all  ordinary  (polar)  vectors, 
including  the  momentum  p,  but  leaves  unchanged  the  axial  vectors,  including  the 
angular  momentum  M.  Hence,  if  T  -  (p,  M),  then  Trp  =  (p,  -M).  As  well  as  (2.3), 
we  have  the  equation§ 


w(r,  r;;  r,  rt)  -  W(rIP,  r^;  rTP,  r;TP). 


(2.7) 


Transitions  corresponding  to  the  functions  w  on  the  two  sides  of  (2.3)  are  said  to 
be  mutually  time -reversed.  They  are  not  strictly  direct  and  reverse  transitions, 
since  T  and  TT  are  not  the  same.  For  a  monatomic  gas,  however,  the  principle  of 

Ha*  OiIa^  />n«  filrrt  La  Aiz-rtv-rt  n  rrt/f  1m  f  I  /a  f\  1  rant  *Hr1  rmiiirC'A 

viVLuuvu  uatuiiviiig  van  ai^u  uc  111  i  via liuii  lu  uiiwvl  aim  i  w  vi  ov 


transitions.  Since  the  quantities  Y  are  here  just  the  three  momentum  components  of 
the  atom,  T  =  YTP  —  p,  and  from  (2.7) 


w(p',  pi;  p,  pi)  =  w(p,  pi;  p'.  pi). 


(2.8) 


This  is  detailed  balancing  in  the  literal  sense:  each  microscopic  collision  process  is 
balanced  by  the  reverse  process. 

The  function  w  satisfies  one  further  general  relation  which  does  not  depend  on 
the  symmetry  under  time  reversal,  and  which  can  be  most  clearly  derived  in 


tEquation  (2.6)  is  obtained  from  (2.4)  by  transforming  the  energy  of  the  molecule  from  the  frame  of 
reference  Ko  in  which  the  gas  is  at  rest  to  the  frame  K  in  which  it  moves  with  velocity  V: 
en(n  =  e(F)  —  n  ,  V  +  2.m  V2;  see  Mech&nics  (3.5). 

tStereoisomers  exist  for  molecules  that  have  no  centre  of  symmetry  and  no  plane  of  symmetry. 

§If  the  quantities  T  include  also  variables  specifying  the  rotational  orientation  of  the  molecule,  they 
too  must  be  transformed  in  a  certain  way  in  going  to  T1  or  r11*.  For  instance,  the  precession  angle  of  a 
symmetrical  top  is  given  by  the  product  M .  n,  where  n  is  the  direction  o  the  axis  of  the  molecule;  this 
quantity  changes  sign  both  under  time  reversal  and  under  inversion. 


§3 
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quantum-mechanical  terms,  the  transitions  considered  being  between  states  form¬ 
ing  a  discrete  series.  These  are  states  of  a  pair  of  molecules  moving  in  a  given  finite 
volume.  The  probability  amplitudes  of  various  collision  processes  form  a  unitary 
matrix  S,  the  scattering  matrix  or  S -matrix.  The  unitarity  condition  is  S+S  =  1,  or, 
in  explicit  form  with  the  matrix  suffixes  which  label  the  various  states. 


2  st„s,*  =  2  s*- s„k 

n  n 


—  Sik. 


In  particular,  when  i  =  k. 


2|Sn,|2=l. 

n 

The  square  |Sni|2  gives  the  probability  of  a  collision  with  the  transition  i-»n,+  and 
the  above  equation  is  simply  the  normalization  condition  for  probabilities:  the  sum 
of  the  probabilities  for  all  possible  transitions  from  a  given  initial  state  is  unity.  The 
unitarity  condition  may  also  be  written  as  SS+  =  1,  with  the  opposite  order  of  the 
factors  S  and  S+.  We  then  have  2n  SinS*n  =  Slk,  and  when  i  =  k 


2lSi„P=i, 


so  that  the  sum  of  the  probabilities  for  all  possible  transitions  to  a  given  final  state 
is  unity.  Subtracting  from  eac 
change  of  state),  we  can  write 


is  Unity.  Subtracting  from  each  sum  the  one  term  with  n  =  i  (transition  without 


E'|s„j|2  =  2'|si„|2. 

n  n 

This  is  the  required  equation.  In  terms  of  the  functions  w.  it  becomes 


|  w(r,  r;;r,r,)  drdr;  =  j  w(r,r,;r,r;)  dr  dr;. 


(2.9) 


§3.  The  Boltzmann  transport  equation 

Let  us  now  go  on  to  derive  the  basic  equation  in  the  kinetic  theory  of  gases, 
ich  is  satisfied  by  the  distribution  function  /(t,  r,  T). 

conVrt?!Si0n^  betfeen  molecuIes  were  entirely  negligible,  each  gas  molecule  would 
.J.™  a  closed  subsystem,  and  the  distribution  function  of  the  molecules  would 
y  Liouville  s  theorem,  according  to  which 


dfldt  =  0; 


(3.1) 


Probability8 per-unit  ls  p^oport,onaI  to  and  division  by  t  gives  the  transition 

normalized  to  t  i  R?T’  §64‘  *f  -the  Wave  functions  of  the  initial  and  final  particles  are 

•he  quantity  w  dr  drfdjfin/d  *  probab,llt>"  has  tbe  same  dimensions  (volume/time)  as 
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see  SP  1,  §3.  The  total  derivative  here  corresponds  to  differentiation  along  the 
phase  path  of  the  molecule,  which  is  determined  by  its  equations  of  motion. 
Liouville's  theorem  applies  to  a  distribution  function  defined  as  the  density  in 
phase  space  (i.e.  in  the  space  of  variables  that  are  canonically  conjugate  general¬ 
ized  coordinates  and  momenta).  This  of  course  does  not  prevent  /  itself  from  being 
subsequently  expressed  in  terms  of  any  other  variables. 

In  the  absence  of  an  external  field,  the  quantities  T  for  a  freely  moving  molecule 
remairt  constant,  and  only  its  coordinates  r  vary;  then 

dfldt  =  dfldt  +  v .  V/.  (3.2) 

If,  on  the  other  hand,  the  gas  is  in,  for  example,  an  external  field  U(r)  acting  on  the 

coordinates  of  the  centre  of  mass  of  the  molecule  (a  gravitational  field,  say),  then 

« 

dfldt  =  dfldt  +  v  .  V/  +  F .  dfldp ,  (3.3) 

where  F  =  —  VU  is  the  force  exerted  on  the  molecule  by  the  field. 

When  collisions  are  taken  into  account,  (3.1)  is  no  longer  valid,  and  the  dis¬ 
tribution  function  is  no  longer  constant  along  the  phase  paths.  Instead  of  (3.1),  we 
have 


dfldt  =  C(/),  (3.4) 

where  C(f)  denotes  the  rate  of  change  of  the  distribution  function  by  virtue  of 
collisions;  d V  dF  C(f  )  is  the  change  due  to  collisions,  per  unit  time,  in  the  number 
of  molecules  in  the  phase  volume  dVdT.  Equation  (3.4),  in  the  form 

dfldt  =  -v.V/  +  C(f), 

with  dfldt  taken  from  (3.2),  gives  the  total  change  in  the  distribution  function  at  a 
given  point  in  phase  space;  the  term  dV  dT  v .  V/  is  the  decrease  per  unit  time  in 
the  number  of  molecules  in  this  phase  space  element  because  of  their  free  motion.' 

The  quantity  C(f)  is  called  the  collision  integral ,  and  equations  of  the  form  (3.4) 
go  by  the  general  name  of  transport  equations .  Of  course,  the  transport  equation 
becomes  meaningful  only  when  the  form  of  the  collision  integral  has  been 
established.  We  shall  now  discuss  this  topic. 

When  two  molecules  collide,  their  values  of  T  are  changed.  Hence  every  collision 
undergone  by  a  molecule  transfers  it  out  of  a  particular  range  dT;  such  collisions 
are  referred  to  as  “'losses’1.  The  total  number  of  collisions  T,  Fi-»r\  Tj  with  all 
possible  values  of  T',  T[  and  given  T,  occurring  in  a  volume  dV  per  unit  time,  is 
equal  to  the  integral 


dvdr  |  w(P,  r;;r,rI)//Idrldrdr;. 

There  are  also  collisions  (“gains”)  which  bring  into  the  range  dr  molecules  which 
originally  had  values  outside  that  range.  These  are  collisions  r  ,  rlf  again  with 
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§  J 

11  possible  Ti,  F,  T[  and  given  T.  The  total  number  of  such  collisions  in  the  volume  d  V 
per  unit  time  is 

dvdr  J  w(r,ri:P,ri)f'fidr,dr  dr,. 

Subtracting  the  losses  from  the  gains,  we  thus  find  that  as  a  result  of  all  collisions 

.  _ +  mnWnhvc  is  increased,  per  unit  time,  by 

the  relevant  iiumuci  .u - —  —  -  - 

dVd r  [  ( w'f'fi  ~  wffi)ar i  dr  dr;, 

J 


where  for  brevity 

w  =  w(T',  T[;  r,  Ti),  w' =  w(r,  Ti;  P,  Ti).  (3-5) 

We  therefore  have  the  following  expression  for  the  collision  integral: 

c(f)  =  j  (w'f'fi  -  wffi)  dr,  dr  dr;.  (3.6) 

In  the  second  term  in  the  integrand,  the  integration  over  dF  dT[  relates  only  to  w, 
since  /  and  /i  do  not  depend  on  these  variables.  This  part  of  the  integral  can 
therefore  be  transformed  by  means  of  the  unitarity  relation  (2.9).  The  collision 
integral  then  becomes 


C(f )  =  f  w'(f'f',-ff,)dT,  dr  dri,  (3.7) 

in  which  both  terms  have  the  factor  w\ t 

Having  established  the  form  of  the  collision  integral,  we  can  write  the  transport 
equation  as 


aflat  +  v.vf  =  J  w’if'f-ff,)  dr,  dr-  dr;. 


(3.8) 


A  his  integro-diff  erential  equation  is  also  called  the  Boltzmann  equation ;  it  was  first 
derived  by  Ludwig  Boltzmann,  the  founder  of  the  kinetic  theory,  in  1872. 

The  equilibrium  statistical  distribution  must  satisfy  the  transport  equation  iden¬ 
tically.  This  condition  is  in  fact  fulfilled.  The  equilibrium  distribution  is  stationary 
and  (in  the  absence  of  an  external  field)  uniform;  the  left-hand  side  of  (3.8)  is 
therefore  identically  zero.  The  collision  integral  also  is  zero,  since  the  integrand 
vanishes  by  virtue  of  (2.5).  The  equilibrium  distribution  for  a  gas  in  an  external  field 
also  satisfies  the  transport  equation,  of  course.  We  need  only  recall  that  the 
left-hand  side  of  the  transport  equation  is  the  total  derivative  d//df,  which  is 


+The  possibility  of 
^ueckelberg  (1952). 


transforming  the  collision  integral  by  means  of  (2.9)  was  noted  by  E.  C.  G. 
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identically  zero  for  any  function  /  that  depends  only  on  integrals  of  the  motion; 
and  the  equilibrium  distribution  is  expressed  solely  in  terms  of  the  total  energy  6(0 
of  the  molecule,  which  is  an  integral  of  the  motion. 

In  the  above  derivation  of  the  transport  equation,  collisions  were  regarded  as 
essentially  instantaneous  and  occurring  at  a  particular  point  in  space.  It  is  therefore 
clear  that  the  equation  allows  us  in  principle  to  follow  the  variation  of  the 
distribution  function  only  over  times  long  compared  with  the  duration  of  collisions, 
and  over  distances  large  compared  with  the  size  of  the  region  in  which  a  collision 
takes  place.  These  distances  are  of  the  order  of  the  range  of  action  d  of  the 
molecular  forces  (and  for  neutral  molecules,  this  is  equal  to  their  dimensions);  the 
collision  time  is  of  the  order  of  d/r.  Such  values  give  the  lower  limit  of  distances 
and  times  that  can  be  dealt  with  by  means  of  the  transport  equation;  the  origin  of 
these  limitations  will  be  considered  in  §  16.  In  practice,  however,  there  is  usually  no 
need  (and  no  possibility)  for  such  a  detailed  account  of  the  behaviour  of  the 
system,  which  would  require,  in  particular,  the  specification  of  the  initial  conditions 
(coordinates  and  velocities  of  the  gas  molecules)  with  the  same  accuracy,  which  is 
impracticable.  In  actual  physical  problems,  there  are  characteristic  lengths  L  and 
times  T  imposed  on  the  system  by  the  conditions  of  the  problem  (characteristic 
gradient  lengths  for  the  macroscopic  properties  of  the  gas,  wavelengths  and  periods 
of  sound  waves  propagated  in  it,  and  so  on).  It  is  then  sufficient  to  follow  the 
behaviour  of  the  system  over  distances  and  times  small  compared  with  these  L  and 

T1  Tl\  nf  -i  r~  fit  rt  rn/>n  Hi  /  ir/\1llma  n « /l  tima  fllamontn  rt  nn/1  pmoll 

1.  HiaL  1*3,  LliU  ^ivaiiy  111111111^*311110.1  VU  lUlllU  Oliu  L11I1W  W1UI11U11L3  IIWVU  l/W  3111011  UlllJ 

in  comparison  with  L  and  T.  The  initial  conditions  of  the  problem  are  also  averaged 
over  such  elements. 

For  a  monatomic  gas,  the  quantities  T  reduce  to  the  three  components  of  the 
momentum  p,  and  from  (2.8)  the  functions  w'  in  the  collision  integral  can  be 
replaced  by  w  =  w'(p',  p[;  p,  Pi).  Then,  expressing  this  function  in  terms  of  the 


slrr  hi;  v*,  ✓i3,*'  W3 = 

.  . .  -------  ......  ...  vj,*j*j  uw1  livii  M-i/  w  j  r  r  m  v*  [ 


IlltJlVH 


1  -  i\fT  ( ArA  -11  *  =  V Vi  * 

'rei  ^rei  *  ’  1  5 


see  (2.2)),  we  find 


C(/)  =  J  - //,)  dcrd’p (3.9) 

The  function  w,  and  therefore  the  cross-section  do-  defined  by  (2.2),  contain 
delta-function  factors  which  express  the  conservation  laws  for  momentum  and 
energy,  as  a  result  of  which  the  variables  pi,  p'  and  pi  (for  a  given  p)  are  not  in  fact 
independent.  However,  when  the  collision  integral  is  expressed  in  the  form  (3.9), 
we  can  suppose  that  these  delta  functions  have  been  removed  by  appropriate 
integrations;  then  dcr  will  be  the  ordinary  scattering  cross-section,  depending  (for  a 
given  rrei)  only  on  the  scattering  angle. 

For  a  qualitative  treatment  of  transport  phenomena  in  gases,  the  collision  integral 
is  roughly  estimated  by  means  of  the  mean  free  path  1,  an  average  distance 
traversed  by  a  molecule  between  two  successive  collisions. t  It  has,  of  course,  only 
qualitative  significance;  even  its  definition  varies  according  to  which  transport 
phenomenon  is  under  consideration. 


tThis  concept  is  due  to  R.  Clausius  (1858). 
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The  mean  free  path  can  be  expressed  in  terms  of  the  collision  cross-section  cr 
atid  the  number  density  N  of  molecules  in  the  gas.  If  a  molecule  travels  a  unit 
distance  in  its  path,  it  collides  with  the  molecules  present  in  a  volume  cr  (that  of  a 
cylinder  with  cross-sectional  area  cr  and  unit  length),  the  number  of  which  is  crN. 

Hence 

I -1/No- .  (3.10) 

The  collision  cross-section  u  ~  d2,  where  d  is  the  dimension  of  the  molecule.  With 
N  _  i/p\  f  being  the  mean  distance  between  molecules,  we  find 

l-f(ffd)2  =  d(r/d)3.  (3.11) 

Since  in  a  gas  r  >  d,  the  mean  free  path  l  >  F. 

The  ratio  t  —  1/tJ  is  called  the  mean  free  time.  For  a  rough  estimate  of  the 
collision  integral,  we  can  put 

C(f)  ~  -  (f  -  /o)/t  -  -  W) (/  -  /o).  (3.12) 

By  writing  the  difference  /  —  /0  in  the  numerator  we  have  taken  account  of  the  fact 
that  the  collision  integral  is  zero  for  the  equilibrium  distribution  function.  The 
minus  sign  in  (3.12)  expresses  the  fact  that  collisions  are  the  mechanism  for 
reaching  statistical  equilibrium,  i.e.  they  tend  to  reduce  the  deviation  of  the 
distribution  function  from  its  equilibrium  form.  In  this  sense,  t  acts  as  a  relaxation 
time  for  the  establishment  of  equilibrium  in  each  volume  element  of  the  gas. 


§4.  The  H  theorem 

A  gas  left  to  itself,  like  any  closed  macroscopic  system,  will  tend  to  reach  a  state 
of  equilibrium.  Accordingly,  the  time  variation  of  a  non-equilibrium  distribution 
function  in  accordance  with  the  transport  equation  must  be  accompanied  by  an 
increase  in  the  entropy  of  the  gas.  We  shall  show  that  this  is  in  fact  so. 

The  entropy  of  an  ideal  gas  in  a  non-equilibrium  macroscopic  state  described  by 
a  distribution  function  f  is 


s=jf  log(e/f)  dV  dr;  (4.1) 

see  SP  l,  §40,  Differentiating  this  expression  with  respect  to  time,  we  have 

dS  f  fi  / . 

dr=JM/loe7idVd1' 

=  “1 108 ^ ft  dVdF-  (4.2) 

c  „'ncc  the  establishment  of  statistical  equilibrium  in  the  gas  is  brought  about  by 
0  lsions  of  molecules,  the  increase  in  the  entropy  must  arise  from  the  collisional 
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part  of  the  change  in  the  distribution  function.  The  change  in  this  function  due  to 
the  free  motion  of  the  molecules,  on  the  other  hand,  cannot  alter  the  entropy  of  the 
gas,  since  this  part  of  the  change  in  the  distribution  function  is  given  (for  a  gas  in 
an  external  field  U(r»  by  the  first  two  terms  on  the  right-hand  side  of  the  equation 

dfldt  =  -  v  .  V/  -  F  .  dfld p  +  C(f). 

Their  contribution  to  the  derivative  dS/dt  is 

-  J log/[-v.  dffdr-F  .  dfld p]  dV  dF  -  j  [v.  d/dr  +  F.  d/dp](/  Iog//e)dVdP 

The  integral  over  dV  of  the  term  involving  the  derivative  did r  is  transformed  by 
Gauss’s  theorem  into  a  surface  integral;  it  gives  zero  on  integration  through  the 
whole  volume  of  the  gas,  since  /  =  0  outside  the  region  occupied  by  the  gas. 
Similarly,  the  term  involving  the  derivative  did p,  on  integration  over  d3p,  becomes 
an  integral  over  an  infinitely  distant  surface  in  momentum  space,  and  likewise  gives 
zero. 

The  change  in  the  entropy  is  therefore  expressed  by 

dS/dt  =  -  [ log/.  C(/)  dr  dV.  (4.3) 

This  integral  can  be  transformed  by  a  device  which,  with  a  view  to  later 
applications,  we  shall  formulate  for  the  general  integral  /  <p(r)C(/)  dT,  where  tp(F)  is 
any  function  of  the  quantities  F.  With  the  collision  integral  in  the  form  (3.6),  we 
write 

J  <p(DC(/)  dr  =  |  <pw( r,  r,;  r,  r;>/7;  d4r  -  J  <pW(r,  r;;  r,  r ,)//,  d4r, 

where  for  brevity  d4r  =  drdl\  dP  dF[.  Since  the  integration  here  is  over  all  the 
variables  T,  T i,  P,  Pt,  we  can,  without  altering  the  integral,  rename  the  variables  in 
any  manner.  Interchanging  T,  F\  and  P,  Tl  in  the  second  integral,  we  find 

J  <p(r)C(/)dr  =  J  (<p  -  <p-)  w  (r,  r,;  r ,  ro/'/idT 

Interchanging  here  T,  P  and  I\,  T[,  taking  half  the  sum  of  the  resulting  integrals, 
and  noting  the  obvious  symmetry  of  w  with  respect  to  the  two  colliding  particles, 
we  obtain  the  transformation  rule 

|  <p(DC(/)  dr  =  i  J  (<p  +  9l  -  <p' -  <pl)w'f'f[  dT.  (4.4) 

In  particular,  /  C(f)  dF  =  0:  with  C(J )  here  in  the  form  (3.7),  we  have 

J  C(f)  dr  =  J  w'(/'/i  -  //.)  d.4F  =  0. 


(4.5) 
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Applied  to  the  integral  (4.3),  the  rule  (4.4)  gives 

dS/dt  =  w'f'f,  log  (f'fllff i)  d4r  dV 


-if..,-, 


_  _  ..  v  Inn  v  r1\/ 

2  j  V¥  J  J  1-*  lv/b  A  M-  l  w  »  ^ 


where  x  =  /'/!/// 1*  Subtracting  from  this  equation  half  of  the  zero  integral  (4.5),  we 

convert  it  to 


dS/dt  =  ^  J  w'//i(x  log 


X-X+  l)d4rdV. 


(4.6) 


The  function  in  the  parentheses  in  the  integrand  is  non-negative  for  all  x  >0;  it  is 
zero  when  x  —  1,  increasing  on  either  side  of  that  point.  By  definition,  the  factors 
w',f  and  in  the  integrand  are  also  positive.  We  thus  obtain  the  required  result, 

dS/dt  >  0,  (4.7) 

expressing  the  law  of  increase  of  entropy;  the  equality  occurs  at  equilibrium.! 

Note  that,  since  the  integrand  in  (4.6)  (and  therefore  in  (4.3))  is  non-negative,  not 
only  the  whole  integral  (4.3)  over  dT  dV  but  also  that  over  dT  alone  is  positive. 
Thus  collisions  increase  the  entropy  in  each  volume  element  of  the  gas.  This  does  not, 
of  course,  imply  that  the  entropy  itself  increases  in  every  volu  me  element,  since  it  can  be 
transferred  from  one  region  to  another  by  the  free  motion  of  the  molecules. 


§  5.  The  change  to  macroscopic  equations 


The  Boltzmann  transport  equation  gives  a  microscopic  description  of  the  way  in 
which  the  state  of  the  gas  varies  with  time.  We  shall  show  how  the  transport 
equation  can  be  converted  into  the  usual  equations  of  fluid  mechanics,  which  give  a 
less  detailed,  macroscopic  description  of  this  time  variation.  The  description  is 
valid  when  the  macroscopic  properties  (temperature,  density,  velocity,  etc.)  of  the 
gas  vary  sufficiently  slowly  through  its  volume:  the  distances  L  over  which  they 
c  ange  appreciably  must  be  much  greater  than  the  mean  free  path  l  of  the 

molecules. 


It  has  alrf*»H  v  Kpp 


rl  +l\  rt  1 
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N(t.r)  =  Jf(t,r,r)dr  (5.1) 

IS  t 

res  C  ^Patla^  distribution  density  of  gas  molecules;  the  product  p  —  mN  is  cor- 
pon  ingly  the  mass  density  of  the  gas.  The  macroscopic  velocity  of  the  gas  is 
tXh 

was  the  fir«°f  °f  thC  la^  °f  increase  of  entroPy  by  means  of  the  transport  equation  is  due  to  Boltzmann,  and 
Bolt?™  1  mltX°sc°PIC  proof  of  that  law.  As  applied  to  gases,  the  law  is  often  called  the  H  theorem,  since 

'izmann  used  the  symbol  H  for  the  entropy. 
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denoted  by  V  (in  contrast  to  the  microscopic  velocities  v  of  the  molecules);  it  is 
defined  as  the  mean 


V  =  f  =  v/dL  (5.2) 

Collisions  do  not  alter  either  the  number  of  colliding  particles  or  their  total 
energy  and  momentum.  It  is  therefore  clear  that  the  collisional  part  of  the  change  in 
the  distribution  function  also  cannot  affect  the  macroscopic  quantities  in  each 
volume  element  of  the  gas — its  density,  internal  energy,  and  macroscopic  velocity 
V:  the  collisional  parts  of  the  change  in  the  total  number,  energy  and  momentum  of 
the  molecules  in  unit  volume  of  the  gas  are  given  by  the  zero  integrals 

jc(f)d r  =  o,  feC(f)d r  =  o,  fPC(f)dr  =  o.  (5.3) 

These  equations  are  easily  derived  by  applying  to  the  integrals  the  transformation 
(4.4)  with  ip  =  1,  e  and  p  respectively;  the  first  integral  is  zero  identically,  the  other 
two  are  zero  by  virtue  of  the  conservation  of  energy  and  momentum  in  collisions. 
Let  us  now  take  the  transport  equation 

ff+s£-w>-cu>  (!-4' 

and  integrate  over  dY  after  first  multiplying  by  m,  pp  or  e.  In  every  case,  the  right-hand 
side  is  zero,  and  we  have  the  equations 

dpjdt  +  div  pV  —  0,  (5.5) 

d(pVa)ldt  +  dUapIdXfi  =  0,  (5.6) 

d(Ne)jdt  +  div  q  =  0.  (5.7) 

The  first  of  these  is  the  usual  continuity  equation  of  fluid  mechanics,  expressing  the 
conservation  of  mass  of  the  gas.  The  second  equation  expresses  the  conservation 
of  momentum;  the  tensor  I1Q(3  is  defined  as 

ru  =  I  mv„Vof  dT  (5.8) 

"K  J 

and  is  the  momentum  flux  tensor;  its  component  IIQp  is  the  a -component  of  the 
momentum  transferred  in  unit  time  by  molecules  across  unit  area  perpendicular  to 
the  Xp-axis.  Lastly,  (5.7)  is  the  equation  of  conservation  of  energy;  the  vector  q  is 
defined  as 


and  is  the  energy  flux  in  the  gas. 


q  =  J  ev/dT, 


(5.9) 
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To  reduce  (5.6)  and  (5.7)  to  the  usual  equations  of  fluid  mechanics,  however,  we 
have  still  to  express  Ylap  and  q  in  terms  of  macroscopic  quantities.  It  has  already 
been  mentioned  that  the  macroscopic  description  of  the  gas  presupposes 
sufficiently  small  gradients  of  its  macroscopic  properties.  We  can  then  suppose,  as 
first  approximation,  that  in  each  separate  region  of  the  gas  thermal  equilibrium  is 
reached,  whereas  the  gas  as  a  whole  is  not  in  equilibrium.  Thus  the  distribution 
function  f  in  each  volume  element  is  assumed  to  be  a  local  equilibrium  function, 
equal  to  the  equilibrium  function  /0  for  the  density,  temperature  and  macroscopic 
velocity  that  prevail  in  that  volume  element.  This  approximation  implies  the  neglect 
of  all  dissipative  processes  (viscosity  and  thermal  conduction)  in  the  gas.  Equations 
(5  6)  and  (5.7)  then  naturally  reduce  to  those  for  an  ideal  fluid;  this  may  be  proved 
as  follows. 

The  equilibrium  distribution  in  a  region  of  the  gas  moving  as  a  whole  with 
velocity  V  differs  from  that  in  a  gas  at  rest  only  by  a  Galilean  transformation;  on 
changing  to  a  frame  of  reference  K'  that  moves  with  the  gas,  we  obtain  the 
ordinary  Boltzmann  distribution.  The  velocities  v'  of  the  molecules  in  this  frame 
are  related  to  those  in  the  original  frame  K  by  v  =  v'  +  V.  We  write 

nQ3  =  mN(vaVp) 

=  mN((V„  +  v:)(Va  +  Va)) 

1  "  “  ■  f'  r-"  • 

=  ™N(VQVp  +  (u>3»; 

the  terms  Vavp  and  Vpv'a  give  zero  on  averaging  over  the  directions  of  v',  since  all 
directions  of  the  velocity  of  a  molecule  in  the  frame  Kr  are  equally  probable.  For 
the  same  reason. 


(vaVp)=  li(v,2)SaP;  (5.10) 

the  mean  square  of  the  thermal  velocity  is  (v'2)  =  3 T/m,  where  T  is  the  temperature 
of  the  gas.  Finally,  since  NT  is  equal  to  the  gas  pressure  P,  we  find 

nap  =  PVaVp  +  6apP,  (5.11) 

the  familiar  expression  for  the  momentum  flux  tensor  in  an  ideal  fluid;  with  this 
jn°r’  Uati°n  (5.6)  is  equivalent  to  Euler’s  equation  in  fluid  mechanics  (FM,  §7). 
f  °F  Cr  transform  the  integral  (5.9),  we  note  that  the  energy  e  of  a  molecule  in 
rame  K  is  related  to  its  energy  e'  in  the  frame  K'  by 

€  =  e'  +  mV.v'  +  jmV2. 

Sub 

tuting  this  and  v  =  vf  +  V  in  q  =  Nev,  we  have 


q  =  NVt2mV2  +  5mi/5+  e'] 
=  V(2pV2  +  P  +  M^), 
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using  (5.10)  in  averaging  the  product  v'(V.v').  But  Ne7  is  the  thermodynamic 
internal  energy  of  the  gas  per  unit  volume;  the  sum  Ne7  +  P  is  the  heat  function  W  of 
the  gas  per  unit  volume.  Thus 


q  =  V(ipV2+  W),  (5.12) 

in  agreement  with  the  known  expression  for  the  energy  flux  in  the  dynamics  of  an 
ideal  fluid  (FM,  §6). 

Lastly,  let  us  consider  the  law  of  conservation  of  angular  momentum  in  the 
transport  equation.  This  law  should  apply  exactly  only  to  the  total  angular  momen¬ 
tum  of  the  gas,  made  up  of  the  orbital  angular  momentum  of  the  molecules  in  their 
translational  motion  and  their  intrinsic  rotational  angular  momenta  M;  the  total 
angular  momentum  density  is  given  by  the  sum 

[rxp/dr  + J  M/dr.  (5.13) 

These  two  terms,  however,  have  different  orders  of  magnitude.  The  orbital  angular 
momentum  of  the  relative  motion  of  two  molecules  at  a  mean  distance  F  apart  is  of 
the  order  of  mvr ,  but  the  intrinsic  angular  momentum  M  ~  mvd ,  which  is  small  in 
comparison,  since  we  always  have  d  <r. 

Naturally,  therefore,  the  Boltzmann  transport  equation,  which  corresponds  to  the 
first  non- vanishing  approximation  with  respect  to  the  small  quantity  d/F,  cannot 
take  account  of  the  small  changes  in  the  orbital  angular  momentum  due  to  the 
exchange  between  the  two  parts  of  the  total  angular  momentum  (5.13).  This  has  the 
result  that  the  Boltzmann  equation  conserves  the  total  orbital  angular  momentum 
of  the  gas;  the  equation  JpC(/)dr  =  0  which  expresses  the  conservation  of 
momentum  necessarily  implies  that 


[rXPC(/)dr  =  rx  JpC(/)dr  =  0.  (5.14) 

The  reason  for  this  property  is  evident:  since,  in  the  Boltzmann  equation,  collisions 
are  regarded  as  taking  place  at  a  point,  the  sum  of  the  orbital  angular  momenta  of 
the  colliding  molecules  is  conserved,  as  well  as  the  sum  of  their  momenta.  In  order 
to  derive  an  equation  for  the  change  in  the  orbital  angular  momentum,  it  would  be 
necessary  to  take  account  of  terms  of  the  next  higher  order  in  d/F,  arising  from  the 
fact  that  the  molecules  are  at  a  finite  distance  apart  at  the  time  of  collision. 

However,  the  actual  process  of  angular  momentum  exchange  between  the 
translational  and  rotational  degrees  of  freedom  can  be  described  in  terms  of  the 
Boltzmann  equation  by  a  relation  of  the  form 


=  r 

j 


JWQMt  =  I  ivi  r(f  \  wr 

U'l'  I  LTJ  f  w  X 


(5.15) 


where  302  is  the  intrinsic  angular  momentum  density  of  the  molecules.  Since  the 
sum  of  the  intrinsic  angular  momenta  of  two  molecules  need  not  be  conserved  in  a 


§6 


The  Transport  Equation  for  a  Slightly  Inhomogeneous  Gas 


17 


coiiision,  the  integral  on  the  right  of  (5.15)  is  in  general  not  zero,  and  gives  the  rate 
0f  change  of  If  a  non-zero  angular  momentum  density  is  created  in  the  gas  by 
some  means,  its  subsequent  relaxation  is  described  by  (5.15). 


§  6  The  transport  equation  for  a  slightly  inhomogeneous  gas 

In  order  to  take  account  of  dissipative  processes  (thermal  conduction  and 
viscosity)  in  a  slightly  inhomogeneous  gas,  we  must  go  to  the  next  approximation 
beyond  that  treated  in  §5.  Instead  of  regarding  the  distribution  function  in  each 
region  of  the  gas  as  just  the  local-equilibrium  function  /0,  we  shall  now  allow  for  a 
slight  deviation  of  /  from  /0,  putting 

f  =  fo+8f,  Sf=-  (df0lde)x(T)  =  /ox/T,  (6.1) 


where  Sf  is  a  small  correction  (<^/0).  The  latter  is  conveniently  represented  in  the 
above  form,  with  the  factor  —  d/0/de  separated;  for  the  Boltzmann  distribution,  this 
derivative  differs  from  /0  itself  only  by  a  factor  1/T.  The  correction  8f  must  in 
principle  be  determined  by  solving  the  transport  equation  linearized  with  respect  to 
the  correction.! 

The  function  x  must  satisfy  not  only  the  transport  equation  itself  but  also  certain 
additional  conditions.  The  reason  is  that  /0  is  the  equilibrium  distribution  function 
corresponding  to  given  values  (in  the  volume  element  concerned)  of  the  gas  particle 
number,  energy  and  momentum  densities,  i.e.  to  given  values  of  the  integrals 


f.  dr 


f.(. 


dT 


* 

dr 

rj»  "*  • 

. 


(f* 


The  non-equilibrium  distribution  function  (6. 1)  must  yield  the  same  values  of  these 
quantities,  i.e.  the  integrals  with  /  and  /0  must  be  the  same.  The  function  x  must 
therefore  satisfy  the  contitions 


J  fox  dr  =  0,  J  foxed  r  =  0,  jfoXpdr  =  0.  (6.3) 

e  ITh^  emPbasized  even  the  concept  of  the  temperature  in  a  non- 
intU1 1  ,Um  gas  becomes  determinate  only  when  specific  values  are  assigned  to  the 
is  jjf B  S  The  ?' °ncePt  becomes  entirely  rigorous  only  when  the  gas  as  a  whole 

furthC°m^e*^  eclu^brium;  to  define  the  temperature  in  a  non-equilibrium  gas,  a 
Let r  C°findltion  is  neeessary,  which  may  be  the  specification  of  these  values. 

Whe  rs*  a^  transform  the  collision  integral  in  the  transport  equation  (3.8). 
correct'  functions  .(61)  are  substituted,  the  terms  not  containing  the  small 
int POr  il0n  *  canceL  since  the  equilibrium  distribution  function  makes  the  collision 
8  al  zero.  The  first-order  terms  give 

C(f )  =  joKx)/T,  (6.4) 

fTk'  7 

*s  method  of  solving  the  transport  equation  is  due  to  D.  Enskog  (1917). 
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where  I(x)  denotes  the  linear  integral  operator 

nx)=  J  w'/0i(x'+x!-x-xi)<ir,  dr  dr; 


(6.5) 


Here  we  have  used  the  equation  /o/0i  =  /o/oi;  the  factor  /0  can  be  taken  outside  the 
integral,  since  there  is  no  integration  over  dT. 

The  integral  (6.5)  is  identically  zero  for  the  functions 


X  =  constant,  x  ~  constant  X  e,  x  =  p  •  S  V, 


(6.6) 


where  5V  is  a  constant  vector;  this  result  for  the  second  and  third  functions 
follows  from  the  conservation  of  energy  and  momentum  in  each  collision.  The 
functions  (6.6),  which  are  independent  of  time  and  coordinates,  therefore  satisfy 
the  transport  equation  itself. 

The  origin  of  these  solutions  is  simple.  The  transport  equation  is  identically 
satisfied  by  the  equilibrium  distribution  function  with  any  (constant)  particle 
density  and  temperature.  It  is  therefore  necessarily  satisfied  also  by  the  small 
correction 


S/  =  (d/o/dN)SN=/05N/N, 

which  arises  when  the  density  changes  by  SN ;  this  gives  the  first  solution  (6.6). 
Similarly,  the  equation  is  satisfied  by  the  increment 

8/  =  (dfoldT)dT, 

which  arises  when  T  changes  by  a  small  constant  amount  ST.  The  derivative  df0/dT 
is  made  up  of  a  term  constant  x  /0  (arising  from  differentiation  of  the  normalization 
factor  in  /0)  and  a  term  proportional  to  e/0;  this  gives  the  second  solution  (6.6).  The 
third  solution  expresses  Galileo’s  relativity  principle:  the  equilibrium  distribution 
function  must  satisfy  the  transport  equation  in  any  other  inertiai  frame.  When  we 
change  to  a  frame  moving  relative  to  the  original  one  with  a  small  constant  velocity 
SV,  the  velocities  v  of  the  molecules  become  v  +  SV,  and  the  distribution  function 
therefore  receives  the  increment 


SF  =  (d/o/dv)  .  SY  =  -(/o/T)p  .  SV, 


corresponding  to  the  third  solution  (6.6).  The  “extra”  solutions  (6.6)  are  excluded 
by  applying  the  three  conditions  (6.3). 


\17»  „1 11  A. _ f _  xl I  X.  1 j  *  1  r 

*vc  Mian  uaiiMonii  me  leu-iianu  siue  oi 


tne  transport  equauuu  in 


a 


manner,  which  covers  both  thermal  conduction  and  viscosity.  That  is,  we  allow  the 
presence  of  gradients  of  all  macroscopic  properties  of  the  gas,  including  the 
macroscopic  velocity  V. 

The  equilibrium  distribution  function  in  a  gas  at  rest  (V  =  0)  is  the  Boltzmann 
distribution,  which  we  write  as 


fa=  exp 


(6.7) 
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where  p  is  the  chemical  potential  of  the  gas.  The  distribution  in  a  moving  gas 
differs  from  (6.7)  only  by  a  Galilean  transformation  of  the  velocity,  as  already 
noted  in  §  5.  In  order  to  write  this  function  explicitly,  we  separate  from  the  total 
energy  e(T)  of  the  molecule  the  kinetic  energy  of  its  translational  motion: 


e(T)  =  2tnt>2  +  eint; 


(6.8) 


the  internal  energy  eint  includes  the  energy  of  rotation  of  the  molecule  and  the 
vibrational  energy.  Replacing  v  by  v  -  V,  we  find  the  Boltzmann  distribution  in  a 
moving  gas: 


x  Ip  -  eint\  fm(\  -  V)2\  /jC  m 

/o  -  exp^ — Y — J  expl — — — J.  (6.9) 

In  a  slightly  inhomogeneous  gas,  /0  depends  on  the  coordinates  and  the  time,  as  a 
result  of  the  variation  through  the  gas  (and  in  the  course  of  time)  of  its  macroscopic 
properties:  the  velocity  V,  the  temperature  T  and  the  pressure  P  (and  therefore  p). 
Since  the  gradients  of  these  quantities  are  assumed  small,  it  is  sufficient  (in  this 
approximation)  to  replace  f  by  /0  on  the  left  of  the  transport  equation. 

The  calculations  can  be  somewhat  simplified  by  noting  the  obvious  fact  that  the 
kinetic  coefficients,  our  real  subject  of  interest,  do  not  depend  on  the  velocity  V.  It 
is  therefore  sufficient  to  consider  any  one  point  in  the  gas,  and  to  choose  the  point 
where  V  (but  not,  of  course,  its  derivatives)  is  zero. 

Differentiating  the  expression  (6.9)  with  respect  to  time  and  then  putting  V  =  0, 
we  obtain 


li=[/W  p-e(T)ldT  (dp\  §P  av 

/o  at  LVdT/p  T  J  at  lap )T  at  at* 

By  the  familiar  formulae  of  thermodynamics. 


(dpldT)P  =  -sy  (dpldP)r  =  1/N,  p  =  W  -  Ts, 

^here  w,  s  and  1/N  are  the  heat  function,  entropy  and  volume  per  gas  particle. 

Hence 


T  df0  _  e(T)  -  w  dT  1  dP  d\ 

hat  t  dt+Ndt+mv'ar 


Similarly 

T  j 

.  V/o  =  - — t  w  V  .  VT+  —  V.YP  +  mvavpVaf}, 

for  brevity 


(6.10) 


(6.11) 


fdVq 

\dXfs 


dV^ 

dxa 


)• 


=  div  V; 


(6.12) 
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in  the  last  term  in  (6.11),  we  have  made  the  identical  substitution 


vaVf$  dV pf dxa  vaVf$ V^p. 


The  left-hand  side  of  the  transport  equation  is  found  by  adding  the  expressions 
(6,10)  and  (6.11).  All  derivatives  of  macroscopic  quantities  with  respect  to  time  can 
be  expressed  in  terms  of  their  spatial  gradients  by  means  of  the  equations  of  an 
ideal  (non-viscous  and  thermally  non-conducting)  medium;  the  inclusion  of  dis^ 
sipative  terms  here  would  lead  to  quantities  of  a  higher  order  of  smallness.  At  the 
point  where  V  =  0,  Euler’s  equation  gives 


d\fdt  =  -  (l/p)VP  =  -  (l/N>n)VP.  (6.13) 

At  this  same  point,  the  equation  of  continuity  gives  dNfdt  =  —  N  div  V,  or 


J_3N  =  J_aP  _J  dT 
N  dt  P  dt  T  dt 


(6-14) 


with  the  equation  of  state  for  an  ideal  gas,  N  =  PIT.  Lastly,  the  equation  of 
conservation  of  entropy,  dsfdt  +  V  .  Vs  =0,  gives  dsldt  =  0,  or 


cp  dT  1  dP 
T  ~dt~P~di 


(6.15) 


with  the  use  of  the  thermodynamic  formulae 

(dsldT)P  =  cp/T,  (dsIdP)  T  =  -  1  IP, 

cp  being  the  specific  heat,  again  per  molecule;  the  second  of  these  formulae  relates 
to  an  ideal  gas.  Equations  (6.14)  and  (6.15)  give 


\_dT 
T  dt 


—  div  V, 


_j_ap 
P  dt 


—  ^  div  V 

Cv 


(6.16) 


since  for  an  ideal  gas  cp  —  cv  =  1 . 

A  straightforward  calculation  leads  to  the  result 


£te  .  v  rjf  -/op 

at  v-V/o  Tl 


V  1  f  mVaVfiVafi 


It  must  be  emphasized  that  no  specific  assumption  has  so  far  been  made  about  the 
temperature  dependence  of  the  thermodynamic  quantities;  only  the  general  equa¬ 
tion  of  state  of  an  ideal  gas  has  been  used.  For  a  gas  with  a  classical  rotation  of 
molecules,  and  vibrations  not  excited,  the  specific  heat  is  independent  of  teiU' 
perature,  and  the  heat  function  ist 


w  =  cpT. 


(6.18) 


tThe  energy  e(P)  of  the  molecule  is  assumed  to  be  measured  from  its  lowest  value;  accordingly  the 
temperature-independent  additive  constant  in  w  is  omitted. 
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The  last  term  in  (6.17)  can  then  be  simplified;  equating  (6.17)  and  (6.4),  we  write 
the  transport  equation  in  the  final  form 

6^~Cf- V.  Vt  +  [mt^e  -  =  Hx).  (6.19) 

In  §§7  and  8,  this  equation  will  be  further  studied  with  reference  to  thermal 
conduction  and  viscosity. 

prom  the  law  of  increase  of  entropy,  it  follows  that  a  pressure  gradient  (in 
the  absence  of  temperature  and  velocity  gradients)  does  not  bring  about  dissipative 
processes;  cf.  FM,  §49.  In  the  transport  equation,  this  condition  is  necessarily 
satisfied,  as  is  shown  by  the  absence  of  the  pressure  gradient  on  the  left  of  (6.19). 


§7.  Thermal  conduction  in  the  gas 

To  calculate  the  thermal  conductivity  of  the  gas,  we  have  to  solve  the  transport 
equation  with  a  temperature  gradient.  Retaining  only  the  first  term  on  the  left  of 
(6.19),  we  have 

€&-  cpL  v  Vt  =  I(x).  (7.1) 

The  solution  is  to  be  sought  in  the  form 

X  =  %  VT,  (7.2) 

where  the  vector  g  depends  only  on  the  quantities  T,  since  a  factor  VT  results  on 
both  sides  of  (7.1)  when  this  substitution  is  made.  Since  the  equation  must  be  valid 
for  any  vector  VT,  the  coefficients  of  this  on  the  two  sides  must  be  equal,  and  so 
we  °btain  for  g  the  equation 


6(0 -cPT 

▼  m 


/(g), 


(7.3) 


din^  ^°es  no*  inv°Ive  (nor  therefore  any  explicit  dependence  on  the  coor- 

first  C  fUnct*on  X  must  also  satisfy  the  conditions  (6.3).  With  \  in  the  form  (7.2),  the 
co7Wo  of  these  are  necessarily  satisfied,  as  is  evident  from  the  fact  that  (7.3) 
Vecta,n.s  no  vector  parameters  which  might  give  the  direction  of  the  constant 

°f  (7°^  *nte£ra^s  /  dT  and  /  /0eg  dT.  The  third  condition  imposes  on  the  solution 
•3)  the  further  condition 


Jf0v.gdr  =  0.  (7.4) 

ff 

the  transPort  equation  has  been  solved  and  the  function  x  is  known,  the 
r°ial  conductivity  can  be  determined  by  calculating  the  energy  flux,  or  rather  its 
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dissipative  part  that  is  not  due  simply  to  convective  energy  transfer,  which  we  shall 
denote  by  q\  In  the  absence  of  macroscopic  motion  in  the  gas,  q'  is  equal  to  the 
total  energy  flux  q  given  by  the  integral  (5.9).  When  /  =  /o,  this  integral  is  zero 
identically,  because  of  the  integration  over  the  directions  of  v  On  substitution  of  / 
from  (6.1),  there  thus  remains 


q  =  Yj  vfoX*dr 
=  yJ/„€v(g.VT)dr, 

or  in  components 

q0=  —  K«fi  3  Tl  3xp,  Kofi  =  -  j  foevcgp  d  T.  (7.5) 

Since  a  gas  in  equilibrium  is  isotropic,  there  are  no  preferred  directions  in  it,  and 
the  tensor  Kaj3  can  only  be  expressible  in  terms  of  the  unit  tensor  i.e.  it  reduces 
to  a  scalar: 


k5qP,  K  3^aO' 


Thus  the  energy  flux  is 


q  =  -  kVT,  (7.6) 

where  the  scalar  thermal  conductivity  is 

k=-^|  foev  .  g  dT.  (7.7) 

The  transport  equation  necessarily  makes  this  quantity  positive  (see  §9):  the  flux  q 
must  be  in  the  opposite  direction  to  the  temperature  gradient. 

In  monatomic  gases,  the  velocity  v  is  the  only  vector  on  which  the  function  g 
depends;  it  is  therefore  clear  that  this  function  must  have  the  form 

g  =  (vlv)g(v).  (7.8) 

In  polyatomic  gases,  g  depends  on  two  vectors:  the  velocity  v  and  the  angular 
momentum  M.  If  the  symmetry  of  the  molecules  does  not  allow  stereoisomerism, 
the  collision  integral,  and  therefore  equation  (7.3),  are  invariant  under  inversion; 
the  solution  x  must  be  similarly  invariant.  In  other  words,  x  =  g  •  VT  must  be  a  true 
scalar,  and,  since  the  gradient  VT  is  a  true  vector,  so  must  be  the  function  g.  For 
instance,  in  a  diatomic  gas,  where  the  quantities  T  are  just  the  vectors  v  and  M,  the 
function  g(T)  has  the  form 


g  =  vgi  +  M(v  .  M)g2  +  (v  x  M)g3, 


(7.9) 
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vvhere  gi,  g2,  gi  are  scalar  functions  of  the  scalar  arguments  v2,  M2,  (v .  M)2;  this  is 
the  most  general  form  of  a  true  vector  that  can  be  constructed  from  the  true  vector 
v  and  the  pseudovector  M.t 

If,  however,  the  substance  is  stereoisomeric,  there  is  no  invariance  under 
inversion:  as  already  mentioned  in  §2,  inversion  then  “transforms”  the  gas  into 
what  is  essentially  a  different  substance.  Accordingly,  the  function  x  may  also 
contain  pseudoscalar  terms,  and  the  function  g  may  contain  pseudovector  terms, 
e-g-  one  of  the  form  g^M. 

The  condition  for  the  above  method  of  solving  the  transport  equation  (based  on 
the  assumption  that  /  is  close  to  /0)  to  be  valid  can  be  ascertained  by  estimating  the 
collision  integral  from  (3.12).  The  mean  energy  of  a  molecule  is  e  ~  T,  and  so  an 
estimate  of  the  two  sides  of  (7.3)  gives  v  ~  gfa  ~  gvjl ,  whence  g  ~  /.  The  condition 
%}T  —  gjvTj/T  1  (equivalent  to  oj-^/o)  therefore  signifies  that  the  distances  L 
over  which  the  temperature  undergoes  a  considerable  change  (|VT|  ~  T/L)  must  be 
large  in  comparison  with  /.  That  is,  a  function  having  the  form  (6.1)  constitutes  the 
leading  terms  in  an  expansion  of  the  solution  of  the  transport  equation  in  powers  of 
the  small  ratio  II L. 

An  estimate  of  (7.7)  with  g  ~  l  gives 


k  ~  cNlv,  (7.10) 

where  c  is  the  specific  heat  per  molecule  of  the  gas.  This  is  a  well-known 
elementary  formula  in  the  kinetic  theory  of  gases  (cf.  the  last  footnote  to  §11). 
Putting  /  ~  I/Ntr,  c  ~  I  and  v  ~  V(T/m),  we  have 

k  ~  (1/cr) V(T/m).  (7.1!) 

In  this  estimate,  the  cross-section  a  relates  to  the  mean  thermal  speed  of  the 
molecules,  and  in  that  sense  is  to  be  regarded  as  a  function  of  temperature.  As  the 
speed  increases,  the  cross-section  in  general  decreases;  accordingly,  or  is  a 
decreasing  function  of  the  temperature.  When  the  temperature  is  not  too  low,  the 
gas  molecules  behave  qualitatively  as  hard  elastic  particles  which  interact  only 
when  they  actually  collide.  This  type  of  interaction  corresponds  to  a  collision 
cross-section  varying  only  slightly  with  the  speed  (and  therefore  with  the  tem¬ 
perature).  Under  such  conditions,  k  is  approximately  proportional  to  VT. 

At  a  given  temperature,  the  thermal  conductivity  is  seen  from  (7.1 1)  to  be 
independent  of  the  gas  density,  i.e.  of  the  gas  pressure.  It  must  be  emphasized  that 
this  important  property  is  not  related  to  the  assumptions  used  in  making  the 
estimate,  but  is  an  exact  consequence  of  the  Boltzmann  transport  equation.  It 
arises  because  this  equation  takes  account  only  of  collisions  between  pairs  of 
molecules  (for  which  reason  the  mean  free  path  is  inversely  proportional  to  the  gas 
density). 


tThe  Solution  of  the  Boltzmann  equation  for  a  gas  of  rotating  molecules  was  first  discussed  by  Yu.  M. 
Kflgan  and  A.  M.  Afanas'ev  (1961). 
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§  8.  Viscosity  in  the  gas 


The  viscosity  of  a  gas  is  calculated  by  means  of  the  transport  equation  in  the 
same  way  as  the  thermal  conductivity.  The  only  difference  is  that  the  deviation 
from  equilibrium  is  due  not  to  the  temperature  gradient  but  to  the  non-uniformity 
of  the  gas  flow  as  regards  the  macroscopic  velocity  V.  It  is  again  assumed  that  the 
characteristic  dimensions  of  the  problem  L>1. 

There  are,  as  we  know,  two  kinds  of  viscosity,  the  corresponding  coefficients 
being  usually  denoted  by  r)  and  £.  They  are  defined  as  the  coefficients  in  the 
viscous  stress  tensor  cr'^  which  forms  part  of  the  momentum  flux  tensor: 

flap  =  P8ap  +  p  Vn  Vp  —  cr  ap,  (8. 1 ) 

cr^p  =  2rj(Vap  -  \8„p  div  V)  +  &ap  div  V,  (8.2) 

where  Vup  is  defined  by  (6.12);  see  FM,  §  15.  In  an  incompressible  fluid,  only  the 
viscosity  rj  occurs.  The  “second  viscosity”  f  appears  in  motion  such  that  div  V  ^  0. 
It  is  convenient  to  calculate  the  two  coefficients  separately. 

Omitting  the  temperature-gradient  term  from  the  general  transport  equation 
(6.19),  we  can  write 

mtvi?p(Va(J  div  V)  +  [imr2  —  e(T)/cL ]  div  V  =  /(*),  (8.3) 


where  the  terms  containing  the  first  and  second  viscosities  have  been  separated  on 
the  left-hand  side.  In  calculating  the  first  viscosity,  we  have  to  assume  that 
div  V  =  0.  The  resulting  equation  can  be  identically  rewritten  as 


_lc  —  Tf*,\ 

,fl  up  ^0(3  “  *  VA  A 


/Q 


where  the  two  tensor  factors  on  the  left  have  zero  trace. 
The  solution  of  this  equation  is  sought  in  the  form 


X  =  gapVap ,  (8.5) 

where  g«p(r)  is  a  symmetric  tensor;  since  the  trace  Voa  =  0,  by  adding  a  term  in  8ap 
to  gap  we  can  always  ensure  that  gao  =  0,  without  altering  x ■  The  equation  for  gap  is 


m(uai>0  ~  jSapu2)  =  f  (gap)- 


(8.6) 


The  extra  conditions  (6.3)  are  necessarily  satisfied. 

The  momentum  flux  is  calculated  from  the  distribution  function  as  the  integral 
(5.8).  The  required  part  of  this,  namely  the  viscous  stress  tensor,  is 


f  ii 


■ r  ~  —  —  ( m/T'i  I  it  r„Lv  /i  F  =  n  ^  \/  n 
Q(J  *  /  j  uapyo  F  yo9 

VaPyS  =  -  (rn/T)  j  f0vavpgyS  dr. 


(Si  71 


(8.8) 
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The  quantities  7japyS  form  a  tensor  of  rank  four,  symmetric  in  the  suffixes  a,  f3 
and  7,  S  and  giving  zero  on  contraction  with  respect  to  the  pair  7,  6.  Because  the 
gas  is  isotropic,  this  tensor  can  only  be  expressed  in  terms  of  the  unit  tensor  Sap.  An 
expression  satisfying  these  conditions  is 


Then  &!,p  =  2r}V0p,  so  that  rj  is  the  required  scalar  viscosity  coefficient.  It  is 
determined  by  contracting  the  tensor  with  respect  to  the  pairs  of  suffixes  a,  7  and 
j3,S: 


t]  =  ~  {ml  I0T)  |  vuVftga(ifo  dV.  (8.9) 

In  a  monatomic  gas,  gnp  is  a  function  only  of  the  vector  v.  The  general  form  of 
such  a  symmetric  tensor  with  zero  trace  is 


gup  =  (vttvp  -  \S(tpv2)g(v),  (8. 10) 

with  a  single  scalar  function  g(t>).  In  polyatomic  gases,  the  tensor  goP  is  composed 
of  a  large  number  of  variables,  including  the  two  vectors  v  and  M.  In  the  absence 
of  stereoisomerism,  g(tp  can  include  only  true  tensor  terms;  in  a  stereoisomer ic  gas, 
pseudotensor  terms  also  are  possible. 

An  estimate  of  the  viscosity  coefficient,  similar  to  (7.10)  for  the  thermal  conduc¬ 
tivity,  gives  a  well-known  elementary  formula  in  the  kinetic  theory  of  gases, 

rj  —  mvNl;  (8.  II) 

see  the  last  footnote  to  §11.  The  thermometric  conductivity  and  the  kinematic 
viscosity  are  found  to  be  of  the  same  order: 

k/Ncp  ~  rj/Nm  ~  vl.  (8. 12) 

Putting  in  (8.11)  l  —  1/Ncr  and  v  ~(T/m)1/2,  we  obtain 

7]  ~  V (mT)/cr.  (8. 1 3) 

The  description  of  the  pressure  and  temperature  dependence  of  k  in  §7  is  entirely 
valid  for  the  viscosity  tj  also. 

In  order  to  calculate  the  second  viscosity  coefficient,  we  must  take  the  second 
term  on  the  left  of  the  transport  equation  (8.3)  to  be  non-zero: 

[5mr2-e(r)/cIJ]divV  =  /(^).  (8.14) 

We  shall  seek  the  solution  in  the  form 


X  =  g  div  V 


(8.15) 
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and  obtain  for  g  the  equation 


;mi>2-e(r)/c„  =  /(g).  (8.16) 

Calculation  of  the  stress  tensor  and  comparison  with  the  expression  £8a(JdivV 
gives  the  viscosity  coefficient  as 

f  =  -(m/3T)[r2g/0dr  (8.17) 

In  monatomic  gases  e(T)  =  2U11;2,  cl  —  3/2,  and  the  left-hand  side  of  (8.16)  is  zero. 
The  equation  /(g)  =  0  then  shows  that  g  =  0,  and  therefore  f  =  0.  We  reach, 
therefore,  the  interesting  conclusion  that  the  second  viscosity  of  monatomic  gases 
is  zero.t 


PROBLEM 

Show  that  a  gas  of  ultra-relativistic  particles  has  zero  second  viscosity  (I.  M.  Khalatnikov,  1955). 
Solution.  The  energy  e  of  a  relativistic  particle  in  a  frame  of  reference  K  in  which  the  gas  moves 
with  a  (non-relativistic)  velocity  V  is  related  to  its  energy  e'  in  the  frame  K'  in  which  the  gas  is  at  rest  by 
e'=  e-p.V,  where  p  is  the  momentum  of  the  particle  in  the  frame  K\  this  is  the  Lorenlz  trans¬ 
formation  formula  with  the  terms  above  the  first  order  in  V  omitted.  The  distribution  function  in  the 
frame  K  is  fofe  —  p  .  V),  where  fete')  is  the  Boltzmann  distribution. 

C  onsidering  only  the  viscosity,  we  can  immediately  assume  that  the  gradients  of  all  macroscopic 
quantities  are  zero  except  that  of  the  velocity  V;  then  dV/dt  =  0,  and  the  last  term  in  (6.10)  vanishes.^  In 
(6.1 1),  the  first  two  terms  are  also  absent,  and  the  third  becomes 

v  .  V(p .  V)  =  vapfi  dVfi/dxn  =  vappV„p ; 

the  directions  of  v  and  p  are  the  same,  and  so  pvVp  =  ppva.  The  equations  of  continuity  and  entropy 
conservation  in  the  form  used  in  §6  remain  valid  in  the  motion  of  a  relativistic  gas  (with  small  velocities 
V).  The  formulae  (6.16)  therefore  remain  valid  also.  The  transport  equation  thus  becomes 

(«opP  -  Sapde^Vap  =  I(x). 

In  the  second-viscosity  problem,  we  must  put  Vap  =  }8ap  div  V,  and  then 

(Lp-e/c„)div  V  =  I(x). 

In  an  ullra-rclativistic  gas,  v  =  c,  «=  =  cp,  and  the  specific  heat  ct.  =  3  (see  SP  1,  §44,  Problem);  the 
left-hand  side  of  the  equation,  and  therefore  are  then  zero. 


§  9.  Symmetry  of  the  kinetic  coefficients 


The  thermal  conductivity  and  the  viscosity  are  among  the  quantities  which 
govern  relaxation  processes  in  systems  slightly  departing  from  equilibrium.  These 

Ifinptir  rnpflinViift  catiefv  Diic/io^r’c  cvmm^frv  nrinrin/^  which  mnv  hp  psfnblishpd 
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tit  must  be  emphasized  that  these  gases  are  being  treated  in  the  approximation  with  respect  to  the 
gaseousness  parameter  Nd3  which  corresponds  to  the  Boltzmann  equation  (and  in  which  ij  is  in¬ 
dependent  of  the  density).  In  higher  approximations  (the  subsequent  terms  in  the  “virial  expansion";  see 
§  18),  a  non-zero  viscosity  f  does  appear.  Another  important  point  is  the  quadratic  dependence  of  the 
particle  energy  on  the  momentum;  in  a  relativistic  “monatomic"  gas,  the  second  viscosity  is  not  zero 
(although  it  vanishes  in  another  limiting  case,  the  ultra-relativistic  case;  see  the  Problem). 

tTo  avoid  misunderstandings,  it  may  be  mentioned  that  in  a  relativistic  gas  the  pressure  gradient 
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in  a  general  form  without  discussing  specific  mechanisms  of  relaxation.  However, 
g  specific  calculation  of  kinetic  coefficients  from  the  transport  equations,  the 
symmetry  principle  does  not  yield  any  extra  conditions  to  be  imposed  on  the 
solution  of  the  equations.  In  such  a  calculation  the  requirements  of  the  principle 
are  necessarily  satisfied.  It  is  useful  to  see  how  this  occurs. 

In  the  general  formulation  of  Onsager’s  principle  (see  SP  1,  §  120),  there  appears 
a  set  of  quantities  xu  which  describe  the  deviation  of  the  system  from  equilibrium, 
and  a  set  of  quantities  “thermodynamically  conjugate”  to  these,  Xa  =  —  dSfdxa 
(where  S  is  the  entropy  of  the  system).  The  relaxation  process  of  a  system  slightly 
departing  from  equilibrium  is  described  by  equations  which  determine  the  rates  of 
change  of  the  xa  as  linear  functions  of  the  Xa : 


=  -  V  .  v. 

/  J  IQDJ  ‘Cl 


fQ  n 


where  the  yab  are  the  kinetic  coefficients.  According  to  Onsager’s  principle,  if  xa 
and  xb  behave  in  the  same  way  under  time  reversal,  then 


Ifab  yba- 


(9.2) 


The  rate  of  change  of  the  entropy  is  given  by  the  quadratic  form 

S  =  -  £  Xuxa  =  2  yotXaXb.  (9.3) 

a  a.b 

The  first  of  these  expressions  is  often  convenient  for  establishing  the  cor¬ 
respondence  between  the  xa  and  the  Xa . 

For  thermal  conductivity,  we  take  as  the  rates  xa  the  components  qra  of  the 
dissipative  heat  flux  vector  (at  any  given  point  in  the  medium);  the  suffix  a  is  then 
the  same  as  the  vector  suffix  a.  The  corresponding  quantities  Xa  are  the  derivatives 
T“2dT/dx„;  cf.  SP  2,  §88.  Equations  (9.1)  correspond  to  q'  =  —  KQpdT/3xp,  so  that 
the  kinetic  coefficients  yab  are  the  quantities  T"kqP.  According  to  Onsager’s  prin¬ 
ciple,  we  should  have  koP  =  k^. 

Similarly,  for  the  viscosity,  we  take  as  the  xa  the  components  cr^  of  the  viscous 
momentum  flux  tensor;  the  corresponding  X0  are  -  Vo0/T  (the  suffix  a  here 
answering  to  the  pair  of  tensor  suffixes  ap).  Equations  (9.1)  correspond  to  <x'p  = 
VafosVys,  and  the  kinetic  coefficients  are  Tr}afJyS.  According  to  Onsager’s  principle, 
we  must  have  TjttPyS  =  rjySaP. 

In  the  problems  of  thermal  conduction  and  viscosity  of  gases,  considered  in  §§7 
and  8,  the  symmetry  of  the  tensors  Ka(J  and  tjqPtS  was  a  necessary  consequence  of 
the  isotropy  of  the  medium,  independent  of  the  solution  of  the  transport  equation. 
We  shall  show,  however,  that  it  would  also  follow  from  this  solution,  independently 

nf  i _ i _  _  r  *i _ _ _ 

me  isotropy  ui  me  gas. 

The  procedure  for  problems  of  thermal  conduction  and  viscosity  in  a  slightly 
inhomogeneous  gas  was  to  seek  the  correction  to  the  equilibrium  distribution 
function  in  the  form 


x  =  2  gu(r)x0. 


(9.4) 
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obtaining  for  the  functions  ga  equations  of  the  form 


Ta  =  l  (ga). 


(9.5) 


The  quantities  La  are  components  of  the  vector 

T[e(T)-  cpT]va 

for  thermal  conduction,  or  the  tensor 

-  SnP  J 

for  viscosity;  cf.  (6.19).  The  solutions  of  equations  (9.5)  must  satisfy  the  further 
conditions 


dT  =  0, 


edT^O, 


dT  =  0. 


With  these  conditions,  the  kinetic  coefficients  yQb  can  be  written  as  the  integrals 

T2 yob  =  ~  J  foLagb  dT.  (9.6) 

The  proof  of  the  symmetry  -v,.!,  =  yba  thus  reduces  to  that  of  the  equation 

|  f0Lagb  d  T  =  J  foLbga  d  T.  (9.7) 

It  is  based  on  the  property  that  the  linearized  operator  /  is  “self-conjugate”,  which 
may  be  arrived  at  as  follows. 

Let  us  consider  the  integral 

| /o<p/(^)dT  =  J/o/oiwX^'  +  ^l-^-^,)  dT, 

where  i/f(T)  and  cp(T)  are  any  two  functions  of  the  variables  T.  Since  the  integration 
is  over  all  the  variables  T,  TiT',  Ti,  we  can  rename  these  in  any  way  (as  was  done 
in  §4)  without  affecting  the  value  of  the  integral.  We  make  the  change 
r,r  <->Ti,n,  and  then  in  each  of  the  two  resulting  forms  the  further  change 
T,r,  F,  T\.  The  sum  of  all  four  expressions  gives 

J  /ofpfWO  dT  =  ^  J  /o/oi[w'(<p  +  <Pi)  ~  w(y'  +  9l)][(^'  +  i^l)  —  (i^  +  t^i)]  dT ;  (9.8) 

the  notation  w  and  wf  is  as  in  (3.5).  Let  us  now  consider  a  similar  integral  in  which 
<KO  and  <p(0  are  replaced  by  <p(TT)  and  t^(TT)  respectively  (without  changing  w 
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and  w').  With  the  change  Tr,  TV, . .  .-»r,  T\, . . .  in  this  integral,  and  the  principle  of 
detailed  balancing  (2.3),  we  have 

|  /o^TJ(<pT)dr 

=  \\  +  0') -  +  +  <Pi)  -  (<P  +  9i)l  d4I\  (9.9) 

where  the  equation  fu(Tr)  =  /o(T)  has  also  been  used.  Expanding  the  square 
brackets  in  (9.8)  and  (9.9),  and  comparing  corresponding  terms,  we  see  that  the  two 
integrals  are  equal.  In  making  the  comparison,  it  is  necessary  to  take  account  of  the 
unitarity  relation  (2.9),  which  gives,  for  example, 

J  /qfmiv(*  +  iM(<P  +  <pi)  d4r  =  j  /JoiW'(i^  +  i//|)(<p  +  <pi)  dT; 

the  relation  (2.9)  is  applied  here  to  the  integration  over  the  variables  P  and  T\t  on 
which  only  w  and  w'  depend  in  the  integrand. 

Thus  we  reach  the  equation 

[/„<pf(,Mdr=  \MTn<pT)dr.  (9.io) 

If  the  principle  of  detailed  balancing  is  valid  in  its  simple  form  (2.8),  w  =  iv\  then 
(9.10)  reduces  to  a  literal  self-conjugacy  of  the  operator  I  : 

f . .  f . .  . 

j  =  j  ;0im<p)di,  ty.iu 

where  both  integrals  contain  functions  <p  and  ip  of  the  same  variables  T;  this  is 
immediately  evident  when  w  =  wf,  from  the  expression  (9.8). 

Returning  to  the  kinetic  coefficients,  we  make  in  the  first  integral  (9.7)  the  change 
T  -»  TT,  and  note  that 


Lu(rT)  =  ±Lfl(D,  (9.12) 

the  upper  and  lower  signs  relating  to  viscosity  and  thermal  conduction  respectively. 
We  now  use  the  relations  (9.5)  and  (9.10).  In  the  latter,  we  can  integrate  over  Tt  in 
place  of  T ;  this  clearly  does  not  affect  the  value  of  the  integral.  We  have 

f  /ogiL„  dr  =  ±  J  fogji  (g„)  drr 

=  ±  f  fogoTKg„)  drT 

J 

=  ±|/og/Lt(r)drT. 
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Now,  changing  rT-*T  on  the  right-hand  side,  and  using  (9.12),  we  have  the 
required  result  (9.7). 

The  kinetic  coefficients  must  also  satisfy  conditions  which  follow  from  the  law  of 
increase  of  entropy;  in  particular,  the  “diagonal'’  coefficients  yaa  must  be  positive. 
Since  the  transport  equation  guarantees  the  increase  of  entropy,  these  conditions 
are  of  course  necessarily  satisfied  when  the  kinetic  coefficients  are  calculated  from 
that  equation. 

The  increase  of  entropy  is  expressed  by  the  inequality 

-  f  log  fC(f)  dr  >0; 

j  - 

see  §4.  Substituting 

/  =  /o(l  +  */T),  C(f)  =  (f0/T)I(x), 

we  have 

-  f  log  fo  C(f)  dr  -  i  [  fo  Iog(l  +  xl T)I(x)  dr  >  0. 

The  first  integral  is  identically  zero;  in  the  second  integral,  since  x  *s  small, 
Iog(l  +  xlT) %  x/T,  and  so  we  find 

-J/o*f(x)<ir>0.  (9.13) 

This  inequality  ensures  the  necessary  properties  of  the  kinetic  coefficients.  In 
particular,  when  x  ~  8a  it  expresses  the  fact  that  yaa  is  positive. 


§  10.  Approximate  solution  of  the  transport  equation 


Because  of  the  complexity  of  the  law  of  interaction  of  molecules  (especially 
polyatomic  ones),  which  determines  the  function  w  in  the  collision  integral,  the 
Boltzmann  equation  cannot  really  be  even  written  down  in  an  exact  form  for 
specific  gases.  However,  even  with  linearization  and  some  simple  assumptions 
about  the  nature  of  the  molecular  interaction,  the  complexity  of  the  mathematical 
structure  of  the  transport  equation  makes  it  generally  impossible  to  solve  in  an 
exact  analytical  form.  Fairly  efficient  methods  for  the  approximate  solution  of  the 
Boltzmann  equation  are  therefore  of  particular  significance  in  the  kinetic  theory  of 


rrn  tor  Tha  nrm/^inlo  o  c  onnlioH  t  a  n  rrn^vnQ  fAFTliP  rrQC  1C  qc  f  aIIaiwc  ( PftQnmon  1  Q  I 
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Let  us  first  take  the  problem  of  thermal  conduction.  For  a  monatomic  gas,  the 


specific  heat  cp  —  5/2,  and  the  linearized  equation  (7.3)  becomes 


-v(|-p«2)  =  /(g). 


(10.1) 
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where  p  —  m/2T;  the  linear  integral  operator  1(g)  is  ueimcu  oy 


•Wolfe'  +  g!  -  g  -  gl)  dV  I  rfor. 


U0.2) 


corresponding  to  the  collision  integral  (3.9),  and  the  equilibrium  distribution  func¬ 
tion  ist 


Mu)  =  (Np3l2/m  V'V8''’. 


(10.3) 


An  efficient  method  of  approximately  solving  equation  (10. 1)  is  based  on 
expanding  the  required  functions  in  terms  of  a  complete  set  of  mutually  orthogonal 
functions,  which  may  with  especial  advantage  be  taken  as  the  Sonine  polynomials 
(D.  Burnett  1935).  These  are  defined  by$ 


Sr'(x)  =  j]e‘x-rjp(e-\x"s), 


(10.4) 


where  r  is  any  number  and  s  is  a  positive  integer  or  zero.  In  particular, 

S°=I,  S,'(x)  =  r  +  I  - x.  (10.5) 

The  orthogonality  property  of  these  polynomials  for  a  given  r  and  different  s  is 

f  e"\xrS/(x)S/(x)  dx  =  Hr+  5  +  1  )8ss  ls !.  (10.6) 

Jo 

We  shall  seek  the  solution  of  (10. 1)  as  the  expansion 


OC 

g(v)  =  (p)vE  A,S5fi(pr). 


(10.7) 


By  omitting  the  term  with  5=0,  we  automatically  satisfy  the  condition  (7.4),  the 
integral  being  zero  because  the  polynomials  with  s  =  0  and  5^0  are  orthogonal. 
The  expression  in  parentheses  on  the  left  of  (10.1)  is  the  polynomial  S'/2(/3r2),  and 
this  equation  therefore  becomes 


-  vS?/2(/3 v2)  =  O/N)  2  AJ(vS^).  (10.8) 

1  =  1 


Multiplying  both  sides  scalarly  by  yMi^S'/zCfSzr)  and  integrating  over  d3p,  we 

*The  distribution  function  is  everywhere  taken  to  be  defined  in  momentum  space.  This,  however,  does 
not  prevent  it  from  being  expressed  for  convenience  in  terms  of  the  velocity  v  =  p/m. 
tThey  differ  only  in  normalization  and  affix  numbering  from  the  generalized  Laguerre  polynomials: 

S'  ^  =  (r  +  5)! 
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obtain  a  set  of  algebraic  equations 

1  flhA,=-^6„,  1=1,2,...,  (10.9) 

with 


afc  =  -  (02/N2)  |  /0v  .  SiB/(vSJc)<l3p 
=  (p2/4N2){vS.(,2,vSy, 


(10.10) 


the  notation  being 

{F,  G}  =  [  M»)/o(»i)|v  -  V||A(F)A(G)  d’p  d'p,  dcr, 
A(F)=F(v')+F(vi)-F(v)-F(v,).  J  (I0II) 

There  is  no  equation  with  /  =  0  in  (10.9),  since  n0s  =  0  because  of  the  conservation 
of  momentum:  A(vS?/2)  =  A(v)  —  0-  The  thermal  conductivity  is  calculated  by  sub¬ 
stituting  (10-7)  in  the  integral  (7.7).  The  condition  (7.4)  shows  that  this  integral  (with 
e  =  imv2)  can  be  put  in  the  form 


k  =  -  j  |  /oS]/2(/3u2)v  .  g  d3p 

and  the  result  is 


k  =  5A,/4.  (10.12) 

The  advantage  of  expanding  in  Sonine  polynomials  is  shown  by  the  simplicity  of 
the  right-hand  side  of  equations  (10.9)  and  the  expression  (10.12). 

The  calculations  are  entirely  similar  for  the  viscosity.  The  solution  of  (8.6)  is 
sought  in  the  form 

x 

g.p  =  -(p2/N2)(D0Dp-^2S„p)E  BsSMPv2).  (10.13) 

5=0 


Substitution  in  (8.6),  multiplication  by 

/o(u)S5/2(/3r2)(UaUft  ~  VSaft), 
and  integration  over  d3p  leads  to  the  set  of  equations 

(10.14) 

(10.15) 


2  =  56,0,  *  =  0,1,2,..., 


j-0 


where 


bis  =  (p3fN2){(VoVf}  -  jV260b)S5{2-,  (vavf}-$v28ofi)S 5/2}. 


§10  Approximate  Solution  of  the  Transport  Equation 

The  viscosity  is  found  from  (8.9)  as 
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7}  = 


(10.16) 


'T’l.  -  I _ £ _ „ c  „  «  f  i c\  n\  „  —  1 1  f\  i I..  _ _ _ _ i _ # _ i _ _ _ i_. _ i  i  _ . _ >  ■  ■ _ 

inc  mmiHc  sci  ui  cquauuns  ^iu.77  ui  ^*^-***7  is  uppi  uAiuuueiy  suivcu  oy  teiamiug 

only  the  first  few  terms  in  the  expansion  (10-7)  or  (10.13),  i.e.  by  artificially 
terminating  the  set.  The  approximation  converges  extremely  rapidly  as  the  number 
of  terms  increases:  in  general,  retaining  just  one  term  gives  the  value  of  k  or  17  with 
an  accuracy  of  l-2%.t 

We  shall  show  that  the  approximate  solution  of  the  linearized  transpoit  equation 
for  monatomic  gases  by  the  above  method  gives  values  of  the  kinetic  coefficients 
that  are  certainly  less  than  would  follow  from  the  exact  solution  of  the  equation. 
The  transport  equation  may  be  written  in  the  symbolic  form 


/fe)  =  L, 


(10.17) 


where  the  functions  g  and  L  are  vectors  in  the  thermal  conduction  problem,  and 
tensors  of  rank  two  in  the  viscosity  problem.  The  corresponding  kinetic  coefficient 
is  determined  from  the  function  g  as  a  quantity  proportional  to  the  integral 


-  J  fcgf(g)d3p ;  (10.18) 

see  §9.  The  approximate  function  g,  however,  satisfies  not  equation  (10.17)  itself 
but  only  the  integral  relation 


f  fogl(g)  d3p  =  I  foLg  d3p,  (10.19) 

as  is  evident  from  the  way  in  which  the  coefficients  in  the  expansions  of  g  are 
determined. 

The  statement  made  above  follows  immediately  from  the  “variational  principle” 
whereby  the  solution  of  (10-17)  gives  a  maximum  of  the  functional  (10.18)  within 
the  class  of  functions  that  satisfy  the  condition  (10.19).  The  validity  of  this 
principle  is  easily  shown  by  considering  the  integral 

-  J  fo(g-<P)I(g~<p)d3p , 

where  g  is  the  solution  of  (10.17),  and  <p  any  trial  function  that  satisfies  the 
condition  (10.19).  This  integral  is  positive,  by  the  general  property  (9.13)  of  the 
operator  I.  Expanding  the  parentheses,  we  write 

“  |  fo{gf  (g)  +  (pi (<p)  -<pl(g)-gl (<p)}  d3p. 

i  convergence  is,  however,  somewhat  less  good  in  problems  of  diffusion,  and  especially  of  thermal 
diffusion. 
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Since  for  a  monatomic  gas  the  principle  of  detailed  balancing  is  valid  in  the  form 
(2.8),  the  operator  f  has  the  self-conjugacy  property  (9.1 1).t  Hence  the  integrals  of 
the  last  two  terms  in  the  braces  are  equal.  Then  substitution  of  /(g)  =  L  gives 

i 

-  J  Mg/ (g)  +  Op)  -  2 <pl (g)}  d3p  =  - 1  fdgl (g )  +  <pI(tp)~  2Lip]  d3p  >  0. 

Finally,  transforming  the  integral  of  the  last  term  by  means  of  (10.19),  we  find 


-  J  fogl(g)  d3p>- 1  U<pl  (ip)  d3p. 


as  was  to  be  proved. 

There  is  a  case  that  is  of  formal  interest  though  having  no  direct  physical 
significance,  namely  a  gas  of  particles  interacting  according  to  U  =  a/r4.t  This  has 
the  property  that  the  collision  cross-section  for  such  particles  (determined  by 
classical  mechanics)  is  inversely  proportional  to  the  relative  speed  urei,  and  so  the 
product  vTeldcr  which  appears  in  the  collision  integral  depends  only  on  the  scattering 
angle  6),  not  on  ure|.  The  property  in  question  is  easily  proved  by  dimensional 
arguments:  the  cross-section  depends  only  on  three  parameters,  namely  the  con¬ 
stant  a,  the  particle  mass  m,  and  the  velocity  rrel,  and  from  these  we  can  form  no 
dimensionless  combination,  and  only  one  combination  rr~c!(a/m)1,2  having  the 
dimensions  of  area,  which  must  therefore  be  proportional  to  the  cross-section.  This 
property  of  the  cross-section  greatly  simplifies  the  structure  of  the  collision 
integral,  and  it  becomes  possible  to  find  exact  solutions  of  the  linearized  transport 
equations  for  the  thermal  conduction  and  viscosity  problems.  These  solutions  are 


/  1  A 


ma  n\  C 


iouna  io  oe  jusi  me  nrsi  terms  in  me  expansions  i  iu./j  anu 


PROBLEMS! 

Piium  tm  1.  Find  lhe  thermal  conductivity  of  a  monaiomic  gas,  reiaining  only  lhe  first  lerm  in  lhe 
expansion  (10.7). 

Soi  ution.  With  one  lerm  of  the  expansion,  equations  (10.9)  reduce  lo  A\  —  15/4an.  To  calculate  lhe 
integral  (10.10)  wilh  I  =  s  —  1,  we  express  v,  V[,  v',  vi  in  terms  of  the  velociiy  of  the  cenlre  of  mass  and 
lhe  relative  velocities  of  lhe  lwo  atoms: 


V  =  kv  +  vi)  =  i(v'  +  vi), 
vrei=v-vi,  v;ei=v'-vf, 
V2  +  L’l~  —  2  V2  +  ’Urel, 

J1  p  d*p i  =  m6  dJ V dJnrei. 


+lt  musi  be  emphasized  lhai  lhe  variational  principle  as  slated  above  is  dependent  on  lhis,  and  is  not 
valid  when  the  principle  of  detailed  balancing  has  only  ils  most  general  form  (2.3). 

r  The  lransport  properties  of  this  gas  model  were  first  discussed  by  J.  C.  Maxwell  (1866). 

§A  detailed  account  of  the  lheory  for  this  case  is  given  in  §§38-40  of  L.  Waldmann’s  article  in 
Handbuch  der  Physik  12,  295,  1958. 
fjFormulae  (1)~(6)  are  due  io  Chapman  and  Enskog. 
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A  simple  calculation  gives 


A(vS  ‘ :)  =  A(j3r:v)  =  /3[(V.  vfci)vid  -  (V .  vIi:i)vre|], 

Squaring  and  averaging  over  the  directions  of  V,  we  obtain 

i/3  ?[frei  -  (vrd  .  v^i)2]  V“  =  I/32u?Ci V2  sin'  0. 

Integration  over  4ttV2  dV  and  over  the  directions  of  vrei  (the  latter  reducing  to  a  multiplication  by  4n ) 
gives  finally 

flu  =  ^/3*03/2ir)IB^  exp(-2/3t«i)tJ?cisin2  6  ~  divi  d8;  (I) 


the  thermal  conductivity  is 


k=75/16«ii.  (2) 

Problem  2.  The  same  as  Problem  1,  but  for  the  viscosity. 

Solution.  We  find  in  a  similar  manner 


Bo  =  5/boo,  t)  =  5m/4boo- 


In  the  integral  (10.15)  with  I  =  s  =  0, 


A(  VaVp  3t>  fing)  r(l‘icl,alVcl,p  0  ret,  aC  rcl.  g)’ 


The  square  of  this  is 


l  4  -  :  ,, 

2l'rclSln  0. 


integration  uVci  d'V  auu  uVci  the  diicciiuuS  uf  vre|  shuwS  that  bn o  —  «i|.  su  that 


tj  =  4mtc/15. 


(3) 


For  a  monatomic  gas,  the  specific  heat  cp  —  5/2;  hence  the  ratio  of  the  kinematic  viscosity  v  =  -qlNm  to 
the  thermometric  conductivity  %  =  k INcp.  called  the  Prandit  number,  is,  in  this  approximation 

W*=2/3  (4) 


whatever  the  law  of  interaction  of  the  atoms.* 

Problem  3.  In  the  same  approximation,  find  the  thermal  conductivity  and  viscosity  of  a  monatomic- 
gas  when  the  atoms  are  regarded  as  hard  elastic  spheres  with  diameter  d. 

Solution.  The  scattering  of  one  sphere  by  another  is  equivalent  to  that  of  a  point  particle  by  an 
impenetrable  sphere  of  radius  d:  the  cross-section  is  therefore  da  =  ({d)3do.  Calculation  of  the  integral 
(1)  gives  the  results^ 


K 


(5) 


T)  = 


V(mT)  =  0. 18 


\/(mT) 


(6) 


tFor  a  gas  with  the  interaction  law  U  =  air*,  formulae  ( I )— (4)  become  exact,  and  lead  to  the  values 

k  =  3.04T(rna)  1  “,  tj  =  0.81  T(  m/a  )I/J. 

tTo  illustrate  the  rapidity  with  which  successive  approximations  converge,  it  may  be  mentioned  that 
the  inclusion  of  the  second  and  third  terms  in  the  expansions  (10.7)  and  (10.13)  multiplies  the 
expressions  (5)  and  (6)  by  (I  +0.015  +  0.001)  and  (1  +0.023  +  0.002)  respectively. 
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§11.  Diffusion  of  a  light  gas  in  a  heavy  gas 

The  phenomenon  of  diffusion  in  a  mixture  of  two  gases  will  be  studied  here  for 
some  particular  cases  which  allow  a  fairly  extensive  theoretical  analysis. 

Let  N\  and  N 2  denote  the  particle  number  densities  of  the  two  components  of  the 
mixture,  and  let  the  concentration  of  the  mixture  be  expressed  by  c  =  Ni/N,  where 
N  =  Ni  +  N2.  The  total  number  density  of  particles  is  related  to  the  pressure  and 
temperature  by  N  =  PIT  The  gas  pressure  is  constant  throughout  the  volume;  let 
the  concentration  and  the  temperature  vary  along  the  x-axis  (by  allowing  a 
temperature  variation,  we  include  thermal  diffusion  in  the  problem). 

Let  us  consider  diffusion  in  a  mixture  of  gases  of  which  one  (the  ‘‘heavy”  gas) 
consists  of  molecules  whose  mass  is  much  larger  than  that  of  the  particles  of  the 
other  (the  “light”  gas).  The  latter  will  be  assumed  monatomic.  Since  the  mean 
thermal  energy  of  translational  motion  is  the  same  for  all  particles  (at  a  given 
temperature),  the  mean  speed  of  the  heavy  molecules  is  much  less  than  that  of  the 
light  ones,  and  they  can  be  approximately  regarded  as  being  at  rest.  When  a  light 
and  a  heavy  particle  collide,  the  latter  may  be  assumed  to  remain  fixed,  while  the 
velocity  of  the  light  particle  changes  direction  but  remains  unaltered  in  magnitude. 

In  this  section  we  shall  take  the  case  where  the  concentration  of  the  light  gas  (gas  1) 
in  the  mixture  is  small.  Then  collisions  between  its  atoms  are  relatively  rare  and  we 
may  suppose  that  the  light  particles  collide  only  with  the  heavy  ones.t 

in  the  general  case  of  an  arbitrary  gas  mixture,  a  separate  transport  equation  has 
to  be  set  up  for  the  distribution  function  of  the  particles  of  each  component,  the 
right-hand  side  containing  the  sum  of  the  collision  integrals  between  the  particles  of 
each  component  and  those  of  that  and  every  other  component.  In  the  particular 
case  under  discussion,  however,  it  is  convenient  to  derive  the  simplified  transport 
equation  ab  initio. 

The  required  equation  is  to  determine  the  distribution  function  for  the  particles 
of  the  light  gas,  which  we  denote  by  /( p,  x).  With  the  assumptions  made,  collisions 
between  light  and  heavy  particles  do  not  affect  the  distribution  of  the  latter,  and  in 
the  diffusion  problem  this  distribution  can  be  taken  as  given. 

Let  6  be  the  angle  between  the  direction  of  the  momentum  p  =  miv  of  a  light 
particle  and  the  x-axis.  It  is  evident  from  the  symmetry  of  the  conditions  of  the 
problem  that  the  distribution  function  will  depend  only  on  6  (and  on  the  variables  p 
and  x).  Let  da  =  F(p,  a)  do'  denote  the  cross-section  for  collisions  in  which  a  light 
particle  with  momentum  p  acquires  a  momentum  p'  =  mV  directed  into  the  solid- 
angle  element  do a  is  the  angle  between  the  vectors  p  and  p'  (whose  magnitudes 
are  equal).  The  probability  per  unit  path  length  that  the  particle  undergoes  such  a 
collision  is  N2da,  where  N2  is  the  number  density  of  heavy  particles;  the  prob¬ 
ability  per  unit  time  is  found  by  multiplying  by  the  speed  of  the  particle:  N2v  da . 

Let  us  consider  particles  in  a  given  unit  of  volume  having  momenta  in  a  given 
range  dp  of  magnitudes  and  directed  into  the  solid-angle  element  do .  The 
number  of  such  particles  is  f  d3p  —  /(p,  6,  x)p2  dp  do.  Of  these, 

/(p,  6,  x)p2  dp  do  .  N2vF( p,  a)  do' 
tThe  kinetic  theory  of  this  model  was  first  developed  by  H.  A.  Lorentz  (1905). 
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particles  per  unit  time  acquire  by  collisions  a  momentum  p'  directed  into  do'.  Thus 
the  total  number  of  particles  whose  momentum  changes  direction  is 

d3p  J  N2u/(p,  6,  x)F(p,  a)  do'. 

Conversely,  of  the  particles  in  d3p'  =  p'2  dpr  do\ 

f(p\  e\  x)p’2  dp'  do' .  N2i/F(p\  a)  do 

acquire  a  velocity  directed  into  do.  Since  p'  =  p,  the  total  number  of  particles  that 
acquire  a  velocity  in  d3p  as  a  result  of  collisions  is 

d3p  J  N2u/(p,  0\  x)F(p,  a)do\ 

Thus  the  change  in  the  number  of  particles  in  d3p  is  the  difference 
d3p  .  N2v  J  F(p,  a)[/(p,  0',x)-/(p,  0,  x)]do'. 


This  must  equal  the  total  time  derivative 

d3p(d//dt)  =  d3p  v  .  V/  =  d'p(dfldx)v  cos  0. 
Equating  the  two  expressions  gives  the  required  transport  equation 
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The  right-hand  side  is  zero  for  any  function  /  that  does  not  depend  on  the  direction 
of  p,  and  not  only  for  the  Maxwellian  function  f0  as  in  the  case  of  the  Boltzmann 
equation.  This  is  because  of  the  assumption  that  the  magnitude  of  the  momentum  is 
unchanged  in  the  scattering  of  light  particles  by  heavy  ones:  such  collisions 
evidently  leave  steady  any  energy  distribution  of  light  particles.  In  reality,  equation 
( 1 1*1)  corresponds  only  to  the  zero-order  approximation  with  respect  to  the  small 
quantity  mi/m2,  and  energy  relaxation  occurs  in  the  next  approximation. 

If  the  concentration  and  temperature  gradients  are  not  too  large  (these  quantities 
varying  only  slightly  over  distances  of  the  order  of  the  mean  free  path),  /  may  be 
sought  as  the  sum 


/  =  /o(p,*)+  S/(p,  M), 

where  5/  is  a  small  correction  to  the  local-equilibrium  distribution  function  /0  and  is 
linear  in  the  gradients  of  c  and  T.  In  turn,  we  seek  8f  in  the  form 

8f  —  cos  0.  g(p,x).  (11.2) 


1 1  -  { J 
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where  g  is  a  function  of  p  and  x  only.  In  substituting  in  (11.1),  it  is  sufficient  to 
retain  the  /0  term  on  the  left-hand  side;  in  the  collision  integral,  the  /0  term 
disappears: 


C(f)  —  gN2v  J  F(p,  a)(cos  O'  — cos  0)  do'; 

the  function  g,  which  is  independent  of  the  angles,  has  been  taken  outside  the 
integral. 

This  integral  may  be  simplified  as  follows.  We  take  the  direction  of  the  momen¬ 
tum  p  as  the  polar  axis  for  the  measurement  of  angles.  Let  <p  and  <p'  be  the 
azimuths  of  the  x-axis  and  the  momentum  p'  relative  to  this  polar  axis.  Then 


cos  6 '  =  cos  6  cos  a  +  sin  6  sin  a  Cos(<p  —  <p')* 


' T lip  plpmpnt  =  cin  »  An  A/k1  einpp  n  ic  flip*  nAkr  onnlp  fp\r  flip 

M.  11W  uutiu  wiwuiwiu  1*1/  Jill  u  tiU  ?  UII1VW  u  vitw  puiui  IV*  U1V 

momentum  p'.  The  integral  of  the  term  in  cos(<p  —  <p')  gives  zero  from  the  in¬ 
tegration  over  dtp'.  The  result  is 


C(f)  =  -  N2or,(p)t/g  cos  e  =  -  N2at(p)vdf,  (11.3) 


where 


CT,(p)  =  2  77 


~  cos  a)  sin  a  da 


—  cos  a )  da 


is  called  the  transport  cross-section  for  collisions. 
From  (11. 1),  we  now  find 


rtf  n  v  'l 
6\F> 


1  i>h 

N2(t(  dx 


(11.4) 


m  ^ 


1  he  diffusion  flux  i  is,  by  definition,  the  flux  of  molecules  of  one  component  of 
the  mixture  (in  this  case,  the  light  component),  it  is  calculated  from  the  distribution 
function  as  the  integral 


i  =  J/vdJp, 

or,  since  the  vector  i  is  along  the  x-axis. 


(11.6) 


i=  cos0./ud3p=  cos2  0 .  gr d3p ; 


(1L7) 


§1)  Diffusion  of  a  Light  Gas  in  a  Heavy  Gas 

the  fo  term  disappears  on  integration  over  angles.  Substitution  of  (11-5)  gives 
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i  = 


i  a  j  jpu  cus 

N2  ax  J  cr,(p) 


d3p 


i  a 


J 


This  expression  may  be  written 


*—3 ki{NMh 

where  the  averaging  is  over  the  Maxwellian  distribution.  Lastly,  we  use  the 
concentration  c  =  N,/N  N1/N2  (since  by  hypothesis  N2>Nx)t  and  replace  N2 
approximately  by  N  =  PIT .  The  pressure  being  constant,  we  find  the  result 

i  =  _!Tto{fWa,>} 

=  -L  PL <«/cr,>14^-  01.8) 

'  dx  "  01  LJ  j  ax 

This  is  to  be  compared  with  the  phenomenological  expression  for  the  diffusion 
flux. 


i  =  -Nd(vc  VT  ),  (11.9) 

which  defines  the  diffusion  coefficient  D  and  the  thermal  diffusion  ratio  kT ;  the 
product  Dt  =  DkT  is  the  thermal  diffusion  coefficient  (see  FM,  §58).t  Thus  we  find 

D  =(Tl3P)(vlat),  (11.10) 

kr^cT-j^log^f^.  01.11) 


In  diffusion  equilibrium  in  a  non-uniformly  heated  gas,  a  concentration-  dis¬ 
tribution  is  set  up  in  which  the  diffusion  flux  i  =  0.  Equating  to  a  constant  the 
expression  in  the  braces  in  (11.8),  we  obtain 


c  =  constant  x 


T 

( vlatY 


(11.12) 


Assuming  that  the  cross-section  <r,  is  independent  of. the  velocity,  and  noting  that 
(r)~  (T/mi)W2,  we  find  that,  in  diffusion  equilibrium  of  a  mixture  with  a  low 


tThe  phenomenon  of  thermal  diffusion  was  predicted  by  Enskog  (1911)  for  precisely  this  model  of  a 
gas  mixture. 


40 


Kinetic  Theory  of  Gases 


concentration  of  the  light  gas,  that  concentration  is  proportional  to  VT,  i.e.  the 
light  gas  is  concentrated  in  the  regions  where  the  temperature  is  high. 

The  diffusion  coefficient  is,  in  order  of  magnitude. 


D~vL  (11.13) 

where  v  is  the  mean  thermal  speed  of  the  light-gas  molecules  and  l  —  l/Ncr  the 
mean  free  path.  There  is  a  well-known  elementary  derivation  of  this  formula.  The 
number  of  molecules  of  gas  1  passing  across  unit  area  perpendicular  to  the  x-axis 
from  left  to  right  per  unit  time  is  equal  in  order  of  magnitude  to  the  product  Ntv, 
where  the  density  Nt  must  be  taken  at  a  distance  l  to  the  left  of  the  area,  i.e.  at  the 
points  from  which  the  molecules  reach  that  area  without  undergoing  collisions.  We 
similarly  find  the  number  of  molecules  crossing  the  same  area  from  right  to  left, 
and  the  difference  between  the  two  numbers  gives  the  diffusion  flux: 

i  ~  N\(x  -l)v  -  N i(x  +  /)r - Iv  c INjdx , 


which  gives  ( 1 1. 1 3).t 


§  12.  Diffusion  of  a  heavy  gas  in  a  light  gas 

Let  us  now  consider  the  opposite  limiting  case,  where  the  concentration  of  the 
heavy  gas  in  the  mixture  is  small.  In  this  case,  the  diffusion  coefficient  may  be 
calculated  indirectly  without  using  the  transport  equation,  by  finding  the  mobility 
of  the  heavy-gas  particles,  regarding  this  gas  as  being  in  an  external  field.  The 
mobility  b  is  related  to  the  diffusion  coefficient  of  the  same  particles  by  the  familiar 
Einstein’s  relation 


D  =  bT; 


(12.1) 


see  FM,  §59.  > 

The  mobility  is,  by  definition,  the  proportionality  coefficient  between  the  mean 
velocity  V  acquired  by  a  gas  particle  in  the  external  field,  and  the  force  f  exerted  on 
the  particle  by  the  field: 


V  —  bf.  (12.2) 

The  velocity  V  is  determined  from  the  condition  that  the  force  f  balances  the 
resistance  fr  exerted  on  the  moving  heavy  particle  by  the  light  particles;  collisions 
between  heavy  particles  may  be  neglected,  because  there  are  relatively  few  of 


tDiffusion,  thermal  conduction  and  viscosity  are  brought  about  by  the  same  mechanism,  namely  direct 
molecular  transport.  The  thermal  conduction  may  be  regarded  as  a  “diffusion  of  energy”  and  the 
viscosity  as  a  “diffusion  of  momentum”.  We  may  therefore  assert  that  the  diffusion  coefficient  D,  the 
thermometric  conductivity  x  =  */Ncp  and  the  kinematic  viscosity  v  =  ij/Nm  are  of  the  same  order  of 
magnitude;  this  leads  to  the  formulae  (7.10)  for  the  thermal  conductivity  and  (8.1 1)  for  the  viscosity. 


§12  Diffusion  of  a  Heavy  Gas  in  a  Light  Gas 

them.  The  distribution  function  of  the  light  particles  is  Maxwellian: 
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fo  — 


N, 

(27rm,T)3JZ  eXp 


( 


niiv2\ 

it  r 


where  mi  is  the  mass  of  a  light  particle. 

Let  us  consider  one  particular  heavy  particle  with  velocity  V,  and  take  coor¬ 
dinates  moving  with  that  particle;  let  v  denote  the  velocities  of  the  light  particles  in 


these  cooidiimtes. 


The  distribution  function  of  the  light  particles  in  these  coor¬ 


dinates  is  /0(v  +  V);  cf.  (6.9).  Assuming  that  V  is  small,  we  can  write 


/o(v  +  V)  ~  /o(u)(I  —  miv .  V/T). 


(12.3) 


The  required  resistance  lr  can  be  calculated  as  the  total  momentum  transferred  to 
the  heavy  particle  by  light  particles  colliding  with  it  per  unit  time.  The  frame  of 
reference  is  unchanged  in  a  collision.  The  light  particle  carries  momentum  miv; 
after  the  collision,  in  which  its  momentum  is  turned  through  an  angle  a,  it  carries 
away  an  average  momentum  mivcosa.  The  average  momentum  transferred  to  the 
heavy  particle  in  such  a  collision  is  therefore  miv(I  —  cos  «).  Multiplying  this  by  the 
flux  of  light  particles  with  velocity  v  and  by  the  cross-section  dcr  for  such  a 
collision,  and  integrating,  we  obtain  the  total  momentum  transferred  to  the  heavy 
particle: 


f,  =  m,  J  /o(v  +  V)rv<Tf  d3p. 


again  with  the  notation  (11.4).  When  /o(v  +  V)  is  substituted  in  the  form  (12.3),  the 
first  term  gives  zero  in  the  integration  over  directions  of  v,  leaving 


f,  =  - 


v  \vcrt  d3p. 


Ar  Ol  fOrn  rr.mrr  /\«  rl  *  f  ./-vnO  f 

UVCA  U1I  Ul  V, 


[,  =  -^rV  J/o(.W  d3p 
=  -N,  J~V{(TiV3), 

where  the  angle  brackets  again  denote  averaging  over  the  ordinary  Maxwellian 
distribution.  Lastly,  since  in  this  case  TL>  N2,  we  write  N,  ~N  —  P/T,  so  that 

,  _  m,2P  .  3. 

*r  ^  n'rl  (CfU  )V. 


Equating  to  zero  the  sum  of  the  resistance  fr  and  the  external  force  f,  we  find  from 
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(12,2)  the  mobility  b ,  and  thence  the  diffusion  coefficient 

D  —  bT  =  3T3/m12P(cr1t;3>,  (124) 

To  calculate  the  thermal  diffusion  in  this  case,  it  would  be  necessary  to  know  the 
distribution  function  of  the  light-gas  particles  in  the  presence  of  a  temperature 
gradient.  The  thermal  diffusion  coefficient  therefore  cannot  be  calculated  in  a  general 
form  here. 

In  order  of  magnitude  D  ~  r/Ncr,  where  if  ~  V(T/mi)  is,  as  in  (11,13),  the  mean 
thermal  speed  of  the  light-gas  molecules.  Thus  the  order  of  magnitude  of  the 
diffusion  coefficient  is  the  same  in  each  case: 

D  ~  T3,2/<rPm,,/2,  (12,5) 


PROBLEM 

Determine  the  diffusion  coefficient  in  a  mixture  of  two  gases  (one  light  and  one  heavy),  regarding  their 
particles  as  hard  elastic  spheres  with  diameters  d i  and  dj. 

Solution.  The  collision  cross-section  da  =  7r(di  +  djfdollbir,  and  so  the  transport  cross-section 
a,  =  47r(tii  +  d2?>  equal  in  this  case  to  the  total  cross-section  cr.  The  diffusion  coefficient  is 

D  =  ATJ/1/(di  +  d2)?Pmi1/2, 

where  »u  is  the  mass  of  a  light  particle  and  A  is  a  numerical  factor.  When  the  concentration  of  the  light 
gas  is  small,  a  calculation  from  (11.10)  gives 

A  =  1(2/ir),/:  =  0.68. 

When  the  concentration  of  the  heavy  gas  is  small,  (12.4)  gives 

A  =  3/2V(2tt)  =  0.6. 

Note  that  the  values  of  A  in  the  two  limiting  cases  are  almost  equal. 


§13.  Transport  phenomena  in  a  gas  in  an  external  field 

The  rotational  degrees  of  freedom  of  molecules  provide  the  mechanism  whereby 
an  external  magnetic  or  electric  field  can  affect  transport  phenomena  in  a  gas,t  The 
effect  is  of  the  same  nature  in  the  magnetic  and  electric  cases;  we  shall  first  discuss 
a  gas  in  a  magnetic  field, 

A  rotating  molecule  has  in  general  a  magnetic  moment,  whose  average  value  (in 
the  quantum-mechanical  sense)  will  be  denoted  by  /jl  The  magnetic  field  will  be 
assumed  so  weak  that  ixB  is  small  in  comparison  with  the  intervals  in  the  fine 
structure  of  molecular  Ievels.$  We  can  then  neglect  the  influence  of  the  field  on  the 


tThis  mechanism  was  pointed  out  by  Yu.  M.  Kagan  and  L.  A.  Maksimov  (1961),  who  also  derived  ihe 
results  given  in  this  section. 

tin  macroscopic  electrodynamics,  the  mean  value  (over  physically  infinitesimal  volumes)  of  the 
magnetic  field  is  called  the  magnetic  induction  and  denoted  by  B.  When  the  density  of  the  medium  is 
low,  as  in  a  gas,  the  magnetization  is  negligible,  and  the  vector  B  then  coincides  with  the  macroscopic 
field  H. 
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state  of  the  molecule,  so  that  the  magnetic  moment  is  calculated  for  the  un- 
nerturbed  state.  For  fairly  high  temperatures,  the  case  we  shall  consider,  jliJB  is 
small  in  comparison  with  T  also;  this  enables  us  to  neglect  the  influence  of  the  field 
on  the  equilibrium  distribution  function  of  the  gas  molecules. 

The  magnetic  moment  is  parallel  to  the  rotational  angular  momentum  M  of  the 
molecule,  and  may  be  written 


/i  “  yM.  (13.1) 

Classical  rotation  of  the  molecule  corresponds  to  large  rotational  quantum  num¬ 
bers;  we  can  then  neglect  in  M  the  difference  between  the  total  angular  momentum 
(including  spin)  and  the  rotational  angular  momentum.  The  value  of  the  constant 
coefficient  y  depends  on  the  nature  of  the  molecule  and  the  nature  of  its  magnetic 
moment.  For  example,  with  a  diatomic  molecule  having  non-zero  spin  S, 


7  ~  (2alM)ixB,  (13.2) 

where  ixB  is  the  Bohr  magneton,  and  the  number  a  =  J  -  K  is  the  difference 
between  the  quantum  numbers  J  of  the  total  angular  momentum  and  K  of  the 
rotational  angular  momentum  (cr  takes  the  values  S.  S— I,...,  — S);  in  the 


denominator,  the  difference  between  J  and  K  is  not  significant:  M  ~hj  ~  hK.  In 
(13.2)  it  is  assumed  that  the  spin-axis  interaction  in  the  molecule  is  small  in 
comparison  with  the  intervals  in  the  rotational  structure  of  the  levels  (Hund’s  case 
b). t 

In  a  magnetic  field  B,  the  molecule  is  subjected  to  a  torque  /a  x  B.  The  vector  M 
is  then  no  longer  constant  during  the  “free”  motion  of  the  molecule,  but  varies 
according  to 


dMldt  =  ja  x  B  =  -  yB  x  M;  (13.3) 

the  vector  M  precesses  about  the  direction  of  the  field  with  angular  velocity  -  yB. 
The  left-hand  side  of  the  transport  equation  thus  has  an  added  term  (dfjd M) .  M, 
and  the  equation  becomes 

|£+v.|£+7MxB.JL=ccfi.  d3.4) 

The  variables  T  on  which  the  distribution  function  depends  must  also  include  the 
discrete  variable  <r,  which  determines  the  value  of  the  magnetic  moment,  if  there  is 
such  a  variable,  as  in  (13.2). 

In  problems  of  thermal  conduction  and  viscosity,  we  again  take  a  distribution 
close  to  the  equilibrium  one,  and  express  it  as 

/  =  /o(l+*/T).  (13.5) 


tFormula  (13.2)  follows  from  the  exact  formula  for  case  b,  derived  in  QM,  §  1 13,  Problem  3,  on  taking 
the  limit  of  large  /  and  K  with  a  fixed  difference  J  —  K.  The  contribution  of  the  orbital  angular 
momentum  A  is  then  negligible,  being  of  the  next  order  of  smallness  in  1  IS. 
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We  shall  first  show  that  a  term  in  dfold M  does  not  occur  in  the  transport  equation. 
Since  /0  depends  only  on  the  energy  e(r)  of  the  molecule,  and  dejd M  is  equal  to  the 
angular  velocity  ft,  we  have 

yM  X  B  .  a/o/aM=  yM  x  B  .  ft  d/o/de.  (13.6) 

For  molecules  of  the  rotator  and  spherical-top  types,  M  and  ft  are  parallel,  and  the 
expression  (13.6)  is  zero  identically.  In  other  cases,  it  becomes  zero  after  averaging 
over  the  rapidly  varying  phases,  the  necessity  for  which  has  been  explained  in  §  1. 
When  molecules  of  the  symmetrical-top  or  asymmetrical-top  type  rotate,  there  is  a 
rapid  variation  both  of  the  direction  of  the  axes  of  the  molecule  itself  and  of  that  of 
its  angular  velocity  ft.  After  the  averaging  mentioned,  ft  can  retain  only  the 
component  ft**  along  the  constant  vector  M,  and  for  this  component  the  product 
M  .  B  x  ftM  =  0. 

The  remaining  terms  m  the  transport  equation  are  transformed  in  the  same  way 
as  in  §7  or  §8.  For  instance,  in  the  thermal  conduction  problem  we  find  the 
equation 


5(0^£fT  V.vr  =  -7MXB-|^  +  I(x).  (13.7) 

The  solution  of  this  equation  is  again  to  be  sought  in  the  form  x  =  g  -  VT,  but  there 
are  now  three  vectors  v,  M,  B,  not  two,  available  to  construct  the  vector  function 
g(F).  The  external  field  creates  a  distinctive  direction  in  the  gas.  The  process  of 
thermal  conductor  therefore  becomes  anisotropic,  and  the  scalar  coefficient  k  has 
to  be  replaced  by  ^  thermal  conductivity  tensor  Ka(3,  which  determines  the  heat  flux 
by 


Qa  =  -  K„p  dTldXp.  (13.8) 

The  tensor  Kap  is  calculated  from  the  distribution  function  as  the  integral 


Ka(i  =  - 


T 


03.9) 


cf.  (7.5). 

The  general  form  of  a  tensor  of  rank  two  depending  on  the  vector  B  is 


Kap  =  K8Qp  +  ki  babp  +  K2eap  yby,  (13.10) 

where  b  =  B/JB,  eapy  is  the  antisymmetric  unit  tensor,  and  k,  ki,  k2  are  scalars 
depending  on  the  field  strength  JB.  The  tensor  (13.10)  obviously  has  the  property t 

KaP(B)=KPa(-B).  (13.11) 


iThis  property  expresses  the  symmetry  of  the  kinetic  coefficients  in  the  presence  of  a  magnetic  field. 
In  the  present  case,  it  necessarily  follows  from  the  existence  of  only  the  one  vector  b  from  which  the 
tensor  kqP  can  be  constructed. 
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The  expression  (13.10)  corresponds  to  the  heat  flux 

q  =  —  kVT  —  Kib(b  .  VT)  —  k2VT  x  b.  (13.12) 

The  last  term  is  what  is  called  an  odd  effect,  changing  sign  with  the  field. 

The  integral  term  /(*)  on  the  right  of  (13.7)  is  given  by  (6.5).  The  integrand 
contains  the  function  /0,  which  is  proportional  to  the  gas  density  N.  Separating  this 
factor  and  dividing  both  sides  of  the  equation  by  it,  we  find  that  N  appears  only  in 
the  combinations  B/N  with  the  field  and  VT/N  with  the  temperature  gradient.  It  is 
therefore  clear  that  the  function  /c*— /og*VT  will  depend  on  the  parameters  N 
and  B  only  through  the  ratio  BIN ;  the  integrals  (13.9)  will  also  depend  only  on  this 
quantity,  and  therefore  so  will  the  coefficients  k,  ki,  k2  in  (13.12).  The  density  N  is 
proportional  (at  a  given  temperature)  to  the  gas  pressure  P.  Thus  the  thermal 
conductivity  of  a  gas  in  a  magnetic  field  depends  on  the  field  and  the  pressure  only 
through  the  ratio  JB/P.t 

When  B  increases,  the  first  term  on  the  right  of  (13.7)  increases,  but  the  second 
term  is  unchanged.  It  is  therefore  clear  that  as  B  -* » the  solution  of  the  equation  must 
be  a  function  depending  only  on  the  direction  (not  the  magnitude)  of  the  field,  and 
this  function  must  make  identically  zero  the  term  MxB.dx/dM  in  the  equation; 
accordingly,  the  coefficients  k,  ki,  k2  tend  to  constant  limits  independent  of  JB,  as 
B  -»oo. 

The  treatment  of  the  viscosity  of  a  gas  in  a  magnetic  field  is  similar.  The 
corresponding  transport  equation  is 

(mi>„up  -^  «*>)  V*  =  1(X)  -  7M  x  »  •  (13.13) 

cf.  (6.19).  The  solution  is  to  be  sought  in  the  form  x  =  gapVap-  Instead  of  the  two 
viscosity  coefficients  7]  and  £,  we  must  now  use  a  tensor  of  rank  four  which 
determines  the  viscous  stress  tensor 


O'aP  —  llaPTfi  (13.14) 

by  definition,  the  tensor  r}apyB  is  symmetric  in  the  pairs  of  suffixes  a,  /3  and  7,  8. 
With  the  known  function  x*  its  components  are  calculated  as 

VapyB  =  -  J  mVaVpfogyS  dT.  (13.  15) 

The  viscosity  tensor  thus  found  will  necessarily  satisfy  the  condition 

’lrJapy6(®)  H),  (13.16) 

which  expresses  the  symmetry  of  the  kinetic  coefficients. 

With  the  vector  b  =  B/JB  (and  the  unit  tensors  8ap  and  eapy),  we  can  construct  the 


tThe  change  in  the  thermal  conductivity  of  a  gas  in  a  magnetic  field  is  called  the  Senfileben  effeci. 
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following  independent  tensor  combinations  having  the  symmetry  properties  of 

*1  afiyh  - 


(1)  SOTSp6  +  SasSpy, 

(2)  Sapdys, 

(3)  Saybpbs  +  dpybabs  +  Sasbpby  +  SpfibabT, 

(4)  Sapbybs  +  dySbabp, 

(5)  babpbyt> 6, 

(.6)  haySpg  T  bjjyfios  T  bag5py  T 
(2)  baybpbg  T  bpybabg  T  baBbpbY  T 


(13.17) 


where  bafi  =  -  bpa  =  cafiyby.  In  all  these  combinations  except  (4),  the  property  (13.16) 
follows  automatically  from  the  symmetry  with  respect  to  the  pairs  of  suffixes  a,  p 
and  7,6;  in  (4),  the  two  terms  are  combined  in  order  to  satisfy  the  condition 
(13. 16).  t 

In  accordance  with  the  number  of  tensors  (13.17),  a  gas  in  a  magnetic  field  in 
general  has  seven  independent  viscosity  coefficients.  These  may  be  defined  as  the 
coefficients  in  the  following  expression  for  the  viscous  stress  tensor; 


cr op  =  2tj(V0(,  -|6ap  div  V)  +  £6a(J  div  V 

+  ^|(2 Van  -  bad  div  V  +  8afiVySbybs  -  2Va ybybp 
-2 VQybyb„  +  babp  div  V  +  babpVy6byb6) 

+  2rj2( Vaybybp  +  Vpybyba  -  2 babpVy6byb6) 

+  r}3 (Vaybpy  +  Vfiybay  -  Vysbaybebs  -  Vy6bpybabs) 

+  2tj4( VyBbaybf}b6  +  VySbpybabB)  +  ii(6ap  VYBbYb6  +  babp  div  V);  (13. IB) 

V„p  is  defined  in  (6.12).  This  is  so  constructed  that  rj,  tji, . . . ,  rj4  are  coefficients  of 
tensors  which  give  zero  on  contraction  with  respect  to  the  suffixes  a,  p;  (  and  G 
are  coefficients  of  tensors  with  non-zero  trace,  and  may  be  called  second  viscosity 
coefficients.  Note  that  they  contain  not  only  the  scalar  divV  but  also  VYSbybs .  The 
first  two  terms  in  (13.18)  correspond  to  the  usual  expression  for  the  stress  tensor, 
so  that  rj  and  £  are  the  ordinary  viscosity  coefficients. 

The  tensors  ko(J  and  rjapys  must  be  true  tensors,  since  they  satisfy  the  condition  of 
symmetry  under  inversion.  The  abandonment  of  this  condition  (for  a  gas  of 
stereoisomeric  material)  would  therefore  not  lead  to  the  presence  of  any  new 
terms. 

Such  abandonment  would,  however,  bring  about  new  effects,  with  a  heat  flux  q(V) 
due  to  the  velocity  gradients  and  viscous  stresses  <x'(T)  due  to  the  temperature 
gradient.  These  cross-effects  are  described  by  the  formulae 

Q,m=c,..pVap,  a£n  =  -aae.yaTldxy,  (13.19) 

tit  is  unnecessary  to  write  down  combinations  of  terms  with  two  factors  bap:  since  the  product  of  two 
tensors  e„pT  reduces  to  products  of  tensors  SQp,  such  combinations  would  reduce  to  those  already 
included  in  (13.17). 
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where  c%ap  and  aa&7  are  tensors  of  rank  three  symmetric  in  the  pair  of  suffixes 
separated  by  the  comma.  With  xa  and  Xa  chosen  as  in  §9,  the  kinetic  coefficients 
and  yba  are  TcyaP  and  T2aafit7.  Onsager’s  principle  thus  shows  that  in  the 
presence  of  a  magnetic  field  we  must  have 

To«*t(B)  =  <:**(- B).  (13.20) 

The  general  form  of  such  tensors  is 


—  a\babpby  +  a2b78ap  +  a3(ba8p7  +  bp8ay)  +  aA(baybp  +  bpyba).  (13.21) 

All  the  terms  here  are  pseudotensors,  and  so  the  relations  (13.19)  with  these 
coefficients  are  not  invariant  under  inversion. 

Let  us  now  briefly  consider  transport  phenomena  in  a  gas  in  an  electric  field.  We 
take  a  gas  consisting  of  polar  molecules  (i.e.  having  a  dipole  moment  d)  of  the 
symmetrical-top  type.  In  an  electric  field,  a  polar  molecule  is  acted  on  by  a  torque 
d  x  E,  so  that  the  transport  equation  contains  a  term 

M  .  dfjdM  =  d  X  E  .  dffd M. 


The  direction  of  d  is  along  the  axis  of  the  molecule  and  is  unrelated  to  that  of  the 
rotational  angular  momentum  M.  However,  as  a  result  of  averaging  with  respect  to 
the  rapid  precession  of  the  top’s  axis  about  the  direction  of  the  constant  vector  M, 
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(13.22) 


where  y  =  <xd/M ;  the  variable  cr  (the  cosine  of  the  angle  between  d  and  M)  now 
takes  a  continuous  series  of  values  from  —1  to  +1.  The  expression  (13.22)  differs 
from  the  corresponding  term  in  the  magnetic  case  only  in  that  B  is  replaced  by  E. 
Thus  all  the  above  transport  equations  and  the  conclusions  drawn  from  them  remain 
valid,  f 

There  is,  however,  a  difference  arising  from  the  fact  that  the  electric  field  E  is  a  true 
vector,  not  a  pseudovector,  and  is  unaffected  by  time  reversal.  For  this  reason, 

OriOA  nAinlo  f  f  lid  f  AAn/fiiAtiiMf  W  nti/I  it  L 

o  ^iniwipi^  iui  uiv-  vunuuvu \  ny  aim  icmuis  I1C1C 

expressed  by 


^up(I')  ^pa(E),  ^up-ysfF)  rjy5f,p(E), 


(13.23) 


instead  of  (13.1 1)  and  (13.16).  Correspondingly,  K2 3  0  and  =  t}4  =  0  in  (13. 10)  and 
(13.18)  (where  now  b  =  E/E).$  On  the  other  hand,  cross-effects  are  possible  not  only 
in  a  stereoisomeric  gas,  for  which  (13.21)  is  fully  valid,  but  also  in  a  gas  of  non- 
stereoisomeric  molecules:  the  expression  (13.21)  with  a4  =  0  is  then  a  true  tensor. 


tDiatomic  molecules  rotate  in  a  plane  perpendicular  to  M:  hence  a  —  0  for  a  diatomic  polar  molecule. 
In  such  a  case  the  effect  of  the  electric  field  on  the  motion  of  the  molecules  appears  in  the  transport 
equation  only  in  the  quadratic  approximation  with  respect  to  the  field. 

tin  a  gas  of  non-stereoisomeric  molecules,  the  absence  of  the  terms  in  to.  tj<  in  an  electric  field  is 
also  required  by  the  condition  of  invariance  under  inversion. 
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§  14.  Phenomena  in  slightly  rarefied  gases 

The  dynamical  equations  of  motion  of  a  gas,  including  thermal  conduction  and 
internal  friction,  contain  the  heat  flux  q'  (the  dissipative  part  of  the  energy  flux  q) 
and  the  viscous  stress  tensor  a^p  (the  dissipative  part  of  the  momentum  flux  nap). 
These  equations  acquire  real  meaning  when  q'  and  arap  have  been  expressed  in 
terms  of  the  temperature  and  velocity  gradients  in  the  gas.  However,  the  usual 
expressions  linear  in  these  gradients  are  just  the  first  terms  of  expansions  in  powers 
of  the  small  ratio  // L  of  the  mean  free  path  to  the  characteristic  dimensions  of  the 
problem  (called  the  Knudsen  number  K).  If  this  ratio  is  not  very  small,  it  may  be 
reasonable  to  make  corrections  based  on  the  terms  of  the  next  order  of  smallness  in 
f/L.  Such  corrections  arise  both  in  the  equations  of  motion  themselves  and  in  the 
boundary  conditions  on  these  equations  at  the  surfaces  of  bodies  in  the  gas  flow. 

The  successive  terms  in  the  expansions  of  the  fluxes  q-*  and  tr;,p  are  expressed 
by  means  of  the  spatial  derivatives  of  temperature,  pressure  and  velocity,  of 
various  orders  and  raised  to  various  powers.  These  terms  must  in  principle  be 
calculated  by  going  to  ‘further  approximations  in  the  solution  of  the  transport 
equation.  The  zero-order  approximation  corresponds  to  the  local-equilibrium  dis¬ 
tribution  function  /«  and  the  dynamical  equations  of  an  ideal  fluid.  The  first-order 
approximation  corresponds  to  the  distribution  function  /  =  /u(l  4-  xll)IT)  considered 
in  §§6-8,  and  the  Navier-Stokes  equations  of  fluid  dynamics, and  the  equation  of 
thermal  conduction.  In  the  second-order  approximation,  the  distribution  function  is 
to  be  sought  in  the  form 


f  _  f  Ti  ,  J_  „<n  _l  _L 

J  Jo  I  T  rj,  X  rj-,  X 


(14.1) 


and  the  transport  equation  is  to  be  linearized  with  respect  to  the  second-order 
correction  ^<2>.  The  resulting  equation  is 


T  Ida  .  „\  f„Y,u  .  T  S,  , 

/^«+v-vj“r+A«* 


-fjf  ^WV-x'Wdr.drdr^^Hx1^  (i4.2) 


where  I  is  again  the  linear  integral  operator  (6.5).  The  symbol  djdt  signifies  that  the 
time  derivatives  of  macroscopic  quantities  which  appear  as  a  result  of  differentiat¬ 
ing  fuX{lilT  are  to  be  expressed  in  terms  of  spatial  derivatives  by  means  of  the 
zero-order  equations  of  fluid  dynamics  (Euler’s  equations).  The  symbol  djdt 
signifies  that  the  time  derivatives  are  to  be  eliminated  by  means  of  the  first-order 
terms  in  the  Navier-Stokes  equations  and  the  equation  of  thermal  conduction  (the 
terms  containing  r\y  £  and  k). 

We  shall  not  write  out  all  the  numerous  terms  in  q'  and  cr „p  that  arise  in  the 
second  approximation  and  are  called  Burnett  terms  (D.  Burnett,  1935).  In  many 
cases  these  terms  make  a  contribution  to  the  solution  that  is  small  in  comparison 
with  the  corrections  in  the  boundary  conditions,  to  be  discussed  below.  In  such 
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cases,  the  inclusion  of  corrections  in  the  equations  themselves  would  be  an 
unjustifiable  exaggeration  of  the  attainable  accuracy.  We  shall  merely  consider 
some  typical  correction  terms  and  make  estimates  of  them  for  motions  of  various 
kinds. 

First  of  all,  let  us  note  that  the  small  parameter  K  ~  l/L  is  related  in  a  certain  way 
to  two  parameters  which  describe  the  fluid  motion,  namely  the  Reynolds  number  R 
and  the  Mach  number  M.  The  Reynolds  number  is  defined  as  R  ~  VL/i/,  where  V  is 
the  characteristic  scale  of  velocity  of  the  flow  and  v  the  kinematic  viscosity;  the 
Mach  number  M~  V/u,  where  u  is  the  speed  of  sound.  In  a  gas,  the  order  of 
magnitude  of  the  speed  of  sound  is  the  same  as  the  mean  thermal  speed  v  of  the 
molecules,  and  the  kinematic  viscosity  v~lv.  Hence  R~  VL//C,  M  —  V/r  and  the 
Knudsen  number 


V  ~  M/P  (IA 

*  X  ^  1^.^/ 

Hence  it  is  clear  that  the  condition  K  <  I  for  the  flow  to  be  governed  by  the  linear 
equations  of  fluid  dynamics  imposes  a  limitation  on  the  relative  order  of  magnitude 
of  R  and  M.  Let  us  first  consider  “slow”  motions,  with 


R<I,  M<U. 


(14.4) 


Let  us  take  any  of  the  Burnett  terms  in  the  viscous  stress  tensor  containing  the 
product  of  two  first  derivatives  of  the  velocity,  for  instance 


pl2dK^ 


BXy  3Xy 


(14.5) 
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This  term  gives  a  contribution  cri2i  ~  pl2V2IL2  to  cr'ap.  The  order  of  magnitude  of  the 
principal  (Navier-Stokes)  terms  in  the  viscous  stresses  is 


t Til)-vdVldx-plvVlL , 

and  the  ratio 

<ji2)l<rl"~lVIU~l2RIL2. 


Since  Rsl,  we  see  that  the  terms  (14.5)  give  a  correction  to  the  viscous  stresses 
whose  relative  order  is  ^(t/L)2;  the  correction  in  the  boundary  conditions  (see  below) 
gives  much  larger  corrections  (~//L)  to  the  motion. 

The  corrections  are  even  smaller  that  arise  from  terms  of  the  form! 


pi 2  dT  dT 
m2 v2  dxa  dxp 


(14.6) 


»f  the  temperature  gradients  are  those  which  result  from  the  motion  itself;  this 
follows  because  the  characteristic  temperature  differences  AT  ~  TV2 lu2.  If, 


tTerms  of  this  kind  in  the  viscous  stresses  were  first  discussed  by  Maxwell  (1879). 
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however,  temperature  differences  are  imposed  from  outside  (e.g.  by  heated  bodies 
immersed  in  the  gas),  the  Burnett  terms  of  the  form  (14.6)  may  cause  a  steady 
motion  with  characteristic  velocities  determined  by  the  equilibrium  equation 


’  ~ftp' 


dxa 


An  estimate  of  the  speed  of  this  motion  is 

V~l{&TflLmvT2 


(14.7) 


(M.  N.  Kogan,  V.  S.  Galkin  and  O.  G.  Fridlender  1970).  In  making  the  estimate,  it 
must  be  remembered  that  the  Lapiacian  of  the  temperature  can  be  expressed,  by 
means  of  the  thermal  conduction  equation  div  (kVT)  =  0,  in  terms  of  the  square  of 
the  temperature  gradient,  and  that  the  motion  is  caused  only  by  the  non-potential 
part  da^lldXfi  of  the  force;  the  potential  part  is  balanced  by  the  pressure. 

Similar  considerations  apply  to  the  correction  terms  in  the  heat  flux  q'.  It  is 
impossible  to  construct  a  second-order  correction  term  from  the  derivatives  of  the 
temperature  alone;  the  first  such  correction  term  (after  —  kVT)  is  constant  x  VAT 
(where  A  is  the  Lapiacian  operator),  and  thus  is  of  the  third  order.  The  terms  which 
include  velocity  derivatives  as  well  as  temperature  derivatives,  such  as 

(p/2/m)  div  V.VT, 

again  give  corrections  of  relative  order  l2IL2. 

Let  us  now  go  on  to  “fast”  motions,  with 


R>1,  Mssl. 


(14.8) 


In  such  cases,  the  gas  motion  takes  place  in  two  regions:  the  main  volume,  where 
the  viscous  terms  in  the  equations  of  motion  are  unimportant,  and  a  thin  boundary 
layer,  in  which  the  gas  velocity  decreases  rapidly. 

Let  us  consider,  for  example,  the  flow  of  gas  past  a  flat  plate,  taking  the  direction 
of  flow  as  the  x-axis.  The  thickness  8  of  the  boundary  layer  on  the  plate  is 

8  ~  (xvl  V)112  ~  (xlvl  V),n , 


where  x  is  the  distance  from  the  leading  edge;  see  FM,  §39.  The  characteristic 
dimension  for  the  variation  of  the  velocity  in  the  x-direction  is  given  by  the 
coordinate  x  itself,  and  that  in  the  y-direction,  perpendicular  to  the  plate,  is  given 
by  the  thickness  8  of  the  boundary  layer.  Here,  by  the  equation  of  continuity, 
Vy  ~  Vx8lx.  The  principal  term  in  the  Navier-Stokes  viscous  stress  tensor  is 

(t’x y  ~  pv  d  Vjdy  ~  pvlVl8. 

Among  the  Burnett  terms  in  crx y,  however,  there  is  none  containing  (dVjd y)2;  it  is 
easily  seen  that  the  derivatives  dVjdx$  do  not  yield  a  tensor  of  rank  two  quadratic 
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in  them  whose  xy -component  contains  that  square.  The  largest  terms  in  can 
only  be  those  of  the  form 


pl2(dVJdy)  div  V  ~p/2V2/xS. 

Their  ratio  to  aiy  is  cr(2,/cr(1)  —  l VI xv  —  (//S)2,  which  is  again  of  the  second  order. 

We  shall  now  show  that  the  correction  terms  in  the  conditions  at  gas-solid 
boundaries  yield  effects  of  the  first  order  in  //L.  It  follows  that  appreciable 
consequences  of  the  rarefaction  of  the  gas  occur  near  solid  surfaces. 

In  non-rarefied  gases,  the  boundary  condition  at  the  surface  of  a  solid  is  that  the 
temperatures  of  the  gas  and  the  solid  are  equal.  In  reality,  however,  this  is  an 
approximate  condition,  and  applies  only  if  the  mean  free  path  may  be  regarded  as 
infinitesimal.  When  the  finite  mean  free  path  at  the  surface  of  contact  between  a 
solid  and  a  non-uniformly  heated  gas  is  taken  into  account,  there  is  a  difference  of 
temperatures,  which  falls  to  zero,  in  general,  only  when  there  is  complete  thermal 
equilibrium  and  the  gas  temperature  is  constant. t 
Near  a  solid  surface  (at  distances  from  it  that  are  small,  but  not  too  small),  the 
temperature  gradient  of  the  gas  may  be  assumed  constant,  so  that  the  temperature 
varies  linearly  with  the  distance.  In  the  immediate  neighbourhood  of  the  wall, 
however,  at  distances  ~l,  the  temperature  variation  is  in  general  more  complex  and 
its  gradient  is  not  constant.  The  continuous  curve  in  Fig.  1  shows  the  approximate 
form  of  the  gas  temperature  near  the  surface. 

However,  this  true  form  of  the  temperature  in  the  vicinity  of  the  wall,  which 
relates  to  distances  comparable  with  the  mean  free  path,  is  not  important  when 
considering  the  temperature  distribution  throughout  the  gas.  As  regards  the  tem¬ 
perature  distribution  near  a  solid  wall,  we  are  mainly  concerned  with  only  the 
straight  part  of  the  curve  in  Fig.  1,  which  extends  to  distances  large  compared  with 


tin  referring  to  the  temperature  of  a  gas  in  regions  whose  size  is  of  the  order  of  the  mean  free  path,  it 
is  necessary,  strictly  speaking,  to  define  what  is  meant  by  temperature.  In  the  present  case  it  will  be 
defined  in  terms  of  the  mean  energy  of  the  molecules  at  a  given  point  in  the  gas,  the  function  which 
determines  the  temperature  from  that  mean  energy  being  taken  as  the  same  as  for  large  volumes  of  gas. 
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the  mean  free  path.  The  equation  of  this  straight  line  is  determined  by  its  slope  and 
by  the  intercept  on  the  ordinate  axis.  We  are  thus  concerned  not  with  the  actual 
discontinuity  of  temperature  at  the  wall,  but  with  the  discontinuity  that  results 
when  the  temperature  gradient  is  assumed  constant  near  the  wall  at  all  distances 
down  to  zero,  as  shown  by  the  broken  line  in  Fig.  i.  Let  oT  denote  this 
extrapolated  temperature  discontinuity,  defined  as  the  gas  temperature  minus  the 
wall  temperature  (the  latter  being  arbitrarily  taken  as  zero  in  Fig.  1). 

When  the  temperature  gradient  is  zero,  so  is  the  discontinuity  3T.  Hence,  for 
fairly  small  temperature  gradients. 


ST  =  g  dTfdn ; 


(14.9) 


the  derivative  is  taken  along  the  normal  to  the  surface  into  the  gas.  The  coefficient 
g  may  be  called  the  temperature  discontinuity  coefficient.  If  the  gas  temperature 
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coefficient  g  is  positive. 

Similar  effects  occur  at  the  boundary  between  a  solid  wall  and  a  moving  gas. 
Instead  of  “sticking”  completely  to  the  surface,  a  rarefied  gas  maintains  a  small  but 
finite  velocity  near  it,  and  slips  along  the  surface.  As  in  (14.9),  we  have  as  the  speed 
of  slip 


»o=fi  a  V,/an,  (14.10) 

where  Vt  is  the  tangential  component  of  the  gas  velocity  near  the  wall.  Like  g,  the 
slip  coefficient  £  is  positive.  The  same  comments  apply  to  uo  as  were  made 
regarding  the  temperature  discontinuity  ST  given  by  (14.9).  This  speed  is,  strictly 
speaking,  not  the  actual  speed  of  the  gas  at  the  wall  itself,  but  the  speed 
extrapolated  on  the  assumption  of  a  constant  gradient  dVjdn  in  the  layer  of  gas 
along  the  wall. 

The  coefficients  g  and  £  have  the  dimensions  of  length,  and  are  of  the  same  order 
of  magnitude  as  the  mean  free  path: 

g~L  «~Z.  (14.11) 

The  temperature  discontinuity  and  the  slip  speed  themselves  are  consequently 
quantities  of  the  first  order  in  //L.  To  calculate  the  coefficients  g  and  f,  it  would  be 
necessary  to  solve  the  transport  equation  for  the  distribution  function  of  the  gas 
molecules  near  the  surface.  This  equation  would  have  to  take  account  of  collisions 
between  the  gas  molecules  and  the  wall,  and  it  would  therefore  be  necessary  to 
know  the  law  governing  their  scattering  in  such  collisions. 

If  the  broken  line  in  Fig.  I  is  continued  to  intersect  the  abscissa  axis,  it  makes  an 
intercept  of  length  g.  Thus  we  can  say  that  the  temperature  distribution  in  the 
presence  of  a  temperature  discontinuity  is  the  same  as  if  there  were  no  dis¬ 
continuity  but  the  wall  were  moved  back  a  distance  g.  The  same  applies  to  the  slip, 
with  the  wall  moved  back  a  distance  £  Of  course,  with  these  changes  only  the 
first-order  terms  in  g  or  £  should  be  retained  in  the  solutions  of  problems  in  fluid 
mechanics.  Since  taking  account  of  the  temperature  or  velocity  discontinuities  is 
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equivalent  to  moving  the  boundaries  by  distances  of  the  order  of  /,  the  resulting 
corrections  in  the  solutions  are  of  the  order  of  Idfdx  —  //L,  i.e.  of  the  lirst  order  in 
U  L. 

As  well  as  the  above  corrections  to  the  boundary  conditions,  there  are  other 
effects  of  the  same  order  in  f/L,  which  in  many  instances  are  more  important,  since 
some  qualitatively  new  phenomena  occur. 

One  of  these  is  a  movement  of  gas  near  a  non-uniformiy  heated  soiid  surface, 
called  thermal  slip.  It  bears  some  analogy  to  thermal  diffusion  in  a  mixture  of  gases. 
Just  as,  in  the  presence  of  a  temperature  gradient  in  a  gas  mixture,  collisions  with 
molecules  of  the  other  gas  create  a  flux  of  particles,  so  in  this  case  a  flux  results 
from  collisions  with  the  non-uniformiy  heated  wall  by  molecules  in  a  thin  layer  of 
gas  at  the  wall,  whose  thickness  ~l. 

Let  Vf  denote  the  tangential  velocity  acquired  by  the  gas  near  the  wall  as  a  result 
of  thermal  slip,  and  VtT  the  tangential  component  of  the  temperature  gradient,  in 
the  first  approximation,  we  can  suppose  that  Vf  is  proportional  to  VfT,  i.e.  for  an 
isotropic  surface 


The  coefficient  p  must  be  proportional  to  the  mean  free  path,  since  it  is  due  to 
particles  in  a  gas  layer  of  that  thickness.  Then  clearly,  from  dimensional  arguments, 
p  ~  llm v.  Expressing  the  mean  free  path  in  terms  of  the  collision  cross-section  and 
the  gas  density,  we  have  l  ~  l/Ncr  ~  T/crP,  and,  finally, 


1 

crP 


(14.13) 


The  sign  of  p  is  not  determined  by  thermodynamic  requirements;  experimental 
results  show  that  usually  p  >0. 

One  further  first-order  effect  is  the  presence  in  a  moving  gas  of  an  additional 
surface  heat  flux  (i.e.  restricted  to  a  layer  at  the  wall  with  thickness  —/)  q^, 
proportional  to  the  normal  gradient  of  the  tangential  velocity: 

<Jsurf  ~  (pdXtldn>  (14.14) 


the  dimensions  energy/iength  x  time. 


The  coefficients  p  and  <p  are  connected  by  a  relation  which  follows  from 
Onsager’s  principle.  To  derive  this,  let  us  consider  the  “surface”  part  of  the  rate  of 
increase  of  entropy  Ssurf,  due  to  the  motion  of  the  gas  at  the  wall  and  taken  per  unit 
area  of  the  wall  surface.  This  quantity  consists  of  two  parts.  The  presence  of  the 
heat  flux  q'urf  contributes  —  T  "2qsurf.  V  T ;  cf .  the  corresponding  expression  for  the  rate  of 
increase  of  entropy  due  to  a  bulk  heat  flux  ( FM ,  §49;  SP  2,  §88).  Secondly,  the  wall 
past  which  the  gas  is  flowing  is  subject  to  a  frictional  force  —r}d\,ldn  per  unit  area.  The 
energy  dissipated  per  unit  time  is  equal  to  the  work  done  by  this  force,  -Tjd  Vf/r)n .  V„ 

and  division  by  T  gives  the  contribution  to  the  rate  of  increase  of  entropy.  Thus  we 
have 


S,„rf  =  -Y2q;uri.VT-^71V1  -^i. 


(14.15) 


*  t  r 


ZA 


i  Kti/r  >  c;j 


UUdU 


We  now  take  as  the  Xa,  in  the  general  statement  of  Onsager’s  principle  (§9),  the 
vectors 


X,  =  y5  V(T, 


X7  = 


1  dX, 

T  dn 


A  comparison  of  (14.15)  with  the  expressions  (9.3)  shows  that  the  corresponding 
quantities  xa  are  the  vectors 


X|  =  qUo  x2=  T]Vf. 

The  “equations  of  motion”  (9.1)  are  the  relations  (14.12)  and  (14.14);  writing  these 

as 


Xi  =  T<pX2,  x2  =  77mT2Xi, 


we  obtain  the  required  relation 


9  =  Trip 


(14.16) 


(L.  Waldmann  1967). 


PROBLEMS 


Probu-m  1.  Two  vessels  containing  a  gas  at  different  temperatures  T|  and  T;  are  connected  by  a 
long  tube.  As  a  result  of  thermal  slip,  a  pressure  difference  is  established  between  the  gases  in  the  two 
vessels  (the  thermo -mechanical  effect).  Determine  this  difference. 

Solution.  The  boundary  condition  at  the  surface  of  the  tube  for  Poiseuille  flow  under  the  influence 
of  the  pressure  and  temperature  gradients,  with  allowance  for  thermal  slip,  is  v  =  p  dTfdx  at  r  =  R 
(where  F  is  the  tube  radius  and  the  x-axis  is  along  the  length  of  the  tube).  We  find  in  the  usual  way  (see 
FM,  §17)  the  velocity  distribution  over  the  tube  cross-section: 


v 


1  dP  dT 
4tj  dx  ^  dx 


The  mass  of  gas  flowing  through  a  cross-section  of  the  tube  per  unit  time  is 


Q  =  - 


p7rK4  dP 
8tj  dx 


+  pixttR2 


dT 

dx’ 


where  p  is  the  gas  density.  In  mechanical  equilibrium  0  =  0,  whence 

dP  _  8 tip  dT 
dx  Rr  dx ' 


M) 


Integration  over  the  whole  length  of  the  tube  gives  the  pressure  difference: 

P2-Pi  =  (8tjp/K2)(T2-T,) 

(if  T2  —  Ti  is  fairly  small,  tj  and  p  may  be  taken  as  constants).  An  estimate  of  the  order  of  magnitude  of 
the  effect  by  means  of  (14.13)  and  (8.11)  gives 


SP/P  -  (1 2/R2)ST/T. 
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The  velocity  distribution  over  the  tube  cross-section  when  Q  =  0  is 
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The  gas  flows  along  the  walls  in  the  direction  of  the  temperature  gradient  (u  >0),  and  near  the  axis  of 
the  tube  it  flows  in  the  opposite  direction  (r  <0). 

Problem  2.  Two  tubes  of  length  L  and  different  radii  (Ri<R:>)  are  joined  at  their  ends;  the 
junctions  are  maintained  at  different  temperatures  (T;>Ti),  the  difference  being  small.  As  a  result  of 
thermal  slip,  a  circulatory  motion  of  gas  is  established  in  the  tubes.  Find  the  total  gas  flow  through  the 
tube  cross-sections. 

Solution.  Dividing  (1)  in  Problem  l  by  R  and  integrating  along  a  closed  contour  formed  by  the  two 
tubes,  we  have 


n  ^  E/iZLrT,  _  ts/  p,2 


RTRT 

R^+Ri4' 


The  flow  takes  place  in  the  direction  shown  in  Fig.  2. 


Fig.  2. 

Problem  3-  Determine  the  force  F  acting  on  a  sphere  of  radius  R  immersed  in  a  gas  where  a 
constant  temperature  gradient  VT  =  A  is  maintained. 

Solution.  The  temperature  distribution  within  the  sphere  is  given  by 

^  3k  2  a 

T  = - r —  Ar  cos  0, 

K  |  +  ZKi 

where  ki  and  k;  arc  the  thermal  conductivities  of  the  sphere  and  the  gas;  r  and  0  are  spherical  polar 
coordinates  with  the  origin  at  the  centre  of  the  sphere  and  the  polar  axis  along  A  (see  FM,  §50,  Problem 
2).  Hence  we  find  for  the  temperature  gradient  along  the  surface  of  the  sphere 


lil 

R  dd 


3k; 

K)  +  2k2 


A  sin  8. 


The  laminar  flow  of  the  gas  resulting  from  the  thermal  slip  is  determined  only  by  the  one  vector  A 
The  corresponding  solution  of  the  Navicr-Stokes  equation  may  therefore  be  sought  in  the  same  form  as 
m  the  problem  of  liquid  flow  past  a  sphere  moving  in  it  (see  FAf,  §20): 


v 


A  +  n(A .  n)  ,  3n(A .  n)  -  A 

I  b  i - , 


where  n  =  r/r;  the  additive  constant  in  v  is  omitted,  since  we  must  have  i?  =  0  as  The  constants  a 

and  b  are  found  from  the  conditions 


iv  =  0,  Vo  =  (p/R)0T/30  at  r  =  R; 
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their  values  are 

a  =  b/K‘  =  —  3k;K^/2(k,  +  2k?). 


The  force  on  the  sphere  is 


F  =  877017  A  1  —  l27nj^.KK2VT/(Ki  +  2ki). 

For  the  surface  effects  considered  in  these  Problems  to  be  in  fact  small  compared  with  the  volume 
effects,  the  temperature  must  vary  only  slightly  over  the  radius  of  the  tube  in  Problems  1  and  2.  and 
over  the  radius  of  the  sphere  in  Problem  3. 

Problem  4.  Two  vessels  joined  by  a  long  tube  contain  gas  at  the  same  temperature  and  at  pressures 
Pi  and  P'.  Determine  the  heat  flux  between  the  vessels  which  accompanies  Poiseuille  flow  in  the  tube 
(the  ttiechano-calnric  effect). 

Sot  ution.  According  to  (14.14)  and  (14.16),  the  heat  flux  along  the  walls  of  the  tube  is 

q'  -  lirRii^wt  ~  27tRTtj/i  dVfdr. 

From  the  Condition  of  mechanical  equilibrium  of  the  liquid  in  a  steady  flow,  we  have 

dVldr  =  nR 2  dPldx  =  ttKTP:-  Pi)/L. 


Hence,  finally. 

q'^irR'-TfiiPi-  P,)/T. 

§15.  Phenomena  in  highly  rarefied  gases 

The  phenomena  discussed  in  §14  are  no  more  than  correction  effects  associated 
with  higher  powers  of  the  ratio  of  the  mean  free  path  l  to  the  characteristic 
dimensions  L  of  the  problem;  this  ratio  was  supposed  still  small.  If  the  gas  is  so 
rarefied,  or  the  dimensions  L  are  so  small,  that  //Lsl,  the  equations  of  fluid 
dynamics  become  completely  inapplicable,  even  with  corrected  boundary  con¬ 
ditions. 

In  the  general  case  of  any  l/Ly  it  is  in  principle  necessary  to  solve  the  transport 
equation  with  specified  boundary  conditions  on  solid  surfaces  in  contact  with  the 
gas.  These  conditions  depend  on  the  interaction  between  the  gas  molecules  and  the 
surface,  and  relate  the  distribution  function  for  particles  incident  on  the  surface  to 
that  for  particles  leaving  it.  If  this  interaction  amounts  to  scattering  of  molecules 
without  chemical  transformation,  ionization,  or  absorption  by  the  surface,  it  is 
described  by  the  probability  w(F,  F)dF'  that  a  molecule  with  given  values  of  F 
strikes  the  surface  and  is  reflected  into  a  given  range  dF';  the  function  w  is 
normalized  by  the  condition 


f  w(r,Ddr=  i. 


(15.1) 


With  this  function,  the  boundary  condition  for  the  distribution  function  /(F) 
becomes 


f  \v(F',  F)n  .  v/(F)dF  =  —  n  .  v'/(F')  with  n  .  v'  >  0. 
Jn .  *<.{) 


(15.2) 
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§  i5 
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The  integral  on  the  left  multiplied  by  dV  is  the  number  of  molecules  incident 
on  unit  area  of  the  surface  per  unit  time  and  scattered  into  a  given  range  dP; 
the  integration  is  taken  over  the  range  of  values  of  T  that  corresponds  to  molecules 
moving  towards  the  surface  (n  being  a  unit  vector  along  the  outward  normal  to 
the  surface  of  the  body).  The  expression  on  the  right  of  (15.2)  is  the  number  of 
molecules  leaving  unit  area  of  the  surface  per  unit  time.  The  values  of  F'  on  each 
side  of  the  equation  must  correspond  to  molecules  moving  away  from  the  surface. 

In  equilibrium,  when  the  temperature  of  the  gas  is  the  same  as  that  of  the  body, 
the  distribution  function  must  have  the  Boltzmann  form  for  both  the  incident  and 
the  reflected  particles.  Hence  it  follows  that  the  function  w  must  satisfy  identically 
the  equation 


I  w(F\  rjn.ve  */T|  dP  —  -  n .  v'  e  */T|,  (15.3) 

Jn .  v^{) 

which  is  obtained  by  substituting  in  (15.2)  /(F)  =  constant  x  exp(-  e/TO,  with  Tj  the 
temperature  of  the  body. 

In  the  general  formulation  described,  the  solution  of  the  problem  of  highly 
rarefied  gas  flow  is  of  course  very  difficult.  The  problem  can,  however,  be  more 
simply  stated  in  the  limiting  case  where  the  gas  is  so  highly  rarefied  that  ljL>  I. 

A  large  class  of  such  problems  relate  to  situations  where  a  considerable  mass  of 
gas  occupies  a  volume  large  compared  with  the  dimensions  L  of  solid  bodies 
immersed  in  the  gas,  and  also  compared  with  the  mean  free  path  l.  Then  collisions 
of  molecules  with  solid  surfaces  are  comparatively  rare,  and  are  unimportant 
relative  to  collisions  between  molecules.  If  the  gas  itself  is  in  equilibrium,  with 
temperature  T2,  we  can  assume  under  these  conditions  that  the  equilibrium  is  not 
destroyed  by  the  immersed  body.  There  may  be  any  temperature  difference 
between  the  gas  and  the  body.  The  same  is  true  of  the  macroscopic  velocities. 

Let  t  =  T2  —  Tx  be  the  difference  between  the  temperature  of  the  gas  and  that  of 
some  part  df  of  the  surface  of  the  body,  and  V  the  velocity  of  the  gas  relative  to  the 
body.  For  non-zero  t  and  V  there  is  heat  exchange  between  the  gas  and  the  body, 
and  a  force  is  exerted  on  the  body  by  the  gas.  Let  q  be  the  dissipative  heat  flux 
from  the  gas  to  the  body,  and  let  F—  Pn  denote  the  force  per  unit  area  acting  along 
the  outward  normal  n  at  each  point  on  the  surface  of  the  body.  The  second  term 
here  is  the  ordinary  gas  pressure;  F  is  the  additional  force  under  consideration,  due 
to  t  and  V.  The  quantities  q  and  F  are  functions  of  r  and  V,  and  are  zero  when 
these  are  zero. 

If  t  and  V  are  sufficiently  small  (t  with  respect  to  the  temperatures  themselves  of 
fhe  gas  and  the  solid,  V  with  respect  to  the  thermal  velocity  of  the  gas  molecules), 
then  q  and  F  can  be  expanded  in  powers  of  t  and  V  as  far  as  the  linear  terms.  Let 
F„  and  V„  denote  the  components  of  F  and  V  along  the  normal  n;  Ff  and  uf  their 
tangential  parts,  which  are  vectors  having  two  independent  components.  Then  the 
expansions  mentioned  are 


q  —  ax  +  /3  V„,  F„  =  *yr  +  8V„,  Ft  =  0V„  (15.4) 

where  a,  j3,  7,  6,  6  are  constants  (or  rather  functions  of  temperature  and  pressure), 
characteristic  of  any  given  gas  and  solid  material.  The  “scalar**  quantities  q  and  Fn 
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cannot,  by  symmetry,  contain  terms  linear  in  the  vector  Vf.  For  the  same  reason, 
the  expansion  of  the  vector  Ft  does  not  contain  terms  linear  in  the  “scalars”  t  and 

V„. 

The  quantities  a,  8  and  6  are  positive.  For  example,  if  the  gas  temperature 
exceeds  the  body  temperature  (t  >0),  heat  will  pass  from  the  gas  to  the  body,  and 
the  corresponding  part  of  the  flux  q  will  be  positive;  hence  a  >0.  Next,  the  forces 
F„  and  Ft  due  to  the  gas  flow  relative  to  the  body  must  be  in  the  same  direction  as 
Vn  and  V,;  hence  o>0  and  6>  0.  The  sign  of  the  coefficients  /3  and  y  does  not 
follow  from  general  thermodynamic  considerations,  although  in  practice  they  seem 
to  be  usually  positive.  There  is  a  simple  relation  between  them  which  is  a 
consequence  of  the  symmetry  of  the  kinetic  coefficients. 

To  derive  this  relation,  we  calculate  the  time  derivative  of  the  total  entropy  of 
the  system  comprising  the  gas  and  the  body  in  it.  A  quantity  of  heat  q  df  is  gained 
by  the  body  from  the  gas  in  unit  time  through  each  surface  element  df.  The 
increment  in  the  entropy  S!  of  the  body  is 


S,  =  <j>  (q/Ti)  df. 


where  the  integration  is  over  the  whole  surface  of  the  body. 

To  calculate  the  increase  in  the  entropy  of  the  gas,  we  take  coordinates  such  that 
the  gas  is  at  rest  at  the  position  of  the  body;  then  the  velocity  of  each  point  on  the 
surface  is  —V.  In  order  to  demonstrate  the  required  relation,  we  shall  suppose  that 
the  shape  of  the  body  may  vary  during  its  motion;  then  the  velocities  V  of  various 
points  on  its  surface  are  arbitrary  independent  variables.  From  the  thermodynamic 
relation  dE  —  T dS  —  P  dV,  the  change  in  the  entropy  of  the  gas  per  unit  time  is 


S2=(E2+P2V2)/T2, 


quantities  with  the  suffix  2  relating  to  the  gas.  The  derivative  E2  is,  by  the 
conservation  of  the  total  energy  of  the  system,  minus  the  change  in  the  energy  of 
tiie  body.  This  change  is  made  up  of  the  quantity  of  heat  $  qdf  and  the  work 
§  —  V  .  (F  —  Pn)  df  done  on  the  body.  Thus  we  find  as  the  change  in  the  energy  of  the 
gas 

E2  =  |  (-q  +  F„  V„  +  F,  •  V,  -  P2V„)  df. 

The  change  in  the  gas  volume  is  equal  to  minus  the  change  in  the  volume  of  the 
body: 


r2=jv„df. 

The  change  in  the  entropy  of  the  gas  is  therefore 

S2  =  jrj(-q+F„V„  +  F,.  V,)  df. 
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Adding  the  derivatives  of  Si  and  S2,  and  then  putting  (for  small  t)  T,  r2=  T,  we 
finally  have  as  the  rate  of  change  of  the  total  entropy  of  the  system 

S  =  J[p  +  ^+^^]d/.  (15.5) 

We  take  as  the  quantities  Xi,x2,  x3,  x4  in  the  general  formulation  of  Onsager’s 
principle  (§9)  respectively  q,  F„  and  the  two  components  of  the  vector  Ft  at  any 
given  point  on  the  surface  of  the  body.  To  find  the  corresponding  quantities  Xe ,  we 
compare  (15.5)  with  the  general  expression  (9.3)  for  the  rate  of  change  of  the 
entropy,  and  see  that  Xu  X2,  X X4  are  respectively  -t/T2,  — VJT  and  the  two 
components  of  the  vector  —\tfT  at  the  same  point.  The  kinetic  coefficients  (i.e. 
those  in  the  relations  (9-1))  are 


Yn  =  aT2,  y22  =  ST,  7 33  =  744  =  OT, 

Vn  —  RT_  *V-,j  —  ■vT2. 

i  1  ~  r  I  i 

The  symmetry  712=  721  thus  gives  the  required  relation: 

P=yT.  (15.6) 

Moreover,  from  the  condition  that  the  quadratic  form  (9.3)  is  positive  (S  >0).  we 
have  the  inequalities  a,  0,  6  >0  already  mentioned,  and  also  the  inequality 

Ta8  >  /32. 


To  calculate  the  coefficients  in  (15.4),  we  need  to  know  the  specific  form  of  the 
law  of  scattering  of  gas  molecules  by  the  surface  of  the  body,  expressed  by  the 
function  w(P,  T)  defined  above.  As  an  example,  let  us  derive  a  formula  which  in 
principle  allows  a  to  be  calculated. 

The  energy  flux  from  the  gas  to  the  body  is  given  by  the  integral 


n  ~  f  ((= 

’  J  ' 


'ilnJu'fT'  nftr^drdr' 


ns  7^ 


taken  over  the  ranges  u*  <0,  v’x  >0,  since  an  amount  of  energy  e  —  e'  is  transferred 
to  the  wall  at  each  collision  of  a  molecule  with  the  wall. 

Let  us  transform  this  expression  by  means  of  the  principle  of  detailed  balancing, 
according  to  which,  in  equilibrium,  the  number  of  transitions  T  ->  F'  in  the  scatter^ 
ing  of  molecules  by  the  wall  is  equal  to  the  number  of  transitions  r,T^r7.  This 
means  that 


w(r,  OKI  exp(i~)  =  H-fO,  rT)|t>3  exP(f~y,  (15.8) 


in  equilibrium,  the  temperatures  of  the  gas  and  the  wall  are  equal. 
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In  (15.7)  we  rename  the  variables  of  integration:  F -»T'T,  r'-»FT.  Half  the  sum  of 
the  two  resulting  expressions  gives 

q  =|[(e-  r)|t>J,|e'‘'Tl-  >v(rT,  rr)K|e-€'T2]  dT  dP. 


Lastly,  substituting  w(Fr,  F'T)  from  (15.8)  and  then  expanding  the  integrand  in 
powers  of  the  small  difference  t  =  T2~  T,,  we  find  that  q  =  ar,  where 

a=2^  |(f-(,W“,(r'n“p(t7®)<!ri!r'  (^<0.  »i>0);  (15.9) 

the  subscript  is  omitted  from  the  temperature  Tt  ~  T2. 

The  distribution  function  for  molecules  scattered  from  the  wall  depends  on  the 
specific  nature  of  their  interaction  with  the  wall.  There  is  said  to  be  complete 
«ccommodnfi7m  if  the  molecules  reflected  from  each  surface  element  of  the  body 
have  (whatever  the  magnitude  and  direction  of  their  velocity  before  the  impact)  the 
same  distribution  as  in  a  beam  leaving  a  small  aperture  in  a  vessel  containing  gas  at 
a  temperature  equal  to  that  of  the  body.  Thus,  with  complete  accommodation,  the  gas 
scattered  by  the  wall  reaches  thermal  equilibrium  with  it.  The  values  of  the 
coefficients  in  (15.4)  may  reasonably  be  compared  with  those  for  complete  ac¬ 
commodation.  In  particular,  energy  exchange  between  the  gas  molecules  and  the 
solid  wall  is  usually  described  by  the  accommodation  coefficient,  defined  as  the 
ratio  a/a0,  where  a0  corresponds  to  complete  accommodation.  In  actual  cases, 
complete  accommodation  is  not  usuaiiy  achieved,  and  the  accommodation  coefficient 
is  less  than  unity. 

The  fact  that  a0  is  in  fact  the  greatest  possible  value  is  easily  shown  as  follows. 
Let  us  view  the  entropy  S  in  (15.5)  somewhat  differently:  not  as  the  total  entropy 
of  the  body  and  the  gas  together,  but  as  the  entropy  of  the  body  together  with  just 
the  gas  molecules  that  reach  the  surface  of  the  body  in  a  time  At.  For  this  system, 
reflection  of  the  molecules  with  complete  accommodation  denotes  a  transition  to  a 
state  of  complete  equilibrium,  and  its  entropy  therefore  takes  the  maximum 
possible  value.  Accordingly,  the  change  of  entropy  AS  -  S At  accompanying  this 
transition  will  also  be  a  maximum.!  That  is,  for  complete  accommodation  the 
quadratic  form  (9.3)  must  be  a  maximum  for  any  given  values  of  the  Xa  (i.e.  of  t, 
V„  and  V,).  Denoting  the  corresponding  values  of  the  coefficients  yab  by  the  suffix 
zero,  we  can  write  this  condition  as 


^T2  +  2^^TV„+^Vn2  +  ^V?>0. 

From  this,  there  follow  the  inequalities 

So  >  8,  0o  >  0, 

T(a„  — a)(80-6)>(/30- 0)*. 


(15.10) 


timportant  points  in  this  argument  are  that  the  body  (which  acts  as  a  “heat  reservoir”)  may  be 
regarded  as  in  equilibrium  throughout  the  process,  and  that  the  entropy  of  an  ideal  gas  depends  only  on 
the  distribution  law  for  its  molecules,  not  on  the  law  of  interaction  between  them. 
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Let  us  consider  the  outflow  of  a  highly  rarefied  gas  from  a  small  orifice  with 
linear  dimensions  L.  In  the  limit  ljL>  l,  this  process  is  a  very  simple  one.  The 
molecules  will  leave  the  vessel  independently,  forming  a  molecular  beam  in  which 
each  molecule  moves  at  the  speed  with  which  it  reached  the  orifice.  The  number  of 
molecules  leaving  the  orifice  per  unit  time  is  equal  to  the  number  of  collisions  per 
unit  time  between  molecules  and  a  surface  with  area  5  equal  to  that  of  the  orifice. 
The  number  of  collisions  per  unit  wall  area  is  P/(27miT)l/2,  where  P  is  the  gas 
pressure  and  m  the  mass  of  a  molecule;  see  SP  l,  §39.  Thus  the  mass  of  gas 
leaving  per  unit  time  is 

Q  -  sPV(ni/2irT).  (15.11) 


If  two  vessels  containing  gas  are  joined  by  an  orifice,  for  /  <?  L  in  mechanical 
equilibrium  the  pressures  P,  and  P2  of  the  gases  in  the  two  vessels  are  equal, 
whatever  their  temperatures  T,  and  T2.  If  l  >  L,  the  condition  of  ri*echanical 
equilibrium  is  that  the  numbers  of  molecules  passing  through  the  oiifice  in  each 
direction  are  equal.  By  (15.11),  this  gives 

P,/VT,  =  P2/Vrj.  (15.12) 


Thus  the  pressures  of  rarefied  gases  in  two  communicating  vessels  will  be  different, 
and  proportional  to  the  square  roots  of  the  temperatures  (the  Knudsen  effect). 

So  far  we  have  discussed  phenomena  in  a  large  mass  of  highly  rarefied  gas  in 
equilibrium  by  itself.  Let  us  now  briefly  consider  phenomena  of  another  type, 
where  the  gas  itself  is  not  in  equilibrium,  for  instance  in  heat  transfer  between  two 
solid  plates  heated  to  different  temperatures  and  immersed  in  a  rarefied  gas,  the 
distance  between  them  being  small  compared  with  the  mean  free  path.  Molecules 
moving  in  the  space  between  the  plates  undergo  almost  no  collisions  with  one 
another;  after  reflection  from  one  plate,  they  move  freely  until  they  strike  the 
other.  When  scattered  by  the  hotter  plate,  the  molecules  gain  some  energy  from  it, 
and  then  transfer  some  of  their  energy  to  the  cooler  plate  when  they  reach  it.  The 
heat  transfer  mechanism  in  this  case  thus  differs  essentially  from  that  of  ordinary 
conduction  in  a  non-rarefied  gas.  It  may  be  described  by  a  heat  transfer  coefficient 
k,  defined  (by  analogy  with  the  ordinary  conductivity)  so  that 


q  =  K(T2-Tl)IL, 


(15.13) 


where  q  is  the  amount  of  heat  transferred  per  unit  area  of  the  plates  per  unit  time, 
T,  and  T2  the  temperatures  of  the  plates  and  L  the  distance  between  them.  The 
value  of  k  may  be  estimated  in  order  of  magnitude  by  means  of  (7.10).  Since 
collisions  between  molecules  Eire  now  replaced  by  collisions  of  molecules  with  the 
plates,  the  mean  free  path  l  must  be  replaced  by  the  distance  L  between  the  plates. 
Thus 


k  ~  LvN  ~  PL/V(mT). 


(15.14) 


Ttu 


Fiont  ft*n*U'fn»>  in  n  Li  1  ■  T  ■  |1  nn  rtl  t  L  rt  «♦*/->  (1  (1  ft  1  /\ 
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ln  contrast  to  the  conductivity  of  a  non-rarefied  gas,  which  is  independent  of  the 
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pressure.  It  should  be  emphasized,  however,  that  k  here  is  not  a  property  of  the  gas 
alone:  it  depends  also  on  the  specific  conditions  of  the  problem,  namely  the 
distance  L  between  the  plates. 

A  similar  effect  is  the  “viscosity"’  of  a  highly  rarefied  gas,  which  occurs,  for 
example,  in  the  relative  motion  of  two  plates  in  it  (again  with  L<?  /).  The  viscosity 
coefficient  17  must  here  be  defined  so  that 

F  =  nVlL . 

■  *  '  - _  / 

where  F  is  the  friction  force  per  unit  area  on  the  moving  plate  and  V  the  relative 
speed  of  the  plates.  Replacing  the  mean  free  path  l  in  (8.11)  by  the  distance  L,  we 
have 

ri~mvNL~LPy/(mlT),  (15.16) 

i.e.  the  viscosity  of  a  rarefied  gas  is  likewise  proportional  to  the  pressure. 


PROBLEMS 


Problem  1.  At  the  initial  instant  I  =0,  a  gas  occupies  the  half-space  x  <0.  Neglecting  collisions, 
determine  the  density  distribution  at  subsequent  instants. 

Solution.  If  collisions  are  neglected,  the  transport  equation  reduces  to 

dfldl  +v.  dfld r  =  0, 

the  general  solution  being  /  =  /( r—  vl,  v).  With  the  given  initial  condition,  we  have 


/o  =  /o(u)  for  vx  >  Jt/l,  /  =  0  for  a,  <  jt/l, 
where  /o  is  the  Maxwellian  distribution.  The  gas  density  is 

N(l,  x)~j  j  j  /o(a)m3  dvx  dvy  dv2 

where 

1 e” iy- 

and  N0  is  the  initial  density.  Since  collisions  have  been  neglected,  these  formulae  are  actually  valid  only 
in  the  range  |x|  <  /. 

Problem  2.  Determine  the  force  acting  on  a  sphere  of  radius  R  moving  in  a  rarefied  gas  with 
velocity  V. 

Solution.  The  total  resistance  to  the  motion  of  the  sphere  is 

f 

F=-(4W3)VR2(S  +  2e). 


—  thn  ft  nfk  >•  1-1  rvf  rfi  it  ■  f  a  aVidn  t  lrl  O 

lvvlu  minis  Mils  ajjiiu  in  uiuviiuiui.  tu  u 


heated  to  different  temperatures  T i  and  T2. 

Solution.  The  speed  V  of  the  disc  (in  the  direction  perpendicular  to  its  plane)  is  found  from  the 
condition  that  the  total  forces  acting  on  the  two  sides  of  zero.  It  moves  with  the  cooler  side  forwards  at  a 
speed  given  (when  Ti  >  Ti)  by 


V  =  y(Ti-Tl)l28. 
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Problem  4,  Calculate  the  value  ao  of  the  coefficient  a  corresponding  to  complete  accommodation. 
Solution.  The  amount  of  energy  contributed  per  unit  time  by  molecules  colliding  with  unit  area  of 
the  surface  of  a  body  is  f  fzi'xe  dT,  where  /2  is  the  Boltzmann  distribution  function  with  the  temperature 
Tz  of  the  gas*  e  is  the  energy  of  a  molecule  and  the  x~axis  is  perpendicular  to  the  surface.  The  amount  of 
energy  carried  away  by  the  same  molecules  is  found  (in  the  case  of  complete  accommodation)  simply  by 
replacing  T2  by  the  temperature  Ti  of  the  body.  The  heat  flux  is 

q  =  j  (/2-/i)ev*  dT, 

the  integration  over  v *  being  from  0  to  »=.  The  energy  of  the  molecule  is  written  as  e  =  eim  +  imt)2,  where 
€ini  is  the  internal  energy.  The  value  given  by  calculation  for  each  integral  is 

J  /eu,  dr=  v(c,nt  +  2T)=  i>(e  +  !T)=  vT(cv  +5), 

where  e  =  c^T  is  the  mean  energy  of  a  molecule  and  v  =  P/V(27miT)  the  number  of  molecules  striking 
unit  area  of  the  surface  per  unit  time.  The  heat  q  is  equal  to  the  difference  between  the  energies  of  the 
molecules  arriving  and  leaving  in  equal  numbers,  i.e.  for  the  same  v.  The  value  obtained  for  the 
coefficient  in  q  =  q(T2-  Ti)  is 


ao  V(27mjT)  (Ct+i,; 

the  difference  T2  —  Ti  is  assumed  small,  and  so  we  put  Ti  ~  Tz  =  T, 

Problem  5.  The  same  as  Problem  4,  but  for  the  coefficients  /3  and  y. 

Solution.  The  normal  component  of  the  momentum  contributed  per  unit  time  by  the  molecules 
striking  unit  area  of  the  surface  of  the  body  is  half  the  gas  pressure.  Expressing  the  pressure  in  terms  of 
v ,  we  have 


;P  —  v\/{zTrniT). 

The  difference  between  the  values  of  this  quantity  at  the  temperature  Ti  and  Tz  for  the  same  v  gives  the 
additional  force  F„  caused  by  the  temperature  difference.  If  Tz~  T 1  is  small,  we  find 


For  /),  in  accordance  with  (15.6),  /3o  =  P/4. 

Problem  6.  The  same  as  Problem  4,  but  for  the  coefficients  5  and  V. 

Solution.  We  take  coordinates  in  which  the  body  is  at  rest  and  the  gas  moves  with  velocity  V.  the 
jc-axis  being  normal  to  the  surface  and  the  xy -plane  containing  V  The  distribution  function  in  these 
coordinates  is 

/  =  constant  x  exp|-^-^y  [(t,  -  V,)2  +  (i;>  -  Vy)‘  +  tV]J- 

With  complete  accommodation,  the  reflected  molecules  have  a  distribution  function  with  V  =0:  7  is 
assumed  to  be  zero. 

To  calculate  the  tangential  force  we  put  V*  =  0.  The  total  y-component  of  momentum  contributed 
by  molecules  reaching  the  surface  of  the  body  is 


J  nivrVxf  df=  rnV,  J  Ujc/dT  =  mV)i»1 


the  integration  over  v ,  being  always  from  0  to  The  y-component  of  momentum  carried  away  by  these 
molecules  is  zero.  Thus  F>  =  mvV y,  and  so 

80  =  vm  =  P  V/(m/27rT). 


Now  let  V*?4  0,  V„  =  0.  As  far  as  the  first  order  in  V,  we  have 


/  =/o+  Vx{trtVxlT)fo, 
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where  fo  is  the  distribution  function  with  V  =  0.  The  number  of  molecules  colliding  with  unit  area  of  the 
surface  per  unit  time  is 

f  ,  P  .  PVx 

V  J  ^  V(27rmT)  2T  ' 

The  x-component  of  momentum  contributed  by  these  molecules  is 

J  mvx2f  dV  —  iP  +  PVxV(2rn/7rT). 

The  molecules  reflected  from  the  bounding  surface  have  the  distribution  function  with  V,  =  0,  nor- 
malized  So  that  the  integral  f  fvx  dT  is  equal  to  the  number  v  of  incident  molecules  determined  above. 
The  x-component  of  momentum  carried  away  by  these  molecules  is 

—  2i>V(27rrnT)  =  —  jp  —  |P  V*  V(mn/2T). 

The  normal  force  additional  to  the  pressure  is  F*  =  SoV*,  where 

8<j  =  P  (2  +  i-n)  =  'Oo(4  +  t r). 


Problem  7.  Assuming  complete  accommodation,  determine  the  temperature  of  a  plate  moving  in  its 
own  rlane  with  speed  V  in  a  rarefied  gas. 


C/'ll  |  jtiHN  P rnrpPi 

.  .  . mm*  ouivi  ■  “  — . - . 


for  that  carried  away  iTifc,  +{).  Equating  these  gives 

T,-  T:  =  rnVJ/(2ce  +  I) 


„  - - T-  i  !  T_  j1 ... \/Z\ 

I II- ■  VO|  |  Ll  H/U  IVU  J  :  1  l  MJ.  l  Jll  r  ^  (IIIU 


PrObi.em  8.  Determine  the  quantity  of  gas  flowing  per  unit  time  through  the  cross-section  of  a 
cylindrical  tube  of  radius  R  as  a  result  of  pressure  and  temperature  gradients.  The  gas  is  So  rarefied  that 
the  mean  free  path  l  >  R.t  There  is  complete  accommodation  in  collisions  of  molecules  with  the  tube 
walls. 

Solution.  The  Speed  distribution  of  the  molecules  reflected  from  the  wall  with  complete  accom¬ 
modation  is  vj  d  p,  where  /  is  the  Maxwellian  distribution  function  and  the  x-axis  is  perpendicular  to 
the  surface.  If  i ft  is  the  angle  between  the  velocity  of  a  molecule  and  the  x-axis,  we  find  that  the 
distribution  of  the  reflected  molecules  with  respect  to  their  directions  of  motion  (whatever  their  speed) 
is 


{vhr)  cos  -d  do, 

this  function  being  normalized  so  as  to  give  v  on  integration  over  all  Solid  angles  on  one  side  of  the 
plane. 

We  take  the  z-axis  along  the  axis  of  the  tube,  and  the  origin  in  the  cross-section  considered. 
Molecules  last  reflected  from  various  parts  of  the  tube  surface  pass  through  this  cross-section.  Of  those 
scattered  by  an  element  df  of  the  wall  surface  at  a  distance  z,  the  ones  that  pass  through  the 
cross-section  concerned  are  those  reflected  in  directions  lying  in  the  solid  angle  subtended  by  this 
cross-section  at  the  relevant  point  on  the  surface  of  the  tube;  their  number  is  thus  df .  v  J  cos  d  do/rr, 
with  integration  over  the  angle  range  mentioned. 

This  integral  is  evidently  the  same  for  all  points  lying  at  the  same  distance  from  the  cross-section 
concerned.  The  total  number  of  molecules  passing  through  this  cross-section  per  unit  time  is  therefore 
obtained  by  replacing  df  by  the  annular  surface  element  2ttR  dz  and  integrating  along  the  whole  length 
of  the  tube;  multiplying  also  by  the  mass  m  of  a  molecule,  we  get  the  mass  flow  rate  of  the  gas  through  a 
cross-section  of  the  tube: 


Q  =  2m  R 


cos  -d  do 


) 


dz. 


The  number  v,  being  a  function  of  pressure  and  temperature,  varies  along  the  tube.  If  the  lengthwise 
gradients  of  pressure  and  temperature  are  not  too  great,  we  can  write 

v{z)  =  v(0)  +  z[dvldz]  z=o. 


tGas  flow  of  this  type  is  called  free -molecular  flow. 
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The  integral  containing  p(0)  is  evidently  zero,  and  so 


Q  =  27TR[dvldz]z^o  j  j  z  cos  0  do  dz. 


To  carry  out  the  integration,  we  take  coordinates  r  and  tp  in  the  plane  of  the  cross-section  considered, 
r  being  the  distance  of  a  variable  point  A'  from  a  fixed  point  0  on  the  circumference  of  the 
cross-section,  and  tp  the  angle  between  OA'  and  the  radius  of  the  cross-section  (Fig.  3).  A  molecule 
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Fig.  3. 

reflected  from  the  wall  at  a  point  A  on  the  same  generator  as  0  and  then  passing  through  A'  must  have  a 
velocity  at  an  angle  ft  to  the  normal  to  the  tube  surface  at  A  such  that 


cos  ft  = 


r  cos  tp 

VtrTPj' 


The  solid-angle  element  may  be  written 


,  r  dr  dtp  z 
do~  r+“zTV(r  +  zo’ 

the  area  r  dr  dtp  is  projected  on  the  plane  perpendicular  to  the  line  AA\  and  the  result  is  divided  by  the 
square  of  the  length  of  that  line.  The  integration  is  carried  over  the  region  -27r  *S:7r, 

2 R  cos  tpt  —  oo  *£  z  *£  oo,  and  the  result  is 


0  =  (8ttR3  Itydvl  dz. 


Finally,  putting  v  -  PlVilirmT ).  we  obtain 


Q  = 


where  the  difference  in  parentheses  is  between  the  values  of  F/VT  over  a  length  L  of  the  tube;  the 
replacement  of  the  derivative  by  the  difference  is  allowable  because  Q,  and  therefore  this  derivative,  are 
constant  along  the  tube. 

Problem  9.  Assuming  complete  accommodation,  find  the  frictional  force  between  two  solid  planes  at 
distance  apart  L<s  moving  at  relative  speed  V  and  having  temperatures  Ti  and  T2. 

Solution.  Let  plane  I  (at  temperature  Ti)  be  at  rest,  and  plane  2  be  moving  at  speed  V  in  the 
x-direction,  and  let  the  y-direction  be  from  plane  I  to  plane  2.  Molecules  with  speeds  >0  and  vy  <0 
are  reflected  from  planes  1  and  2  respectively;  with  complete  accommodation,  their  distribution  functions 
arc 


t  2N|  (  r 

/^(2™T,)'  =  eXpl,“2Tj  f°r  t’’>0> 

,  _  2N2  /  m(v  —  V)2\  , 

f  (27miT2)J/:  CXpl  2T;  j  f°r  Vy<Gt 
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where  N i  and  N2  are  the  corresponding  number  densities  of  particles;  the  total  density  N  =  Ni  +  N2. 
The  condition  of  zero  total  flux  in  the  ^direction  gives 

NiVT,  =  N2VT2. 

A  pressure  P  =  N1T1  +  N2T2  acts  on  each  plane,  and  the  frictional  force  per  unit  area  is 

F2  =  -Fi=mvf 

Jvj>  0 

=  VN2V(2niT2/7r) 

=  VNV(2in/w)(TiT2)in/(Til,2+  T2112), 


If  Ti  =  T2  *=  T,  then 


F2=~Fi=  VPxf(mllTTT). 


in  agreement  with  (15.15)  and  (15.16). 

Problem  10.  Assuming  complete  accommodation,  determine  the  heat  transfer  coefficient  k  between 
two  plates  with  almost  equal  temperatures  T 1  and  T2. 

Solution.  With  complete  accommodation,  the  molecules  incident  on  plate  1  have  an  equilibrium 
distribution  with  temperature  Tj.  The  energy  flux  from  plate  I  to  plate  2  is  therefore  q  =qo(T2-Ti). 
Taking  ao  from  Problem  4  and  determining  k  from  (15.13),  we  find 


PL 


V(27miT) ' 


(r..  + 


in  accordance  with  the  estimate  (15.14). 

Problem  1 1.  Determine  the  gas  density  on  the  axis  behind  a  circular  disc  of  radius  R  /,  moving  in 
a  gas  with  a  velocity  —V  much  greater  than  the  mean  thermal  speed  it  of  the  atoms. 

Solution.  When  V  nr,  the  particles  reflected  from  the  rear  surface  of  the  disc  arc  unimportant 
(except  for  a  narrow  region  near  that  surface;  see  below).  The  problem  is  a  matter  of  the  “shadow”  of 
the  disc  in  the  incident  flow.  In  coordinates  for  which  the  disc  is  at  rest  (and  the  gas  is  moving  with 
velocity  V),  in  the  absence  of  the  disc  the  distribution  function  would  be 


/o(v)  = 


No 

(27miT),/‘CXp 


{ 


ni(v-  V)21 
2T  I 


In  the  presence  of  the  disc,  the  number  density  of  gas  particles  on  the  z~axis  (Fig.  4)  is 

N(z)  =  27r  f  f  /o( v)p 2  sin  i)  d-d  dp. 

JO 

where  d  is  the  angle  between  v  and  the  z-axis,  and  £0  the  angle  subtended  by  the  radius  of  the  disc  at 
the  point  of  observation  on  the  z~axis  (tan  £o  =  K/z;  particles  with  -d<-do  are  cut  off  by  the  disc). 
Integration,  with  the  condition  V  it,  gives 

N(z)  =  ~  (2^7)  J0  exp{-^  [(t  -  V  cos  flo)2  +  V2  sin2  eojju  dv 

~  No  cos  $0  exp  j — sin2  #0  J 

z  f  mV2  R2  1 

NW(Rz+  zj)  eXp\  2T  fP+zT 


where  N0  is  the  gas  density  far  from  the  disc.  The  integration  over  dp  is  carried  out  with  the  assumption 
that  cos  in /V;  it  can  be  shown  that  this  inequality  is  also  the  condition  for  particles  reflected  from 
the  rear  face  to  be  negligible. 
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§16.  Dynamical  derivation  of  the  transport  equation 


Although  the  derivation  of  the  transport  equation  given  in  §3  is  satisfactory  from 
the  physical  point  of  view,  there  is  considerable  interest  in  ascertaining  how  the 
equation  can  be  derived  analytically  from  the  mathematical  formalism  of  the 
theory,  i.e.  from  the  equations  of  motion  of  the  gas  particles.  Such  a  derivation  has 
been  given  by  N.  N.  Bogolyubov  (1946).  The  value  of  the  method  lies  also  in  the 
fact  that  it  affords  a  regular  procedure  for  deriving  in  principle  not  only  the 
Boltzmann  equation  but  also  the  corrections  to  it,  i.e.  the  terms  of  higher  orders  in 
the  small  “gaseousness  parameter” — the  ratio  (d/r)\  where  d  is  the  molecular 
dimension  (range  of  action  of  molecular  forces)  and  r  the  mean  distance  between 
the  molecules.  The  derivation  given  below  relates  to  a  monatomic  gas  in  purely 
classical  terms,  i.e.  on  the  assumption  that  not  only  free  motion  but  also  collisions 
of  the  gas  particles  are  describable  by  classical  mechanics. 

We  start  from  Liouville’s  theorem  regarding  the  distribution  function  for  the  gas 
as  a  whole,  as  a  system  of  Ji  particles.  This  function,  in  6.V-dimensionaI  phase 
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momentum  components  for  the  uth  particle:  ra  -  (r0,  pfl).  The  function  is  assumed 
normalized  to  unity: 


i 


flA\t,  Ti>  t2,  . . . ,  Tv)  dr, . . .  dr/f  =  I ,  dra  =  d3xa  d3pa. 


—  ^3, 


The  “one-particle”  distribution  function  which  appears  in  the  Boltzmann  equation 
is  obtained  by  integrating  /(M  over  all  dra  but  one: 

/,,,((.T,)  =  |  /'v>  dr2...  dr.,;  (16.1) 

the  function  /(1)  also  is  normalized  to  unity,  and  we  shall  retain  the  notation  / 
(without  superscript)  for  the  distribution  function  normalized  to  the  total  number  of 
particles:  f  = 

It  has  been  noted  in  SP  I,  §3,  that  Liouville’s  theorem  arises  as  a  consequence 
of  the  equation  of  continuity  in  phase  space  which  must  be  satisfied  by  the 
distribution  function  for  a  closed  system: 


a/1'1, 

i r+ 


3 

3  pa 


=  0. 


(16.2) 
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With  Hamilton’s  equations 


this  gives 


rfl  =  dH/dp(1,  pfl  =  -  dH/dr,,, 


=  0, 


(16.3) 

(16.4) 


where  the  ra=va  and  pa  are  assumed  to  be  expressed  in  terms  of  t ; .  tt,  . . .  by 
means  of  equations  (16.3).  Equation  (16.4)  expresses  the  content  of  Liouville’s 
theorem. 

We  write  the  Hamiltonian  function  for  a  monatomic  gas  in  the  form 

H=2|^+  2  U(|r.-r»|).  (16.5) 

u^.\  £-''L  b 


Here  it  is  assumed  that  iheie  is  no  external  field,  and  that  the  interaction  between 


the  gas  particles  reduces  to  the  sum  of  their  pair  interactions. t  Equation  (16.4)  then 
becomes 


(16.6) 


where  Ut!b  (a&b)  denotes  U (|rfl  -  rb  |). 

Let  us  now  integrate  this  equation  over  dr2 . . .  drv.  Then,  of  all  the  terms  in  the 
sum  in  (16.6),  only  those  remain  which  involve  differentiation  with  respect  to  pi  or 
rr,  the  integrals  of  the  other  terms  are  transformed  into  integrals  over  infinite 
surfaces  in  momentum  or  coordinate  space,  and  are  zero.  Thus  we  have 


feo + Vi .  acjtn) ,  dT2)  (I6.7) 

Bt  B r,  J  flri  dpi 

where  fm  is  the  two-particle  distribution  function  normalized  to  unity,  i.e.  the 
integral 

fa)(U  ti,  t2)  =  J  /(A)  dr3 . . .  dTV;  (16.8) 


the  factor  77  in  (16.7)  takes  account  of  terms  that  differ  only  in  the  nomenclature  of 
the  variables  of  integration;  strictly  speaking,  the  number  of  such  terms  is  77  —  1, 
but  this  is  very  large  and  may  be  replaced  by  Jf. 

Similarly,  integrating  (16.6)  over  .  . .  dr_y,  we  obtain 


df2)  ,  Bfa)  ,  Bfa)  BUn  Bfl2)  BVv  Bfa) 

+  v,  *  +  v2  -4 - t - - - -  • 

Bt  B  r,  dr2  B  n  dpi  B  r2  dp2 

^  J  L  dpi  dri  "**  B p2  dr2  J  U 

where  /(3>(f,  tu  t2,  t3)  is  the  three-particle  distribution  function. 


/  %  t  o\ 


but  it  does  not  affect  the  icsuit  in  the  fust  approximation 


t  me  laner  assumption  constitutes  a  moaei 
(which  corresponds  to  the  Boltzmann  equation)'  in  this  approximation,  only  pair  collisions  of  particles 
occur,  in  which  other  (non-pair)  interactions  play  no  part. 
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Continuing  in  this  way,  we  should  obtain  an  almost  infinite  (Jf  being  very  large) 
sequence  of  equations,  each  expressing  /(n>  in  terms  of  All  these  equations 

are  exact  in  the  sense  that  no  assumption  has  been  made  in  them  as  to  the 
rarefaction  of  the  gas.  To  obtain  a  closed  set  of  equations,  the  series  has  to  be 
terminated  in  some  way  by  making  use  of  the  condition  that  the  gas  is  rarefied.  In 
particular,  the  first  approximation  in  this  method  corresponds  to  terminating  the 
series  already  at  the  first  equation,  (16.7),  in  which  the  two-particle  function  fa)  is 
expressed  approximately  in  terms  of  /{n.  This  is  done  by  using  the  rarefaction  of 
the  gas,  by  means  of  equation  (16.9). 

Returning  to  this  equation,  we  shall  first  of  all  show  that  the  integral  on  the 
right-hand  side  is  small.  The  function  C(r)  is  noticeably  different  from  zero  only 
within  the  range  of  action  of  the  forces,  i.e.  when  r^d.  Hence,  in  both  parts  of  the 
integral  in  (16.9),  the  integrations  over  coordinates  are  in  practice  only  over  the 
region  |r3  —  ri|^d  or  |r^  —  r2|~d,  i.e.  over  a  volume  ~d3.  Since  in  an  integration 
over  the  whole  volume  of  the  gas,  V  ~  .ATr3,  we  should  have  f  /(1)dT*  =  /(2t,  we 
obtain  the  estimate 


-I 


a/(3> 

<?p, 


aUi3.  dU(r)df{2)di 


3r, 


dr 


dr  dpi 


r3' 


From  this  we  see  tnat  tne  rignt-nana  side  of  (i6.9)  is  smaii  in  tne  ratio  ( airy  reiative 
to  the  terms  containing  dUld  r  on  the  left-hand  side,  and  may  therefore  be 
neglected.  The  terms  on  the  left  constitute  the  total  derivative  dfl2)/dt ,  in  which  n, 
r2,  pi,  p2  are  regarded  as  functions  of  time  which  satisfy  the  equations  of  motion 
(16.3)  with  the  two-body  Hamiltonian 


Thus  we  have 


d/(2)(f,T„T2)/dt-0.  (16.10) 

So  far,  all  the  transformations  of  the  equations  have  been  purely  mechanical 
ones.  To  derive  the  transport  equation,  of  course,  some  statistical  assumption  is 
also  necessary.  This  may  be  formulated  as  the  statistical  independence  of  each 
pair  of  colliding  particles,  which  has  essentially  been  assumed  in  deriving  the 
transport  equation  in  §3  (where  the  collision  probability  was  written  in  the  form  (2.1), 
proportional  to  the  product  //i).  In  the  method  under  consideration,  this  statement 
acts  as  the  initial  condition  for  the  differential  equation  (16.10).  It  creates  the 
asymmetry  in  relation  to  the  two  directions  of  time,  and  as  a  result  the  irreversible 
transport  equation  is  derived  from  the  equations  of  mechanics  invariant  under  time 
reversal.  The  correlation  between  the  positions  and  the  momenta  of  tiie  gas 
Particles  arises  only  as  a  result  of  their  collisions  and  extends  to  distances 
***  ^  Thus  the  assumption  of  the  statistical  independence  of  colliding  particles  is 
also  the  source  of  the  fundamental  limitations  as  regards  the  distances  and  time 
mtervals  allowed  by  the  transport  equation,  already  discussed  in  §3. 


**l  10  .  . 
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Let  to  be  some  instant  before  the  collision,  when  the  two  particles  are  still  far 
apart  ([rio  —  r2o|  >  d,  where  the  suffix  zero  denotes  the  values  of  quantities  at  that 
instant).  The  statistical  independence  of  colliding  particles  means  that  at  such  an 
instant  to  the  two-particle  distribution  function  is  the  product  of  two  one-particle 
functions  /(1).  Hence  the  integration  of  (16.10)  from  f0  to  t  gives 

/(2)(f,  T„  T2)  =  nto,  Tl0)/U>(fo,  T20).  (16. 1  1) 


Here  t,0  =  (rjo,  pio)  and  t20  —  (r2o,  p2o)  are  to  be  understood  as  those  values  of  the 
coordinates  and  momenta  which  the  particles  must  have  at  the  instant  to  in  order  to 
acquire  the  necessary  values  Ti  =  (ri,pi)  and  x2=(r2,  p2)  at  the  instant  f;  in  this 
sense,  tio  and  t20  are  functions  of  tu  t2  and  t  —  f0  (only  j*|0  and  r2o  depend  on  t  —  f0; 
the  values  of  n.n  and  n™  relate  to  narticles  movine  freelv  before  the  collision,  and 

-  . - -  —  r  iu  -■  -  r -  i  ~  ■  v  —  -  — j  - -  -  »  

do  not  depend  on  the  choice  of  t  —  fo). 

Let  us  now  return  to  (16.7),  which  is  to  become  the  transport  equation.  The 
left-hand  side  already  has  the  required  form;  we  shall  now  be  concerned  with  the 
integral  on  the  right,  which  is  ultimately  to  become  the  collision  integral  in  the 
Boltzmann  equation.  Substituting  in  this  integral  fl2)  from  (16.11)  and  changing  on 
both  sides  from  /(M  to  /  —  Nfl]\  we  write 


at  dn 


where 


a  Pi 


{/(to,  T,o)/(to,  T20)}dT2. 


(16.12) 


Only  the  range  |r2  —  rj  —  d,  i.e.  the  region  in  which  the  collision  occurs,  is  important 
in  the  integral  (16.12).  In  this  range,  however,  we  can  neglect  (in  the  first  ap¬ 
proximation,  which  is  being  considered  here)  the  coordinate  dependence  of  /, 
which  varies  appreciably  only  over  distances  L,  the  characteristic  dimensions  of 
the  problem,  which  are  certainly  large  in  comparison  with  d.  The  final  form  of  the 
collision  integral  will  therefore  be  unaltered  if,  in  order  to  simplify  somewhat  the 
analysis  and  the  formulae,  we  take  the  case  of  spatial  homogeneity,  i.e.  assume  that 
/  is  independent  of  the  coordinates.  It  may  be  noted  immediately  that  the  explicit  time 
dependence  through  ri0(f)  and  r2()(f)  then  disappears  from  the  functions  /(f0,  Pto)  and 
/(I o,  P20)* 

We  can  transform  the  integrand  in  (16.12)  by  using  the  fact  that  the  expression  in 
the  braces  is  an  integral  of  the  motion  (and  appeared  as  such  in  (16.11));  in¬ 
dependently  of  this,  it  is  obvious  that  pio  and  p2o,  the  values  of  the  momenta  at  a 
fixed  instant  to,  are  by  definition  integrals  of  the  motion.  Using  also  the  fact 
mentioned  above  that  they  contain  no  explicit  dependence  on  the  time  f,  we  have 


jjf(t o,  Pio)/(Io,  P20) 


8  d 

T  h  V2  *  — 

8  i*i  8  r2 


dUi2  _  8 
8ri  dpi 


Trf '  ^)/('°’  P,o)/('°’ Pw) "  °‘ 


(16.13) 
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From  this,  we  express  the  derivative  with  respect  to  pj  in  terms  of  those  with 
respect  to  Tu  r2  and  p2,  and  substitute  in  (16.12).  The  term  containing  the  derivative 
r)/dp2  disappears  when  the  integral  is  transformed  to  a  surface  integral  in  momen¬ 
tum  space.  We  then  find 


C(/(f,  Pi))  =  |  vrei  ■  ~{/(f o,  Pio)/(fo,  P20)}  dh  d3p 2,  (16.14) 

with  the  relative  velocity  of  the  particles  vrei  =  V!  —  v2,  taking  into  account  the  fact 
that  pio  and  p2n  (and  therefore  the  whole  expression  in  the  braces)  depend  on  n  and 
n  only  through  the  difference  r  —  ri  —  r2-  Replacing  r  =  (x,  y,  z)  by  cylindrical  polar 
coordinates  z,  p,  <p  with  the  z-axis  along  vrei,  we  have  vrd .  3/3  r  =  vKidldzy  and  the 
integration  over  dz  converts  (16.14)  intot 

C(/(f,  pO)  =  [  [/(to,  pio)/ (to,  p2o)Yz=^vreIp  dp  d<p  d3p 2.  (16.15) 

We  now  use  the  fact  that  pl0  and  p2o  are  the  initial  (at  time  tc)  momenta  of 
particles  which  at  the  final  instant  t  have  momenta  pi  and  p2.  If  at  the  final  instant 
1  -  z\  ~  z2  =  — co,  it  is  clear  that  at  the  initial  instant  the  particles  were  “even 
further”  apart,  i.e.  there  has  been  no  collision.  In  this  case,  therefore,  the  initial  and 
final  momenta  are  the  same: 

Pio  =  pi,  p2o  =  p2  for  z  =  -“. 

If  2  =  +  °°,  pio  and  P20  act  as  the  initial  momenta  for  the  collision  which  gives  the 
particles  momenta  p!  and  p2;  in  this  case,  we  write 

Pio  =  Pi  (p),  P20  =  p2(p)  for  z  =  +  ac. 

These  are  functions  of  the  coordinate  p,  which  acts  as  the  impact  parameter  for  the 
collision.  The  product 


pdpd(p  =  dcr 


is  the  classical  collision  cross-section. 

Lastly,  it  is  to  be  noted  that  the  explicit  dependence  of  the  functions  /(f0,  pio)  and 


r\n  t ~  rpnl'i n or\  in  till 

J  VII,  V/|  1  . l_l  l^Ull  UV  A  V|^lUVtU  ,11  1111 


'.innrnvi  m  'i  f  i/\n  kv 

up  p  a  luuuu  iy / 


cimikir  ^Ipnpnrlanrp  An 

- -  ■  1ILU  uvpvuuvuw  V21I 


U  ,711 


The  validity  of  (16.1 1)  requires  only  the  inequality  t  —  t0>  dfv  to  be  satisfied:  at  the 
instant  f0,  the  distance  between  the  particles  must  be  large  in  comparison  with  the 
range  d  of  the  forces.  The  difference  t  -  f0,  however,  may  be  so  chosen  as  to 
satisfy  also  the  condition  t  —  to<€lfvy  where  l  is  the  mean  free  path;  the  ratio  l/u, 
which  is  the  mean  free  time,  is  just  the  characteristic  quantity  that  determines  the 


tThe  limits  z  -  ±  °°  are  to  be  understood  as  distances  large  compared  with  d.  but  small  compared  with  the 
mean  free  path  (;  if  they  were  taken  literally,  the  result  wouid  be  zero,  since  f  —  v  outside  the  region 
occupied  by  the  gas.  This  has  arisen  because  in  going  from  ( 1 6. 1 2)  to  ( 1 6. 1 4)  we  used  equation  ( 1 6. 1 3),  which 
is  valid  only  until  the  particles  in  question  undergo  their  next  collisions. 
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periods  of  possible  time  variation  of  the  distribution  function.  The  change  in  this 
function  during  the  time  t  — will  then  be  relatively  small  and  may  be  neglected. 
From  these  considerations,  we  obtain  the  final  form  of  the  integral  (16.15): 

C(/(l,  p,))  =  j  {/((,  pi)/«,  p:)  -  /((-  p,)/(l,  p2)K,  da  dxp2,  (16.16) 

which  agrees  with  the  Boltzmann  collision  integral  (3.9). 


§  17.  The  transport  equation  including  three-particle  collisions* 

To  find  the  first  correction  terms  to  the  Boltzmann  equation,  we  must  go  back  to 
the  points  in  §  16  where  terms  were  neglected,  and  increase  the  accuracy  of  the 
calculations  by  one  further  order  of  magnitude  relative  to  the  gaseousness 
parameter.  First  of  all,  terms  containing  the  triple  correlation  /(3)  were  omitted  in 
(16.9),  and  three-atom  collisions  were  thereby  left  out  of  consideration.  Moreover, 
in  converting  the  collision  integral  (16.12)  to  the  final  form  (16.16),  we  neglected  the 
variation  of  the  distribution  function  over  distances  ~d  and  times  ~  d/i >;  the  pair 
collisions  were  thereby  regarded  as  “local”  events  occurring  at  a  single  point.  We 
must  now  take  both  these  corrections  into  account:  three-particle  collisions,  and 
the  “non-localness”  of  pair  collisions. 

In  the  first  approximation,  the  sequence  of  equations  was  terminated  at  the 
second  equation,  which  relates  f{2)  and  /(3>.  In  the  second  approximation,  we  must 
go  to  the  third  equation,  which  relates  /(3)  and  /(4),  omitting  the  /(4)  terms  in  the  same 
way  as  the  /(31  terms  were  omitted  in  (16.9)  in  the  first  approximation.  The  equation 
then  becomes 


**J  v*-» 


15  *  !•>  *  3/r  *** 


m  n 

V  *  '  *  */ 


corresponding  to  the  earlier  equation  (16.10)  for  /(2);  the  variables  t,,  t2,  t3  in  (17.1) 
are  assumed  to  vary  with  time  according  to  the  equations  of  motion  in  the 
three-body  problem;  a  pair  interaction  between  particles  is  again  assumed. t  With 
the  statistical  independence  of  the  particles  before  the  collision,  the  solution  of 
(17.1)  is 


/<S«,  T,.  T2,  Tj)  =  T,„)/<"((o,  T20)/">(to,  T*,).  (17.2) 

The  quantities  t0,  Tao  (a  =  1,2,3)  here  have  the  same  sense  as  in  (16.11);  Ta0  = 
Tflt)(f,  to,  t j,  T2,  r3)  are  the  values  of  the  coordinates  and  momenta  which  the  particles 
must  have  at  the  instant  tQ  in  order  to  reach  the  specified  points  ti,  t2,  t3  in  phase 
space  at  the  instant  t.  The  only  difference  from  (16.11)  is  that  to0  -  (rao,  pflo)  are  now 


tin  contrast  to  the  first  approximation  (cf.  the  first  footnote  to  §  16),  this  assumption  now  places  some 
limitations  on  the  generality  of  the  treatment,  since  in  three-body  collisions  there  could  be  an  effect  of 

fh  rPA-knfl  u  t  p  t^rmc  nf  fba  form  f  I  (  r-  —  r.  —  ...)  in  tha  I-f  'lmiltoni^n  do  not  rpdiire 


to  pair  interactions. 
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the  initial  coordinates  and  momenta  in  a  three -body  problem,  which  will  be 
supposed  solved  in  principle.! 

To  write  down  and  transform  the  subsequent  formulae,  it  is  convenient  to  define  an 
operator  S|23  whose  effect  on  a  function  of  the  variables  rl9  t2,  t3  (pertaining  to  the 
three  particles  in  the  three-body  problem)  is  to  change  these  variables  according  to 


rfl  -*ra  =  rfl0  +  (pco/mXt  -  to). 

Pa  ~ *  Pc  “  PaO- 


(17.3) 


Similarly,  the  operator  S|2  will  make  this  change  in  functions  of  the  variables  tj  and 
t2  which  pertain  to  the  two  particles  in  the  two-body  problem.  An  important 
property  of  the  transformation  (17.3)  is  that  for  times  t~t05>dlv  it  is  no  longer 
time-dependent:  for  such  t  - 10 ,  the  particles  are  far  apart  and  move  freely  with 
constant  velocities  vflo=p«o/m,  the  values  of  the  rfl0  vary  with  time  as  constant 
-vfl0(f  -  fo),  and  the  time  dependence  in  (17.3)  disappears.  Moreover,  if  there  were 
no  interaction  between  the  particles,  the  transformation  (17.3)  would  reduce  to  an 
identity:  in  motion  that  is  free  at  all  times,  the  right-hand  sides  are  identically  equal 
to  the  left-hand  sides.  For  the  same  reason,  if  one  of  the  particles,  say  particle  1, 
does  not  interact  with  particles  2  and  3,  then  S|23=S23;  the  operators  S12  and  S 13 
then  reduce  to  unity.  It  is  therefore  evident  that  the  operator 


G  123  —  S]23  —  Si2  —  S|3  —  S2  3  +  2 


(17.4) 


is  zero  if  any  one  of  the  three  particles  does  not  interact  with  the  other  two,  i.e.  this 
operator  separates  from  the  functions  the  part  that  is  due  to  the  interaction  of  all 
three  particles  (whereas  the  three-body  problem  also  includes,  as  particular  cases, 
pair  interactions,  with  the  third  particle  in  free  motion). 

With  the  operator  Si23,  (17.2)  becomes 


/(3)(f»  t i,  t2,  t3)  —  S\2if(i\t,  to,  Ti)/,ll(f,  to,  T2)/(l,(f,  fo,  t3),  (17.5) 

where 

/U)(f,  to,  t)  =  /(l|(t0,  r-  p(f  -  t0)/m,p);  (17.6) 

the  shift  of  the  argument  r  in  /(l)  compensates  that  due  to  the  operator  S)23. 

The  two-particle  distribution  /(2)  is  obtained  by  integrating  the  function  /(3)  with 
respect  to  the  variables  t3,  and  integration  with  respect  to  t2  and  t3  gives  the 
distribution  function  /(l): 


fi2i(U  T],  r2)  =  J  /(3)(f,  Ti,  T2,  T3)  dT3, 

(17.7) 

/M)(f,  t,)  =  f  /‘3)(f,  Tj,  t2,  t3)  dr2  dT3. 

(17.8) 

practice,  of  course,  an  analytical  solution  of  the  three-body  problem  can  be  given  onlv  tn  a  few 
cases  such  as  that  of  hard  spheres. 
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The  object  of  the  subsequent  calculation  is  to  eliminate  /(l)  from  these  two 
equations,  with  f0i  from  (17.5),  and  so  express  /(2)  with  the  necessary  accuracy  in 
terms  of  /(l\  Then,  substituting  this  expression  in  (16.7),  which  is  itself  exact,  we 
arrive  at  the  transport  equation  sought. 

To  carry  out  this  programme,  we  first  of  all  transform  the  integral  (17.8), 
expressing  the  operator  Sl23  in  (17.5)  in  terms  of  Gm  by  (17.4).  With  the  equations 

|  /"'"(l,  to,  t)  dr  =  |  /'"(to,  t)  dr  =  1, 
f  Sl2f"\t,  to,  T,)/'"(t,  to,  t2)  d-r,  dr2  =  1 , 

which  are  obvious  from  the  conservation  of  the  total  number  of  molecules,  we 
obtain 


/">(t,  T.)  =  /'"(t,  t„,  T,)  +  2  J  {(S,2  -  1 )/'"( t,  to,  T,)/'"(t,  t„,  T2)}dT2 

+  j  {Gmf'nO,  to,  T, )/‘"(t,  to,  T2)/‘"(t,  to,  t3)}  (It 2  dr3.  (17.9) 


This  equation  can  be  solved  for  /(U  by  successive  approximation,  bearing  in  mind 
that  S ]2  —  l  is  of  the  first  order  of  smallness,  and  Gl23  of  the  second  order;  compare 
the  estimate  of  the  right-hand  side  of  (16.9),  In  the  zero-order  approximation. 


**(■)/#  #  »  ^  r-  #  *  A  Tn  f  li  a  «  a  v  f  f  n;  a  *  rrt  nltAno 

J  VI)  lilt  '11/  ' —  J  I  ]}'  111  tll^  I1L-A  t  twu  appiUAIlliaUVJIlO) 


/"'('.  to,  T.)  =  /">(t,  T,)  -  2  j  {(5,2  -  l)/'"(t,  T,)/'"(t,  T2)}dT2 


-  j  {G  ,33  -  4(5,2  -  1)(S,3  +  S23  -  2 )/'"(t,  T,)/'"(f,  T2)f>"(t,  T,)}  df2  dTj. 

It  now  remains  to  substitute  this  expression  in  (17.5)  and  then  in  (17.7),  retaining 
only  the  terms  that  are  not  above  the  second  order  of  smallness,  ~(S|2— l)2  or 
~  G 123.  The  final  result  is 


/,2’(t,T,,T2)=5,2/"’(t,T,)/<"(t,T2)  +  f  {R,21/'"(t,T, )/'"((,  T2)/,')(t,T3)}dT,>  (17.10) 

where 


^123  “  iS  1 23  “  S]2iS|3  S12S23+S12-  (17.  II) 

It  should  be  emphasized  that  the  order  of  the  S  operators  in  their  products  is 
significant.  The  operator  S12S23,  for  example,  first  changes  the  variables  t2,  t3-* 
ti,  t2(t2,  t3),  t3(t2,  t3),  the  functions  t2.3(t2,  t3)  being  determined  from  the  equations 
of  motion  of  the  interacting  particles  2  and  3;  the  variables  ti,t2,  t3  are  then 
subjected  to  the  transformation  n,  t2,  t3-»T](ti,  t2),  t2(ti,  t2),  t3,  where  now  the 
functions  t ,i2(tI(  t2)  are  determined  by  the  problem  of  the  motion  of  a  pair  of 
interacting  particles  I  and  2. 


The  1  sport  Equation  Including  Three-particle  Collisions 
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Next,  substituting  (17.10)  in  (16.7)  and  changing  everywhere  from  the  functions 
/(l)  to  /  =  vve  have  the  transport  equation  in  the  formf 


3/-(';T- + v,  •  Tl) = c°'(/) + c(3>(/), 

Ol  o  JT| 


where 


C(2>(/«,  T,))  =  [ ^  ~  {S12/(t,  T,)/(t,  T2)}  dT2, 
C(3)(/(t,  T,))  -  -J  T.)/(r,  Ti)f(t,  t3)}  dr2  dr3 


(17.12) 

(17.13) 

(17.14) 


The  first  of  these  is  the  pair  collision  integral,  and  the  second  is  the  three-body 
collision  integral.  Let  us  consider  their  structure  in  more  detail. 

In  both  integrals,  the  integrands  involve  functions  /  taken  at  different  points  in 
space.  In  the  pair  collision  integral,  the  effect  of  this  “non-localness”  is  to  be 
separated  as  a  correction  to  the  ordinary  (Boltzmann)  integral.  To  do  so,  we  expand 
the  functions  /,  which  vary  only  slowly  (over  distances  ~d),  in  powers  of  r2-r]. 

Since  these  functions  in  the  integrand  are  preceded  by  the  operator  S]2,  let  us 
first  consider  the  quantities  ;§12rj  and  Sj2r2  into  which  that  operator  transforms  the 
variables  r\  and  r2.  The  centre  of  mass  5(1*1 +  r2)  of  the  two  particles  moves 
uniformly  in  the  two-body  problem;  the  operator  Si2  therefore  leaves  this  sum 
unchanged.  We  can  thus  write 


S,3r,  =  S|3(i(r,  +  r2)  +  3(r,-r;)) 

1  j  ^ 

=  rj  +  i(r2  - 1*])  -  2S|2(r2  -  r]), 

A  j  | 

Sj2r2  =  T]  +  2(r2-  rj)  +  2S12(r2-  rj). 


Now,  expanding  the  functions 


*  * 

Si2/(f,  ri,  pi)  =  /(f,  Si2rj,  p10), 

*■« 

S of  (f,  r2,  p2)  —  /(t,  S]2r2,  p2o) 


in  powers  of  r2  —  ri  as  far  as  the  first-order  terms,  we  obtain 


Ca){f)  =  C{f2'{f)  +  C]{2)Ul  (17.15) 

where 

C0(2'(/(f,  n,  pi))  =  J  ■  ^{/(f,  r,,  pi0)/(t,  r2,  p20)}  dr2,  (17. 16) 
Ci (2)(/(f,  r,,  pi))  =  \  |  ^  |(r2  -  ri)  ■  j^/(r,  r,,  p,c)/(t,  r2,  pM) 

+  |/(f,  ri,  pio)— /(f,ri,  p2o)-/(f, ri,  p20) /(f, P10) J  -  S|2(r2 - ri)J  dr2; 

(17.17) 

the  differentiation  with  respect  to  ri  is  taken  at  constant  p10  or  p2t)- 

tThe  way  lo  derive  the  correction  terms  to  the  Boltzmann  equation  was  pointed  out  by  N.  N. 
Bogolyubov  (1946).  These  terms  were  first  brought  lo  their  final  form  by  M.  S.  Green  (1956). 
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The  integral  (17.16)  is  the  same  as  (16.12);t  it  has  been  shown  in  §16  how  this 
integral  is  reducible  to  the  ordinary  Boltzmann  form  by  carrying  out  one  of  the 
three  integrations  with  respect  to  spatial  coordinates. 

Let  us  now  consider  the  three-body  collision  integral  (17.14).  To  include  “non- 
localness”  in  this  integral  would  be  to  go  beyond  the  assumed  accuracy,  since  the 
integral  itself  is  a  small  correction.  Hence,  in  the  arguments  of  the  three  functions 
/,  all  the  radius  vectors  rj,r2,  r3  are  to  be  taken  as  the  same  r1(  and  moreover  we 
must  assume  that  the  operator  R]23  does  not  act  on  these  variables  at  all:t 

C(1'(/(f,  i*],  pi))  =  J  pi)/(f,  rj,  p2)/(f,ri,p3)}  dT2  dr3.  (17.18) 


Let  us  next  examine  in  somewhat  more  detail  the  structure  of  the  operator  R 123,  in 
order  to  elucidate  the  nature  of  the  collision  processes  covered  by  the  integral 


(17.18). 

First  of  all,  the  operator  R123,  like  G123  in  (17.4),  is  zero  if  any  one  of  the  three 
particles  does  not  interact  with  the  others.  However,  the  processes  for  which 
include  not  only  three-body  collisions  in  the  literal  sense,  but  also  com¬ 
binations  of  several  pair  collisions. 

In  genuine  three-body  collisions,  three  particles  come  simultaneously  into  the 
“sphere  of  interaction”,  as  shown  diagrammatically  in  Fig.  5a.  But  the  operator  R]23 
is  also  different  from  zero  for  “three-body  interactions”  which  consist  of  three 
successive  pair  collisions,  one  pair  colliding  twice;  Fig.  5b  shows  diagrammatically 
an  example  of  such  a  process,  for  which  S]3~  I,  so  that  R]23  =  S|23— 
Moreover,  the  operator  R|23  also  takes  account  of  cases  where  one  (or  more)  of  the 
three  collisions  is  “imaginary”,  i.e.  occurs  only  if  the  influence  of  one  of  the  real 
collisions  on  the  path  of  the  particles  is  ignored.  An  example  is  shown  in  Fig.  5c, 


til  differs  in  lhai  io  is  replaced  by  l  in  the  arguments  of  ihe  functions  /,  bul  Ihe  right-hand  equation 
(16.13)  is  then  si  ill  valid,  since  ihe  dependences  on  rt,  r2,  pi,  p*  enler  only  through  pio  and  p>0,  which  are 
integrals  of  the  motion, 

til  should  be  stressed,  lo  avoid  misunderstanding,  lhat  ihese  simplifications  do  not  imply  lhat  ihe 
integrand  no  longer  depends  on  12  and  r3;  a  dependence  on  these  variables  still  occurs  through  the  5 
operalors.  which  transform  Ihe  momenla  pfl  inlo  functions  p0(n,r2,  r3,  pi,  p3,  p3). 

§The  operator  Ri^,  unlike  C|23,  is  zero  for  a  sequence  of  two  Collisions.  For  instance,  in  a  process 
consisting  of  collisions  2-3  and  1-2,  we  should  have  S|23  =  Si2S>3,  Sj3  =  I,  and  so  Rm  =  0. 


the  Virial  Expansion  of  the  Kinetic  Coefficients 
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where  the  collision  1-3  would  occur  only  if  the  path  of  particle  3  were  unaffected 
by  its  collision  with  particle  2;t  for  this  process,  Sm=  Si2Sn  but  S13^  I,  so  that 
Rm~-§12§H+§12. 

In  the  same  kind  of  way  as  the  integral  C0(2>  was  transformed  in  §  16,  one  of  the 
six  integrations  with  respect  to  coordinates  in  the  three-body  collision  integral  can 
be  carried  out;  the  interaction  potential  t/12  then  no  longer  appears  explicitly  in  the 
formulae.i 


§  18.  The  virial  expansion  of  the  kinetic  coefficients 


It  was  shown  in  §§7  and  8  that  the  thermal  conductivity  and  the  viscosity  were 
independent  of  the  gas  density  (or  pressure)  because  only  pair  collisions  of 
molecules  were  taken  into  account.  For  such  collisions,  the  collision  frequency,  i.e. 
the  number  of  collisions  undergone  by  a  given  molecule  per  unit  time,  is  propor¬ 
tional  to  the  density  N,  the  mean  free  path  /  *  I/N,  and  since  rj  and  k  are 
proportional  to  Nl  they  are  independent  of  N.  The  values  rjo  and  k0  thus  obtained 
are,  of  course,  only  the  first  terms  in  expansions  of  these  quantities  in  powers  of  the 
density,  called  virial  expansions.  In  the  next  approximation,  there  is  already  a 
density  dependence  in  the  form 

k  =  Ko(I  +  aNd3),  r]  =  rjd(l  +  /3Nd3),  (18. 1) 


where  d  is  a  parameter  of  the  order  of  moiecuiar  dimensions,  and  a  and  /3  are 
dimensionless  constants.  These  first  corrections  have  a  twofold  origin  reflected  in 
the  correction  terms  C°’  and  C/2*  in  the  transport  equation.  Three-body  collisions 
(whose  frequency  is  proportional  to  N2)  decrease  the  mean  free  path.  The  non- 
localness  of  the  pair  collisions  makes  possible  a  transfer  of  momentum  and  energy 
across  a  certain  surface  without  its  actually  being  crossed  by  the  colliding  particles; 
the  particles  approach  to  a  distance  —  d  and  then  separate,  remaining  on  opposite 

cirloc  <-vf  tUa  ci  lrfn/'o  '  TTi  1  r  m^roncoc  tu  £1  rrt  AfrtOn  fi  l  m  ^narAl/ 

VI  V|  JW  OUA  iavw«  1  UAJ  VJLWl  MlVAV'CiJV'O  VUVk  IllUlilWllUllI  anu  J  IIUAV'O* 


The  solution  of  the  problem  of  thermal  conduction  or  viscosity  with  the  more 
accurate  transport  equation  (17.12)  is  to  be  based  on  the  procedure  as  already 
described  in  §§6-8.  We  seek  the  distribution  function  in  the  form  /  =  /o(I  +*/T), 
where  /0  is  the  local-equilibrium  function,  and  ~  HL  is  a  small  correction.  The 
three-body  collision  integral  C(3>,  like  C0(2),  is  zero  for  the  function  /0.  We  must 
therefore  retain  the  x  term  in  it*  and  so  the  integral  C,3>  is,  relative  to  the 
Boltzmann  integral  C(2>,  a  correction  of  relative  order  —(dir)3.  In  the  integral  C/2*, 
however,  which  contains  spatial  derivatives  of  the  distribution  function,  it  is 
sufficient  to  take  /  =  /o,  and  in  this  sense  the  term  C/2)  should  be  taken  to  the 
left-hand  side  of  the  equation,  where  it  gives  a  correction  of  the  same  relative  order 
'"'(d/r)3.  Thus  the  two  additional  terms  C(3)  and  C/2)  in  the  transport  equation  give 
contributions  of  the  same  order.§ 


tHaving  regard  lo  the  sense  of  action  of  the  S  operators,  we  must  follow  the  paths  of  the  particles 
in  time. 

+  fhe  transformation  is  carried  out  in  a  paper  by  M.  S.  Green  (Physical  Review  136,  A905, 1964). 
*Jnis  argument  clears  up  any  misapprehension  which  might  arise  because  the  integral  cY1*  contains 
cnvatives  3// fir  —  ffL,  which  are  not  found  in  C,,\  as  a  result  of  which  the  two  terms  might  appear  to  give 
corrections  of  different  orders  of  magnitude. 
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For  reference,  the  results  of  solving  the  more  accurate  transport  equation  for  the 
thermal  conductivity  and  the  viscosity  of  the  gas,  with  the  model  of  hard  spheres 
(diameter  d)  are 


k  =  k„(1  +  1.2Nd3),  j]  =  ijod  +  0.35Nd3),  (18.2) 

where  k0  and  are  the  values  obtained  in  §  10,  Problem  3  (J.  V.  Sengers  1966).t 

By  making  further  corrections  to  the  transport  equation  (arising  from  four-body 
collisions,  etc.),  it  would  in  principle  be  possible  to  determine  also  the  subsequent 
terms  in  the  virial  expansion  of  the  kinetic  coefficients.  It  is  important  to  note, 
however,  that  these  terms  will  involve  non-integral  powers  of  N;  the  functions 
k(N)  and  i}(N)  are  found  to  be  non-analytic  at  the  point  N  =  0.  To  elucidate  the 
origin  of  this  behaviour,  let  us  consider  the  convergence  of  the  integrals  occurring 
in  the  theory  (E.  G.  D.  Cohen,  J.  R.  Dorfman  and  J.  Weinstock  1963). 

We  take  first  the  integral  in  (17.10),  which  determines  the  contribution  of 
three-body  collisions  to  the  two-particle  distribution  function.  The  type  of  con¬ 
vergence  of  the  integral  is  different  for  the  different  kinds  of  collision  process 
covered  by  the  operator  R]2 3.  Let  us  use  as  an  example  the  process  as  in  Fig.  5b. 

The  integration  is  over  the  phase  volume  dT3  with  given  phase  points  tj  and  t2. 
As  the  variable  in  the  last  integration  we  leave  the  distance  r3  of  particle  3  (at  time 
t)  from  the  point  where  the  collision  2-3  occurred.  Before  this  last  integration,  the 
integrand  will  contain  the  following  factors'.  (1)  the  volume  element  r32  dr3  for  the 
variable  r3;  (2)  if  we  follow  the  motion  of  particle  3  backwards  in  time,  it  will  be 
clear  that  the  direction  of  its  momentum  p3  must  lie  in  a  certain  solid-angle  element 
for  the  collision  3-2  to  occur,  namely  the  angle  subtended  by  the  region  of  collision 
at  the  distance  r3,  giving  a  factor  d2/r32;  (3)  another  such  factor  arises  from  the 
further  limitation  on  the  possible  directions  of  the  momentum  p3  imposed  by  the 
condition  that  the  “recoiling”  particle  2  enters  the  sphere  of  collision  with  particle 
1.  Thus  we  get  an  integral  of  the  form  J  dr3/r32,  which  is  to  be  taken  from  r3~  d  to 
«>,  and  we  see  that  it  converges.  Similarly,  it  can  be  shown  that  for  collision 
processes  of  other  types  the  convergence  of  the  integral  is  even  more  rapid. 

The  contribution  of  four-body  collisions  would  be  expressed  in  (17.10)  by  an 
integral  of  similar  form,  taken  over  the  phase  space  of  particles  3  and  4,  again  for 
given  t j  and  t2. 

Let  us  consider  a  four-body  collision  of  the  kind  shown  in  Fig.  6.  We  leave  as  the 
last  variable  of  integration  the  distance  r4  from  particle  4  (at  time  f)  to  the  4-3 
collision  point.  The  difference  from  the  preceding  estimate  arises  because  the  phase 
point  t3  (at  time  f)  is  not  specified,  unlike  the  point  t2  in  the  integral  corresponding 
to  Fig.  5b.  The  position  of  the  collision  4-3  is  therefore  also  not  fixed;  it  may  occur 
anywhere  in  a  cylindrical  region  with  diameter  ~d  and  axis  along  p3  (shown  by  the 
broken  lines  in  Fig.  6).  Accordingly,  the  solid  angle  subtended  by  this  region  at  a 
distance  r4  is  ~d/r4,  instead  of  d2/r32  as  in  the  previous  case.  The  integral  is 
therefore  of  the  form  J  dr4/r4,  and  so  diverges  logarithmically  at  the  upper  limit. 
Cutting  off  the  integral  at  some  distance  A,  we  obtain  a  contribution  to  the  function 


tThe  calculalions,  which  are  exceedingly  laborious,  are  given  by  Sengers  In  Lectures  in  Theoretical 
Physics,  Vol.  IXC,  Kinetic  Theory  (ed.  by  W.  E.  Briiifn),  Gordon  &  Breach,  New  York,  1967. 
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I  2  3  4 


Fig.  6. 

which  contains  the  large  logarithm  Iog(A/d).  This  logarithm  appears  cor¬ 
respondingly  in  the  correction  to  the  transport  coefficients,  which  is  proportional  not 
to  (Nd3)2  but  to  (Nd3)2  log(A/d). 

The  presence  of  divergent  terms  signifies  that  the  four-body  collisions  cannot  be 
treated  separately  from  those  of  all  higher  orders  (five-body,  etc.).  For  the  diver¬ 
gence  shows  that  large  r4  are  important,  but  even  when  r4  ~  l  particle  4  can  collide 
with  some  particle  5,  and  so  on.  The  way  to  remove  the  divergence  is  thus  clear:  in 
the  expression  for  /(2)(f,  tj,  t2)  we  must  take  account  of  terms  relating  to  collisions 
of  all  orders,  retaining  in  each  order  the  most  rapidly  divergent  integrals.  Such  a 
summation  can  be  carried  out,  and  has  a  foreseeable  result:  the  arbitrarily  large 
parameter  A  in  the  logarithm  is  replaced  by  the  order  of  magnitude  of  the  mean 
free  path,  l  —  l/Nd2.t 

Thus  ihe  expansion  of  the  transport  coefficients  has  the  form 
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and  similarly  for  tj. 


§  19.  Fluctuations  of  the  distribution  function  in  an  equilibrium  gas 


The  distribution  function  determined  by  the  transport  equation,  denoted  in  §§19 
and  20  by  /,  gives  the  mean  numbers  of  molecules  in  the  phase  volume  element 
d3xdT ;  for  a  gas  in  statistical  equilibrium,  /(T)  is  the  Boltzmann  distribution 

fl  -f  ( A  <4r»r\rknr1r»n  t  tima  n«r1  ^if  tkara  ir  n  r\  avh^mnl  tK  ^ 

lunvmjii  jO  yu *  J  / *  uiu^p^iiu^ni  ui  cinu  vu  vi i^jl o  nu  ^Aivnicii  hciu }  ui  uic 


coordinates  r.  It  is  natural  to  consider  the  fluctuations  of  the  exact  microscopic 
distribution  function  /(f,  r,  T)  as  it  varies  with  time  in  the  motion  of  the  gas 
particles  under  their  exact  equations  of  motion. $ 

We  define  the  correlation  function  of  the  fluctuations  as 


ri,  Fi)S/(t2,  r2,  T2)>, 


(19.1) 


tSee  K.  Kawasaki  and  I.  Oppenheim,  Physical  Review  13V,  A 1763,  1965. 
tThis  lopic  was  firsi  discussed  by  B.  B.  Kadomisev  (1957). 
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where  6/  =  f  -  /.  In  an  equilibrium  gas,  this  function  depends  only  on  the  time 
difference  f  =  f]  —  t2;  the  averaging  is  taken  with  respect  to  one  of  the  times  f|  and 
t2,  with  a  fixed  value  of  their  difference.  Since  the  gas  is  homogeneous,  the 
coordinates  rj  and  r»  also  occur  in  the  correlation  function  as  the  difference 
r  =  rj  -  r2.  We  can  therefore  arbitrarily  take  r2  and  r2  as  zero,  and  write  the 
correlation  function  as 


<5/(f,r,r,)5/(0,0,r2)>.  (19.2) 

Since  the  gas  is  isotropic,  the  dependence  of  this  function  on  r  in  fact  reduces  to  a 
dependence  on  the  magnitude  r. 

If  the  function  (19.2)  is  known,  integration  of  it  gives  the  correlation  function  of 
the  particle  number  density: 

<8N(r,r)6N(0,0)>=  [  (8/(1,  r,  r,)8/(0, 0,  r2)>  dr,  dlY  (19.3) 


For  distances  r  that  are  large  compared  with  the  mean  free  path  l,  the  density 
correlation  function  may  be  calculated  by  the  hydrodynamic  theory  of  fluctuations 
(see  SP  2,  §88),  but  at  distances  :£ l  a  kinetic  treatment  is  needed. 

It  is  immediately  evident  from  the  definition  (19.1)  that 


<8f(t,  r,  r,)5/(0,  0,  r2)>  =  <8f(-t,  -r,  I'2)6/(0, 0,  r,)>. 


(19.4) 


The  correlation  function  also  has  a  more  profound  symmetry  which  corresponds  to 
that  of  the  equilibrium  state  of  the  system  under  time  reversal.  The  latter  process 
replaces  a  later  time  t  by  an  earlier  one  -  f,  and  also  replaces  the  values  of  T  by  the 
time-reversed  ones  TT.  The  symmetry  in  question  is  therefore  expressed  by 

(8/(1,  r,  r,)8/(0, 0,  r2)>  =  <8/ ( — f ,  r,  r,T)8/(0, 0,  r7)>.  (19.5) 

When  t  =  0,  the  function  (19.2)  relates  the  fluctuations  at  different  points  in  phase 
space  at  the  same  instant.  But  the  correlations  between  simultaneous  fluctuations 
are  propagated  only  to  distances  of  the  order  of  the  range  of  molecular  forces, 
whereas  in  the  theory  under  consideration  such  distances  are  regarded  as  zero,  so 
that  the  simultaneous-correlation  function  vanishes.  It  should  be  emphasized  that 
this  result  is  due  to  the  equilibrium  nature  of  the  state  relative  to  which  the 
fluctuations  are  considered.  We  shall  see  in  §20  that  simultaneous  fluctuations  also 
are  correlated  in  the  non-equilibrium  case. 

In  the  absence  of  correlation  at  non-zero  distances,  the  simultaneous-correlation 
function  reduces  to  delta  functions,  whose  coefficient  is  the  mean  square  fluctua¬ 
tion  at  one  point  in  phase  space;  cf.  SP  2,  §88.  In  an  ideal  equilibrium  gas,  the 
mean  square  fluctuation  of  the  distribution  function  is  equal  to  the  mean  value  of 
the  function  itself  (see  SP  1,  §  113);  thus 


<6/(0,  r,  r,)6/(o,  o,  r2)>  =  /(r,)6(r)6(r,  -  r2). 


(19.6) 
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The  non-simultaneous  correlation  between  fluctuations  at  different  points  occurs 
even  in  the  theory  which  neglects  molecular  dimensions.  That  this  correlation 
necessarily  arises  is  evident  from  the  fact  that  particles  which  participate  at  a 
certain  instant  in  fluctuations  at  some  point  in  phase  space  will  already  be  at  other 
points  at  any  subsequent  instant. 

The  problem  of  calculating  the  correlation  function  for  f  ^  0  cannot  be  solved  in 
a  general  form,  but  can  be  reduced  to  the  solution  of  particular  equations.  To  do  so, 
a  proposition  is  needed  from  the  general  theory  of  quasi-steady  fluctuations;  see  SP 
1,  §§  1 18  and  119. 

Let  JCfl(f)  be  fluctuating  quantities  (with  zero  mean  values).  It  is  assumed  that,  if 
the  system  is  in  a  non-equilibrium  state  with  values  of  xa  beyond  the  limits  of  their 
mean  fluctuations  (but  still  small),  the  process  of  relaxation  of  the  system  to 
equilibrium  is  described  by  linear  “equations  of  motion” 

x,,  =  -  Ao(,X(,  (19.7) 

with  constant  coefficients  Adf,.  Then  we  can  say  that  the  correlation  functions  of  the 
xa  satisfy  similar  equations 

^■<^((K(0))=-Eufe(0Jcr(0)),  (>0,  (19.8) 

at  b 

with  c  a  free  suffix.  Solving  these  equations  for  t  >0,  we  then  find  the  values  of  the 
functions  for  f  <  0  from  the  symmetry  property 

<*u(f).v„(0)>  =  (xb(~t)xam,  (19.9) 

which  follows  from  the  definition  of  the  correlation  functions. 

In  the  present  case,  the  equations  of  motion  (19.7)  are  represented  by  the 
linearized  Boltzmann  equation  for  the  small  addition  8/  to  the  equilibrium  dis¬ 
tribution  function  /.  Thus  the  correlation  function  of  the  distribution  function  must 
satisfy  the  integro-differential  equation 

Hi  +  y''Vr~  r’  r,)6/(°'  °’  P2)> =  °  f°r  ,>0’  (19-10) 

where  /,  is  a  linear  integral  operator  acting  on  the  variables  T i  in  the  function 


/ig(r,)  =  J  *v(rl,r;ri>n[/;gi+/'g'-/,g,-/g]dr<(r,dr.  (i9.ii) 

The  variables  T2  in  (19.10)  are  free  variables.  The  initial  condition  for  the  equation 
is  the  value  (19.6)  of  the  correlation  function  for  t  =  0;  that  for  f  <  0  is  then  given 
by  (19.4),  the  condition  (19.5)  being  automatically  satisfied  by  the  result.  The 
formulae  (19.10),  (19.11)  and  (19.4)  constitute  a  set  of  equations  sufficient  in 
principle  for  a  complete  determination  of  the  correlation  function. 
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What  is  usually  of  interest  is  not  the  correlation  function  itself  but  its  Fourier 
transform  with  respect  to  coordinates  and  time,  denoted  by  (S/iSD)^,  where  the 
suffixes  1  and  2  refer  to  the  arguments  T\  and  Ti- 

(8/iS/jU  =  J”  dt  j  mt,  r,  r,)6/(0, 0,  noe-''1—""  d\  (19.12) 

the  spectral  function  or  spectral  correlation  function  of  the  fluctuations.  If  a 
fluctuating  function  is  expanded  as  a  Fourier  integral  with  respect  to  time  and 
coordinates,  the  mean  value  of  the  products  of  its  Fourier  components  is  related  to 
the  spectral  correlation  function  by 

<8/„k(Ti)8/„,<r2)>  =  (2tt)48(o)  +  <u')8(k  +  k')(S/,8/2U;  (19.13) 


cf.  SP  1,  §122. 

It  is  easy  to  derive  an  equation  which  in  principle  allows  a  determination  of  the 
spectral  function  of  the  fluctuations  without  previous  calculation  of  the  space-time 
correlation  function.  Dividing  the  range  of  integration  with  respect  to  t  in  (19.12) 
into  two  parts,  from  to  0  and  from  0  to  »>,  and  using  (19.4),  we  have 

(8/,5/jU  =  (8/,S/J)L+k'  +  (8/2S/i)(^k,  (19.14) 

where 

W,«fi)SS=  f  *  f  r,  r,)8/(0,0,  r2))e“"k-r  “"  d3x.  (19.15) 

To  the  equation  (19.10)  we  apply  the  one-sided  Fourier  transformation  (19.15).  The 
terms  containing  derivatives  with  respect  to  t  and  r  are  integrated  by  parts,  using 
the  facts  that  the  correlation  function  must  tend  to  zero  as  r  ->  00  and  as  t  -» °o,  and  must 
be  given  by  (19.6)  when  t  =  0.  The  required  equation  is  then  found  to  be 

[i(k .  v,  -  w)  -  /,](8/,8/,)  LV  =  /(r,)8(r,  -  r2).  (19.16) 

If  we  are  interested  in  the  fluctuations  of  the  gas  density,  and  not  in  those  of  the 
distribution  function  itself,  it  is  appropriate  to  integrate  equation  (19.16)  over  dV2: 

[i(k .  v  —  to)  -  /](8/(H8N)LV  =  f(T).  ( 19. 1  /) 

The  spectral  function  (8N2)mk  sought  is  found  from  the  solution  of  this  equation  by 
a  single  integration,  not  a  double  one  as  in  (19.3). 

Another  method  of  finding  (SN2)^  is  based  on  the  relation  between  the  density 
correlation  function  and  the  generalized  susceptibility  with  respect  to  a  weak 
external  field  of  the  form 

U(r,r)=  (19.18) 

see  SP  2.  §86.t  If  this  field  causes  a  density  change 

8N„k=  a  (w,k)lU,  (19.19) 


tThis  relation  exists  only  in  the  equilibrium  case. 
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then  from  SP  2  (86.20)  the  spectral  correlation  function  of  the  density  is,  in  the 
classical  limit, 

(SN2),^  =  (2 T/ to)  im  a  (to,  k).  (19.20) 

Let  8f(t>  r)  be  the  change  in  the  distribution  function  due  to  the  same  field;  it 
satisfies  the  transport  equation 


B  cf.  B  dU  Bf_f 
¥8/  +  v^S/-—  --/6/. 


The  Fourier  components  of  S/(f,  r,  T)  are  written 


/ck(F)  —  x^k(F)  f/iok, 

in  which  the  external  field  is  separated  as  a  factor.  Then  the  equation  for  x mk  *s 

[i(k .  v  -  to)  -  hxo k(D  =  *k  -  BflB\.  (19.21) 

The  solution  of  this  equation  gives  the  required  spectral  correlation  function  by  a 
single  integration: 


(SN2)^  =  (2T/(o)  im  J 


(19.22) 


PROBLEMS 

Problem  1.  Determine  the  density  Correlation  function  in  a  monatomic  gas  in  equilibrium,  neglec¬ 
ting  collisions. 

Solution.  For  a  monatomic  gas.  the  quantities  T  are  the  three  components  of  the  momentum  p.  The 
solution  of  (19.10)  for  =  0  is 

r  n.tfifff)  (1  n-ttl  =  ffmlfifi —  ViMfifni  —  ml. 

\-t  -  •  fr-j  %’'»“»  r*-/'  j  * r -  ■  -  / “  ■  r-r» 

and  its  Fourier  component  is 


(8/18/2L1,  =  27r/(pi)8(pi  —  pi)8(&j  —  k .  vi). 

Integration  of  these  expressions  with  the  Maxwellian  function  /  gives  as  the  density  Correlation  function 

(8N(t.  r)8N(0. 0))  =  NimllirTf V3  exp(-  mr2l2Tt2l  ( 1) 

(8N2U  =  (N/k)(2^^m/T)l,2  exp(-  nuo2llTk2).  (2) 

Problem  2.  The  same  as  Problem  l.  but  for  a  collision  integral  in  the  form  /ig  =  -g/T  with  a 
constant  time  t. 

Solution.  Equation  (19.16)  reduces  to  an  algebraic  equation,  from  which  we  determine  (8/18/2/Ji!. 
and  then  find  from  (19. 14) 


ul( 


2r/(pi) 

nv(k.v,— to) 


i8(p,-p2). 


(8/18/2). 


(3) 
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The  presence  of  even  a  small  number  of  collisions  changes  lhe  asymplotic  behaviour  of  the  spectral 
correlation  function  of  the  density  at  high  frequencies,  to  >  LC,  i.e.  for  fluctuations  with  a  phase  velocity 
much  greater  than  the  thermal  speed  of  the  molecules:  in  this  limit, 

m2U  =  2NI™2,  (4) 

i.e.  the  correlation  function  decreases  with  increasing  frequency  according  to  a  power  law,  instead  of 
exponentially  as  in  (2). 


§20.  Fluctuations  of  the  distribution  function  in  a  non-equilibrium  gas 

Let  a  gas  be  in  a  steady  but  non-equilibrium  state  with  some  distribution  function 
/( r,  L)  which  satisfies  the  transport  equation 

v.  a//dr  =  C(/);  (20.1) 

the  function  /  may  deviate  greatly  from  the  equilibrium  distribution  function  /0, 
and  so  the  collision  integral  C(f )  is  not  assumed  linearized  with  respect  to  the 
difference  /  -/0.  The  steady  non-equilibrium  state  has  to  be  maintained  in  the  gas 
by  external  interactions:  the  gas  may,  for  example,  contain  a  temperature  gradient 
supported  by  external  sources,  or  it  may  execute  a  steady  motion  (which  does  not 
consist  in  a  motion  of  the  gas  as  a  whole). 

Let  us  seek  to  calculate  the  fluctuations  of  the  distribution  f(t,  r,  T)  relative  to 
/( r,  F).  These  fluctuations  will  again  be  described  by  a  correlation  function  (19.1),  in 
which  the  averaging  is  carried  out  in  the  usual  way  with  respect  to  time  for  a  given 
difference  t  =  f  j  -  f2,  and  the  correlation  function  depends  only  on  t.  Since  the 
distribution  /( r,  F)  is  not  uniform,  however,  the  correlation  function  now  depends  on 
the  coordinates  ri  and  r2  separately,  and  not  only  on  their  difference.  The  property 
(19.4)  becomes 


(S/i(f)S/2(0))  =  (S/2(-f)S/,(0)>, 


(20.2) 


where  /,(f)  =  /(f,  rj.  F,),  /2(0)  =/(0,  r2,  T2). 

The  relation  (19.5)  involving  time  reversal  does  not  apply  in  general  in  the 
non-equilibrium  case. 

The  correlation  function  of  the  distribution  function  again  satisfies  the  equation 

(19.10): 


(|-+ V1  •  -  /,)<«/, (OS/2(0)>  =  o,  (20.3) 

where  / 1  is  the  linear  integral  operator  (19.11),  which  acts  on  the  variables  Tj.t  The 
problem  of  the  initial  condition  on  this  equation,  i.e.  the  form  of  the  single-time 
correlation  function,  is  considerably  more  complex  than  in  the  equilibrium  case, 
where  it  was  given  simply  by  (19.6).  In  a  non-equilibrium  gas,  the  single-time 
correlation  function  is  itself  determined  from  a  transport  equation  whose  form  can 

tThe  use  of  this  equation  in  lhe  non-equilibrium  case  is  due  lo  M.  Lax  (1966). 
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be  established  by  using  the  relation  between  the  correlation  function  and  the 
two-particle  distribution  function  fl2}  defined  in  §  16.  In  a  steady  state  the  function 
/(21(r«,  Fs;  r>-  F2),  like  f(r,  F),  does  not  depend  explicitly  on  the  time. 

To  derive  this  relation,  we  note  that,  since  the  volume  dr  =  d3xdT  is  infinitesi¬ 
mal,  it  cannot  contain  more  than  one  particle  at  a  time.f  Hence  the  mean  number 
/  dr  is  also  the  probability  that  a  particle  is  in  the  element  dr  (the  probability  that 
there  are  two  particles  in  it  at  once  being  a  quantity  of  a  higher  order  of  smallness). 
It  follows  that  the  mean  value  of  the  product  of  the  numbers  of  particles  in  the  two 
elements  drt  and  dr2  is  equal  to  the  probability  of  simultaneously  finding  one 
particle  in  each  of  them.  For  a  given  pair  of  particles  this  is  the  product  /£'  dTi  dT2, 
by  the  definition  of  the  two-particle  distribution  function.  Since  a  pair  of  particles 
can  be  chosen  from  the  (very  large)  total  number  of  particles  in  JV(«V  - 
ways,  we  have 

(fidrt .  f2dT2)  =  N2f 12  dn  dT2. 

The  equation  =  A’2/i2'  thus  obtained  relates,  however,  only  to  different  points 
in  phase  space.  The  passage  to  the  limit  n,  F|-*r2,  1’2  makes  it  necessary  to  take 
into  account  that,  if  dr |  and  dr2  coincide,  an  atom  in  dr t  is  also  in  dx2.  A  relation 
which  allows  for  this  is 


</i/i>  =  Jf'S  +  f,S( r,  -  r2)8(P,  -  rj:  (20.4) 

when  it  is  multiplied  by  dr|dT2  and  integrated  over  some  small  volume  At,  the  first 
term  on  the  right  gives  a  small  quantity  of  the  second  order,  «  (Ar)“,  and  the  term 
containing  the  delta  functions  gives  /  At,  a  first-order  quantity.  Thus  we  have 


Kf  , 
WSJ 


?A- 

m  jj-jlh. 


as  it  should  be,  since  as  far  as  first-order  quantities  there  can  only  be  either  no 
particle  or  one  particle  in  the  small  volume  At. 

Substituting  (20.4)  in  the  definition  of  the  single-time  correlation  function 


<«/i(0)fif2(0))  =  </i(0)/2(0)>  -  /,/2, 

we  obtain  the  required  relation  between  it  and  the  two-particle  distribution  func¬ 
tion: 


<8/i(0)5/2(0)>  =  ^2/i?  -  /i/2  +  /,$( r,  -  r2)S(F|  -  F2).  (20.5) 

In  an  ideal  gas  in  equilibrium,  the  two-particle  distribution  function  reduces  to  the 
product  /l?  =  /i/2/*W2,  and  (20.5)  reduces  to  (19.6).  In  any  case,  /J?  tends  to  this 
product  as  the  distance  between  the  points  1  and  2  increases,  so  that 

(S/i(0)8/2(0))  — ►  0  as  |n  -  r2|  -»  «j.  (20.6) 

tThe  derivation  which  follows  is  a  paraphrase  of  the  argument  in  S P  1,  §  1 16, 


**  it) . 
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The  two-particle  distribution  function  satisfies  a  transport  equation  analogous  to 
the  Boltzmann  equation,  which  could  be  derived  from  equation  (16.9)  for  f(2i  in  the 
same  way  as  the  equation  for  the  single-particle  function  was  derived  from  (I6.7).t 
Here,  however,  we  shall  give  a  derivation  of  the  equation  for  /t2)  analogous  to  that 
of  the  Boltzmann  equation  in  §3,  based  on  intuitive  physical  arguments. 

We  take  as  the  unknown  function  not  /(2)  itself  but  the  difference 

^?(n ,  Tj ;  r2,  T2)  =  Jf2f?2  -fih,  (20.7) 

which  tends  to  zero  as  |n  -  r2|  it  is  the  correlation  function  (20.5)  without  the 
last  term.  This  quantity  is  small  in  the  usual  sense  of  fluctuation  theory,  namely  of 
the  order  of  1/7^  in  comparison  with  /i/2. 

In  the  absence  of  collisions,  the  function  <p  satisfies  an  equation  which  simply 
expresses  Liouville’s  theorem — the  constancy  of  /(2)  along  the  phase  trajectory  of  a 
pair  of  particles: 


df(2)  _  d<p 
dt  dt 


d<P  ,  d<P  n 

V[  ■  —  +  V2  ■  —  =  0. 

d  Tj  d  r» 


(20.8) 


The  change  in  9  as  a  result  of  collisions  is  due  to  processes  of  two  kinds. 

Collisions  of  particles  1  and  2  with  any  other  particles,  but  not  with  each  other, 
cause  the  appearance,  on  the  right  of  (20.8),  of  terms  J[<p  +  /2<p,  where  f[  and  J2  are 
the  linear  integral  operators  (I9-II)  acting  on  the  variables  \\  and  T2  respectively. 

Collisions  between  the  particles  I  and  2  play  a  special  role,  causing  a  simul¬ 
taneous  “jump”  of  both  particles  from  one  pair  of  points  in  phase  space  to  another 
pair.  Exactly  the  same  arguments  as  were  used  in  the  derivation  of  (3.7)  give  on  the 
right  of  (20.8)  a  term  6(rj  —  r2)C|2(/),  where 


c,2(/)  =  j  w(r,,  r2;  r;,n)(/i/;  -  /,/,)  dr\  diY, 


(20.9) 


in  this  integral,  fluctuations  may  be  neglected.  The  factor  S(ri~r2)  expresses  the 

fnr*f  nf  1  I  «  Z  «  «  n  n  ♦  n  a  _  4* 

mat  ptiJL  U11UU  aie  at  LI  1C  gallic  111  5[JdCC.+ 

Thus  we  have  finally  the  equation 


vi  ■  + v2  /i<p  -  /2<p  =  80rj  —  r2)C|2(/). 

dri  dr2 


(20.10) 


Solution  of  this  equation  gives,  in  accordance  with  (20.5),  the  function  which  acts 
as  the  initial  condition  for  equation  (20.3)  at  f  =  0.§ 


tin  §  17  equation  (16.9)  was  used  only  for  a  specific  purpose,  namely  toeliminate/^’from  the  equation  for 

f 
s  - 

tA  further  integration  of  (20.9)  over  dT 2  yields  the  ordinar  Boltzmann  collision  integral. 

§This  result  is  due  to  S.  V.  Ganisevich,  V.  L.  Gurevich  and  R.  Katilyus  (1969)  and  to  Sh.  M,  Kogan 
and  A.  Ya.  ShuPman  (1969). 


§20  Fluctuat  ,  of  the  Distribution  Function  in  a  Non-equilibrium  Gas  87 
Without  the  right-hand  side,  the  homogeneous  equation  (20.10)  has  the  solution 


< P  —  /cuA/02  +  /o2^/oi» 

Af°  =  §A*+lr  AT+fhv- 


(20.11) 


corresponding  to  arbitrary  small  changes  in  the  number  of  particles,  the  tem¬ 
perature,  and  the  macroscopic  velocity  in  the  equilibrium  distribution  /0. 

This  “spurious”  solution  is,  however,  excluded  by  the  condition  that  <p-*0  as 
|ri  -  r2|  ->oo.  Hence,  in  the  equilibrium  case,  when  the  integral  C j2  is  identically  zero, 
equation  (20.10)  gives  9=0,  and  we  return  to  the  initial  condition  (19.6). 


r  1  a\ 


the  ngm-nanu  siae  01  iuj,  i.e.  me  pair  collisions  oeiween  parucies  in  given 
states  Tj  and  F2,  may  thus  be  regarded  as  the  source  of  the  single-time  correlation 
of  fluctuations  in  a  non-equilibrium  gas.  By  causing  a  simultaneous  change  in  the 
occupation  numbers  of  the  two  states,  pair  collisions  generate  a  correlation 
between  these  numbers.  In  the  equilibrium  state,  owing  to  the  exact  compensation 
of  direct  and  reverse  pair  collisions,  this  mechanism  has  no  effect  and  there  are 
no  single-time  correlations. 

If  the  distribution  /  is  independent  of  the  coordinates  r  (as  may  happen  when  the 
deviation  from  equilibrium  is  maintained  by  an  external  field),  we  can  consider 
fluctuations  of  the  distribution  function  averaged  over  the  whole  volume  of  the  gas, 
i.e.  of  the  function 


/((,  l  )  =  ^| /(l,r,Drf\  (20.12) 

which  we  denote  by  the  same  letter  /  but  without  the  argument  r.  The  correspond¬ 
ing  correlation  function  satisfies  an  equation  that  differs  from  (20.3)  in  not  having  a 
term  containing  the  derivative  with  respect  to  the  coordinates: 

(|-+  F|  -  /,)(£/((,  r,)S/(°,  P2)>  =  °  for  ( >  0;  (20.13) 

on  the  left-hand  side,  a  term  has  been  added  which  arises  from  the  force  F  acting 
on  the  particles  in  the  external  field.  The  single-time  correlation  function 


m 0,  r.)«/(o,  r2)>  =  ^2/®(P,,  r2)  -  /(r,)/(r2) + ^  s(T,  -  r2> 


,/t.  \wmLSj1  R/r. -r.\ 

---------  cy  uyi  ]  - 


'T  \*  J*  *  U 


2) 


/on  1  a  \ 
V-6U. 


satisfies  the  equation 

[F| '  + F' '  a?2  “ (/| +  fi)]<p(r"  =  c.2(v(  r„  r2)). 


(20.15) 
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If  the  gas  is  in  a  closed  vessel,  this  equation  is  to  be  solved  with  the  additional 
condition  that  expresses  a  fixed  value  (without  fluctuations)  of  the  total  number  of 
particles  in  the  gas: 

f  <8/(o,  r,)6/<o,  r;»  d  r,  =  f  <s/<  o,  r,)s/<o,  r2))  dr2  =  o.  (20. 16) 

This  condition  must  be  satisfied  in  the  equilibrium  case  also,  but  it  is  not  satisfied 
by  the  expression  [/(F|)/T]fi(ri  -  I2)  which  corresponds  to  the  correlation  function 
( i  9-6).  The  correct  expression  is  obtained  by  making  use  of  the  arbitrary  choice 
(20.1 1);  with  the  appropriate  value  of  the  parameter  A Jf, 

<sm  r,)8/(o,  r2»  =  ~  7<r,)8(i',  -  r,)  -  ^  7<i  ,)/(r2)-  (20.  i7) 

This  correlation  function  includes  a  term  which  does  not  contain  a  delta  function. 


CHAPTER  II 


THE  DIFFUSION  APPROXIMATION 


§21-  The  Fokker-Planck  equation 

A  considerable  class  of  transport  phenomena  is  constituted  by  processes  in 
which  the  mean  changes  of  quantities  (on  which  the  distribution  function  depends) 
in  each  event  are  small  in  comparison  with  their  characteristic  values.  The 
relaxation  times  for  such  processes  are  long  in  comparison  with  the  times  of  the 
individual  events  which  constitute  their  microscopic  mechanism;  in  this  sense,  they 
may  be  called  slow  processes. 

A  typical  instance  is  the  problem  of  momentum  relaxation  of  a  small  admixture 
of  a  heavy  gas  in  a  light  one,  the  latter  being  regarded  as  itself  in  equilibrium. 
Because  of  the  low  concentration  of  heavy  particles,  their  collisions  with  one 
another  may  be  neglected,  and  only  those  with  the  particles  of  the  light  gas 
considered.  When  a  heavy  particle  collides  with  light  ones,  however,  its  momentum 
undergoes  only  a  relatively  small  change. 

We  shall  refer  to  this  specific  example,  and  derive  the  transport  equation  satisfied 
in  such  cases  by  the  momentum  distribution  function  /(f,  p)  of  the  impurity 
particles. 

Let  w(p,q)d3q  denote  the  probability  per  unit  time  of  a  change  p->p~q  in  the 
momentum  of  a  heavy  particle  in  an  individual  collision  with  a  iignt  particle.  Then 
the  transport  equation  for  the  function  /(f,  p)  is 

3/(t,  p )ldt  =  J {w(p  +  q,  q)/(t,  p  +  q)  -  w(p,  q)/(f,  p )}d3q,  (21.1) 

where  the  right-hand  side  is  the  difference  between  the  numbers  of  particles  per 
unit  time  that  enter  and  leave  a  given  momentum  space  element  d3p.  According  to 
the  hypotheses  used,  the  function  w(p,  q)  decreases  rapidly  with  increasing  a,  and 
so  the  most  important  values  of  q  in  the  integral  are  those  which  are  small 
Compared  with  the  mean  momentum  of  the  particles.  This  allows  the  following 
expansion  to  be  used  in  the  integrand: 

w(p  +  q,  q)/(L  P  +  q)  ~  vv(p,  q)/(f,  p)  +  q  ■  —  w(p,  q)/(t,  p) 

dp 

The  transport  equation  then  becomes 
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where 


Aa  =  |  q«w(p,  q)  d3q,  BaP  =  -  j  qaq^w( p,  q)  d3q.  (21.3) 

Thus  the  transport  equation  is  now  a  differential  (not  integro-differential)  equation. 
The  quantities  Aa  and  Bafi  may  be  symbolically  written  as  follows  to  show  their 
significance  more  clearly: 


Aa  ^  Ba&  ^  q«qp/ 25t, 


(21.4) 


where  the  summations  are  over  the  (large)  number  of  collisions  that  occur  in  the 
time  8t. 

The  expression  on  the  right  of  (21.2)  is  the  divergence  in  momentum  space, 
—  dsjdpa,  of  the  vector 


S„ 

=  ~~  A  ~  Bapdfl  dpp, 
Aa  =  Aa  +  dBapfdpp. 


(21.5) 


Thus  equation  (21.2)  is,  as  it  should  be,  an  equation  of  continuity  in  momentum 
space,  and  so  the  number  of  particles  is  automatically  conserved  in  the  process. 
The  vector  s  is  the  particle  flux  density  in  momentum  space. 

According  to  equations  (21.4),  the  coefficients  in  the  transport  equation  are 
expressible  in  terms  of  the  average  characteristics  of  the  collisions,  and  in  this 
sense  their  calculation  is  a  purely  mechanical  problem.  In  fact,  however,  there  is  no 
need  to  calculate  the  Aa  and  Bafi  individually;  they  can  be  expressed  in  terms  of 
one  another  by  means  of  the  condition  for  the  flux  to  be  zero  in  statistical 
equilibrium.  In  the  present  case,  the  equilibrium  distribution  function  is 


/  =  constant  x  exp(— p2/2MT), 


where  M  is  the  mass  of  the  heavy  gas  particles  and  T  the  temperature  of  the  light 
gas.  Substitution  of  this  expression  in  the  equation  s  =  0  gives 


MTA 

*  ‘U 


R 

"c ip^p- 


Thus  the  transport  equation  becomes 


dt  dpa 


n\  fy\ 


(21.7) 


The  coefficients  in  the  first  two  terms  of  the  expansion  of  the  collision  integral 
are  of  the  same  order  of  magnitude;  the  reason  is  that  the  averaging  of  the  first 
powers  of  the  quantities  qa  in  (21.4),  whose  sign  is  variable,  involves  a  greater 
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degree  of  cancellation  than  the  averaging  of  quadratic  expressions.  The  later  terms 
of  the  expansion  are  all  small  in  comparison  with  the  first  two. 

The  only  vector  on  which  the  coefficients  Bap  can  depend  is  the  momentum  p  of 
the  heavy  particles.  If  the  velocities  p/M  of  these  particles  are  on  average  small 
compared  with  those  of  the  light  particles,  they  may  be  regarded  as  immobile  in 
collisions;  in  this  approximation,  the  Bap  are  independent  of  p.  Thus  the  tensor  Bap 
reduces  to  a  constant  scalar  B: 

Bap  =  B8ap,  B  =  ~j q2w(0,  q)  d3q,  (21.8) 


and  equation  (21.7)  becomes 


M_=  R  — - 

dt  3p 


(21.9) 


There  is  a  formal  similarity  between  (21.7)  and  the  equation  of  diffusion  in  an 
external  field,  which  is  especially  evident  from  the  form  (21.9).  The  diffusion 
equation  is 

dcldt  —  div(DVc  —  bcF), 

where  c  is  the  impurity  concentration,  F  the  force  exerted  on  the  impurity  particles 
by  the  external  field,  D  the  diffusion  coefficient,  and  b  the  mobility.  The  processes 
described  by  (21.9)  may  be  referred  to  as  diffusion  in  momentum  space,  with  B 
acting  as  the  diffusion  coefficient;  the  relation  between  the  coefficients  in  the  two 
terms  on  the  right  of  (21.9)  is  analogous  to  the  familiar  Einstein  relation  D  =  bT 
between  the  diffusion  coefficient  and  the  mobility  (FM,  §59). 

The  transport  equation  in  the  form  (21.2),  with  the  coefficients  defined  in  terms  of 
the  averaged  characteristics  of  the  elementary  events  by  means  of  (21.4),  is  called 
the  Fokker-Planck  equation  (A.  D.  Fokker  1914;  M.  Planck  1917).  The  specific 
properties  of  the  variables  pQ  as  the  momenta  of  the  particles  have  played  no  part 
in  the  derivation  given.  It  is  therefore  clear  that  an  equation  of  the  same  form  is 
valid  also  for  the  distribution  function  /  with  respect  to  other  variables,  provided 
that  the  conditions  on  which  the  proof  is  based  are  satisfied:  the  relative  smallness 
of  the  change  in  the  quantities  in  each  event,  and  the  linearity  with  respect  to  /  of 
the  integral  operator  which  expresses  the  change  in  the  function  resulting  from 
these  events. 

As  an  example,  let  us  take  the  case  of  a  light  gas  forming  a  slight  impurity  in  a 
heavy  gas.  In  collisions  with  heavy  particles,  the  momentum  of  a  light  particle 
changes  greatly  in  direction  but  only  slightly  in  magnitude.  Although  equation  (21.7) 
is  invalid  under  these  conditions  for  the  distribution  function  of  the  impurity  gas 
particles  with  respect  to  the  momentum  vector  p,  a  similar  equation  can  be  set  up 
for  the  distribution  with  respect  to  the  magnitude  p  only.  If  the  distribution 
function  is,  as  before,  taken  relative  to  the  momentum  space  element  d3p,  so  that 
the  number  of  particles  having  the  value  of  p  in  a  range  dp  is  /(t,  p).  4ttp2  dp,  the 
Fokker-Planck  equation  is  valid  for  the  function  4ttp2/  in  relation  to  dp: 


d(fp2)=  d 
dt  dp 


{fpiA  +  Bppj, 
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or 


where 


^  =  -U-nJ(M+iU-,n4 

St  p  dp  L'  pSp  )’ 


n  1  im 
v/ 


The  expression  in  the  braces  is  the  radial  flux  s  in  momentum  space.  It  must  reduce 
to  zero  the  case  of  the  equilibrium  distribution 

f  =  constant  x  exp(— p2/2mT), 

where  m  is  the  mass  of  a  light  particle  and  T  the  temperature  of  the  heavy  gas. 
This  condition  gives  a  relation  between  A  and  B,  and  the  transport  equation  (21.10) 
thus  becomes 


i£ 

8t 


I  3(p2s) 
P7  dp  ’ 


(21.12) 


PROBLEMS 

Problem  I.  Determine  the  diffusion  coefficieni  in  momentum  space  (B  in  equation  (21.9))  for  an 
admixture  of  a  heavy  gas  in  a  light  one,  assuming  the  speeds  of  the  heavy  particles  to  be  small  compared 
with  those  of  the  light  ones. 

SoLUTtON.  As  shown  in  the  text,  under  the  conditions  stated  the  momentum  transfer  may  be 
calculated  by  assuming  the  heavy  particle  to  be  fixed  and  neglecting  the  change  in  its  energy  in  the 
collision.  The  change  in  the  momentum  of  the  heavy  particle  is  then  calculated  as  the  equal  change  in 
that  of  the  light  particle:  (Ap)2  =  2p'2(l  —  cos  a),  where  p'  is  the  momentum  of  the  light  particle  and  a  the 
angle  through  which  it  is  scattered.  Hence 


V(Ap)3  =  Si  f  2p'2(l  —  Cos  dcr. 

J . 

where  N  is  the  number  density  of  light  gas  particles,  and  we  have  finally 

B  =(N/3m)<P'3o'i>, 

where  crt=J(l  -  Cos  a)  dcr  is  the  transport  cross-section,  and  the  averaging  is  taken  over  the  light  gas 
particle  distribution. 

Problem  2.  Use  the  Fokker-Planck  equation  to  determine  the  mobility  of  a  heavy  particle  in  a  light 

or*  c 

Solution.  When  an  external  field  is  present,  a  term  F.  dffdp  is  added  to  the  left-hand  side  of  (21.9), 
F  being  the  force  acting  on  the  particle.  Assuming  this  force  to  be  small,  we  seek  a  steady  solution  of  the 
equation  in  the  form  /  =  /o+  8/,  where  /o  is  the  Maxwellian  distribution  and  8/  <5/0-  The  equation  for  8/ 
is  then 


88f  d_ 

6p  MT 


8/) 


F 


a/o 

ap' 


Hence 
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and  so  5/  =  /oF .  p/R  The  mobility  b  is  the  coefficient  in  the  equation 

V=  [  5/.  v  d3p  =  bF. 


A  calculation  of  the  integral  gives 


b  =  TIB  =  3mTlN(v,p'3). 


in  agreement  with  (12.4). 


§22.  A  weakly  ionized  gas  in  an  electric  field 

Let  us  consider  an  ionized  gas  in  a  uniform  electric  field  E.  This  field  perturbs  the 
equilibrium  distribution  of  free  electrons  in  the  gas  and  causes  an  electric  current  in 
it.  We  shall  derive  the  transport  equation  which  governs  the  electron  distribution. t 
If  the  ionization  is  weak,  the  electron  (and  ion)  density  in  the  gas  is  small.  Hence 
only  collisions  between  electrons  and  neutral  molecules  are  important;  those 
between  electrons  and  ions  or  other  electrons  may  be  neglected.  We  shall  also 
assume  that  the  mean  energy  acquired  by  the  electrons  in  the  electric  field  is  (even 
in  a  strong  field;  see  below)  insufficient  to  excite  or  ionize  the  molecules;  the 
collisions  between  electrons  and  molecules  may  then  be  regarded  as  elastic. 

Because  of  the  large  difference  between  the  electron  mass  m  and  the  molecule 
mass  M,  the  mean  speed  of  the  electrons  is  much  greater  than  that  of  the 
molecules.  For  the  same  reason,  the  electron  momentum  changes  its  direction 
greatiy  in  a  collision,  but  its  magnitude  oniy  siightiy.  Under  these  conditions,  the 
collision  integral  in  the  transport  equation  falls  into  the  sum  of  two  parts  which 
represent  the  changes  in  the  number  of  particles  in  a  given  element  of  momentum 
space  due  to  the  change  in  the  magnitude  and  in  the  direction  of  the  momentum; 
the  first  part  may  be  expressed  in  the  Fokker-PIanck  differential  form. 

Because  of  the  symmetry  about  the  direction  of  the  field,  the  distribution 
function  depends  on  only  two  variables  (apart  from  the  time):  the  magnitude  p  of 
the  momentum,  and  the  angle  6  between  p  =  mv  and  the  direction  of  E  (which  we 
take  as  the  z-axis).  The  transport  equation  for  the  function  /(f,  p,  6)  has  the  formt 


V 


a. -fi E  a 
dt  dp 


bf  _  1  b 


^(p  2s)  +  Ni>  J [/((,  p,  8')  -  f(t,  p,  8)]  da,  (22. 1) 


p23p 


where 


The  first  term  on  the  right  of  (22.1)  corresponds  to  the  right-hand  side  of  the 

PaI/1/Q  Dl _ i.  - _ * ' _  /'ll  n\  Tl _ _ _ I  * _ _  !  .  *i_  _  _ 11  ■ ■ _ ■_*. _ i  .'.t 

i  lanci^  equation  me  scconu  icon  is  me  collision  integral  wim 


+The  theory  given  in  §22  is  due  to  B.  I.  Davydov  (1936).  The  limiting  expression  (22.18)  was  earlier 
derived  by  M.  J.  Druyvesteyn  (1930). 

■  n  this  book,  e  always  denotes  a  positive  quantity,  the  absolute  magnitude  of  the  unit  charge.  The 
charge  on  the  electron  is  therefore  —  e. 
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respect  to  the  change  in  direction  of  the  momentum.  In  this  integral,  the  molecules 
may  be  regarded  as  immovable  (N  being  their  number  density);  the  number  of 
collisions  undergone  by  an  electron  per  unit  time  and  changing  the  direction  of  the 
momentum  from  6  to  O’  (or  vice  versa)  is  Nv  dcr,  where  dcr  is  the  cross-section  for 
scattering  of  an  electron  by  a  molecule  at  rest,  which  depends  on  p  and  on  the 
angle  a  between  p  and  p';  we  assume  that  the  cross-section  is  already  averaged 
over  the  orientations  of  the  molecule. 

We  shall  consider  a  steady  state  with  a  time-independent  distribution  function, 
and  accordingly  the  term  Sfldt  in  (22.1)  will  be  omitted. 

To  calculate  B,  we  use  the  equation 

(v  —  V)2  =  (v’  —  V')2, 

which  expresses  the  constant  magnitude  of  the  relative  velocity  of  the  two  particles 
in  an  elastic  collision;  v,  V  and  v',  V'  are  the  initial  and  final  velocities  of  the  electron 
and  the  molecule.  The  change  in  the  velocity  of  the  molecule  is  smaii  compared  with 
that  of  the  electron  (AV  =  —  mAv/M);  hence,  after  expanding  the  above  equation,  we 
can  put  V  =  V'.  Then 

2V  .  (v  -  v')  =  v 2  -  v'2  =  2v  Au, 

where  Au  =  v  —  v'  is  a  small  quantity.  Thus 

(Ap)2  =  m2(At))2  =  (m2/u2)[(V .  v)2  +  (V .  v’)2 -  2(V .  v)(V  .  v')]. 

The  averaging  of  this  expression  is  carried  out  in  two  stages.  First,  we  average  over 
the  (Maxwellian)  distribution  of  the  molecular  velocities  V.  Because  of  the  isotropy 
of  this  distribution,  (VaVp)  =  3S„p<V2),  and  (V2)  =  3 T/M.  We  therefore  have 

(Ap)2  =  (m2Tl Mv2)(v2  +  v'2-2v  .v')  ~(2m2T/M)(l  —  cos  a).  (22.2) 

We  must  now  average  over  the  collisions  undergone  by  the  electron  per  unit  time; 
this  is  done  by  integrating  over  Nvdcr.  The  result  is 

B  =  Nm2v(T,T/M  =  pmT/Ml ,  (22.3) 

where  cr,  =  f(  \  —  cos  a)  dcr  is  the  transport  cross-section,  and  l  the  mean  free  path 
defined  as 


l  =  1/N<t„ 

in  general  a  function  of  p.  The  flux  in  (22.1)  is  therefore 


(22.4) 


(22.5) 


Note  that,  according  to  (22.2),  the  change  in  the  electron  energy  in  the  collision  is 
Ae  ~  uAp  ~  T(m/Af)1/2~  e(m/M)1/2.  Hence  an  appreciable  change  in  this  energy 
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occurs  only  after  ~M/m  collisions,  whereas  the  direction  of  the  electron  momen¬ 
tum  alters  considerably  in  even  one  collision.  That  is,  the  electron  energy  relax- 
ation  time  re  ~TpM/m>  where  tp  ~  Ifv  is  the  momentum  direction  relaxation  time. 
The  left-hand  side  of  (22.1)  is  also  to  be  transformed  to  the  variables  p  and  0: 


eE^  =  eE-^  =  eE 

>Z  L 


dp 


dPz 


3/  sin2  0  df 

cos  0-r-  +  — - - 


dp  p  d  cos  0. 


(22.6) 


The  solution  of  the  transport  equation  thus  derived  may  be  sought  as  an 
expansion  in  Legendre  polynomials: 

/(P,  0)  =  E  /n(P)fn(cos  0).  (22.7) 

n  =0 


We  shall  see  later  that  the  successive  terms  in  this  expansion  decrease  rapidly  in 
order  of  magnitude.  It  is  therefore  sufficient  in  practice  to  take  only  the  first  two 
terms  in  the  expansion: 


/(p,  0)  =  /o(p)  +  /i(p)  cos  0.  (22.8) 

The  integral  in  (22.1),  with  (22.8)  substituted,  gives 

I  [/(P,  0')-/(P,  0)1  da  =  / ,cr,  cos  0; 

compare  the  transformation  of  a  similar  integral  in  (1 1.1).  The  transport  equation 
then  becomes 


r-t  r  n  n 

ectjocos  i; 


•  n _ 2  n  i  //  l  \  2  r.l 

-e/icos  u  -r  \jiip)  sin  t/j 


/i  /  .2\/  2 \i 

ti/p  Jtsop  ) 


(vfl)f  1  COS  V 


A  A 


U, 


where  the  prime  denotes  differentiation  with  respect  to  p.  The  term  p'^p2)'  cos  0 
has  been  omitted;  it  is  certainly  small  (in  the  ratio  ~m/M)  in  comparison  with  the 
term  ( vfjl )  cos  0  (s0  aud  Si  are  the  expressions  (22.5)  with  /0  or  /,  in  place  of  /). 

Multiplying  this  equation  by  Po  =  1  or  Pi  =  cos  0  and  integrating  over  d  cos  0,  we 

obtain  two  equations: 

(l/p2)(p2S)'=0,  S  =  ~(p2fo+mpTft)-UEfu  (22.9) 

/,  =  (eEllv)fi.  (22.10) 


The  expression  S  represents  the  particle  flux  in  momentum  space  as  modi¬ 
fied  by  the  electric  field.  It  follows  from  (22.9)  that  S  =  constant/p2.  The  flux  S 
must,  however,  be  finite  for  all  p,  and  the  constant  is  therefore  zero.  Now 
substituting  fi  from  (22.10)  in  the  equation  S  =  0,  we  find  an  equation  determining 
/c(p): 


+ 


(eElfM 

3p 


(22.11) 
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The  Diffusion  Approximation 


So  far  we  have  made  no  assumptions  as  to  the  form  of  the  function  /(p),  and  the 
integral  of  the  first-order  equation  (22.11)  can  be  written  for  any  /(p).  In  order  to 
obtain  more  specific  results,  we  shall  assume  that  i  —  constant,  which  is  equivalent 
to  assuming  that  the  cross-section  <rt  is  independent  of  the  momentum.!  The 
integration  of  (22.1 1)  gives 


f  p  -v2\  y2{6 

/o(p)  =  constant  x  f  — +  -M  e_c/T,  (22.12) 

where 

y  —  (cE//T)V(M/m).  (22.13) 

For  the  function  /i(p),  we  have  from  (22. 10)  and  (22.12) 

=  <22I4> 

The  quantity  y  is  the  parameter  that  describes  the  extent  to  which  the  field 
affects  the  electron  distribution.  The  limiting  case  of  weak  fields  corresponds  to 
y  <  I.  In  the  first  approximation,  /0(p)  then  reduces  to  the  unperturbed  Maxwellian 

*  I  „ _  r  „  —fIT  —  _  n  _ ■ 

uouiuuuun.  jo  e  ,  e  —  aiiu 


/,  = -(cE(/T)/„,  y<l.  (22.15) 

The  electric  current  generated  in  the  gas  is  determined  by  the  electron  mobility 

b  /  »  cos  6  -  /  * 'p  - -J^{  vn  d’p,  (22.  .6) 

where  Ne  is  the  electron  number  density.!  A  simple  calculation  with  /i  from  (22.15) 
gives  for  the  mobility  in  a  weak  field 


b0  =  2w//3ir  (22.17) 

This  expression  satisfies,  as  it  should,  the  Einstein  relation  D  =  bTy  where  D  is  the 
diffusion  coefficient  (11.10). 

The  significance  of  the  inequality  y  <  1  as  the  criterion  of  a  weak  field  can  be 
understood  from  the  following  simple  arguments.  It  is  evident  that  the  influence  of 
the  field  on  the  electron  distribution  will  be  weak  so  long  as  the  energy  acquired  by 
an  electron  in  its  mean  free  time  is  small  compared  with  that  which  it  loses  to  an 
atom  in  a  collision.  The  former  energy  is  eEly  and  the  latter  is 

Se  ~  V6P  ~Vp~  V(T/M)V(Tm), 

tThis  is  always  true  at  sufficiently  low  electron  temperatures,  since  for  slow  particles  the  cross- 
section  tends  to  a  limit  independent  of  the  energy  (see  QM,  §  132). 

TBecause  of  the  orthogonality  of  different  Legendre  polynomials,  only  the  term  fo  out  of  alljhose  in 
the  expansion  (22.7)  contributes  to  the  normalization  integral,  and  only  />  cos  8  contributes  to  u*. 
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where  P  and  V  are  the  momentum  and  speed  of  the  atom;  the  change  8P  is  of  the 
order  of  the  eiectron  momentum.  The  criterion  foiiows  from  a  comparison  of  the 
two  expressions. 

In  the  opposite  case  of  strong  fields  (y  >  I),  we  findt 

fnip)  =  A  exp(~3e2/y2T2),  1 


1 

A  =  3,,X/2W7jT(km-yT)V2,  J 

(22.18) 

/,  =  -6V(mlM)efJTy. 

(22.19) 

The  mean  electron  energy  is 

f  ~  y  0^)  r3(i)cE/  =  0.43eL  V(M/m ), 

(22.20) 

and  the  electron  mobility 

b  =  4r(3)/,n/3,/V'2(mM),M(eE)1'2. 

(22.21) 

It  remains  to  ascertain  the  condition  for  the  expansion  (22.7)  to  conveige.  For 
this  purpose,  we  note  that  its  successive  terms  are  related  in  order  of  magnitude  by 

eEfn-dm v  ~  vfj l :  (22. 22) 

after  substitution  of  (22.7),  multiplication  by  P„(cos  0),  and  integration  over 
d  cos  0,  the  term  in  /„_i  remains  on  the  left-hand  side  of  the  transport  equation,  and 
the  term  in  fn  in  the  collision  integral.  When  y  1,  the  mean  electron  energy  i  ~  T, 
and  we  have  from  (22.22) 

~eEI/T^(m/M)1/2^l. 

In  strong  fields,  with  y  >  I,  the  mean  energy  e  —  eEl(M}m)lfl ,  so  that  again 

/n//n-i~(m/M)l/2<g  1. 

Thus  the  expansion  is  convergent,  since  m/M  is  small.$ 
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Fluctuations  in  a  weakly  ionized  non-equilibrium  gas 


In  this  section  we  shall  discuss  fluctuations  of  the  electron  distribution  function 
in  a  non-equilibrium  steady  state  of  a  weakly  ionized  gas  which  is  spatially 
homogeneous  and  is  in  a  constant  and  uniform  electric  field  E. 


p))  *S  more  simP'y  ^dved  by  solving  afresh  equation  (22-11)  (with  T  =  0)  than  by  taking 

Co^-te’-hOWeVer’  Correc*lons  /zi/j*-  -  -  Could  not  be  determined  by  means  of  (22.1).  since  this 

^glect^d15  ^SiSe^  on  Fokker-Planck  approximation,  in  which  quantities  of  higher  order  in  rri/Af  are 


^Formula  (22 
"he  limit  in  (22. 
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The  Diffusion  Apnroxima 


Only  the  time  correlation  of  the  fluctuations,  and  not  their  spatial  correlation,  will 
be  considered.  Then  it  is  appropriate  to  use,  in  place  of  the  exact  (fluctuating) 
space-varying  distribution  function  /(f,  r,  p),  the  function  averaged  over  the  whole 
volume  of  the  gas. 


/(*> P)  =  ^  j  fV >  r,  p)  d3*,  (23. 1) 

denoted  in  this  section  by  the  same  letter  /  but  without  the  argument  r;  it  fluctuates 
only  with  time.  The  function  /( p)  with  respect  to  which  f  fluctuates  is  the 
distribution  (22.8)  found  in  the  preceding  section. 

For  the  system  in  question,  it  is  of  most  interest  to  find  not  the  fluctuations  of  the 
distribution  function  itself  but  the  related  fluctuations  of  the  electric  current 
density  j.  The  correlation  functions  for  these  quantities  are  related  by  the  obvious 
formula 


(Sjft(f)Sjp(0))  =  e2  j  <S/(^p)6/(0,p'))t\,t^d3pd3p',  (23.2) 


where  of  course  Sj  is  the  current  density  fluctuation  averaged  over  the  gas 
volume.t 

The  solution  of  the  problem  for  a  non-equilibrium  gas  is  based  on  the  general 
method  given  in  §20.$  The  correlation  function  (S/(f,  p)S/(0,  p'))  satisfies  (with 
respect  to  the  variables  t  and  p)  the  transport  equation  (22.1),  which  here  cor¬ 
responds  to  the  equation  (20.13)  in  the  general  method.  A  similar  equation  is 
satisfied  by  the  function 


g (ty  p)  =  J <S/(f,  p)S/(0,  p'))v' d 3p',  (23.3) 

and  the  required  current  correlation  function  can  be  expressed  in  terms  of  this: 

(5j«(f)6jp(0)>  =  e2  j gp(f,  p)t>Q  d3p.  (23.4) 

Thus  we  arrive  at  the  equation 

¥  "  e  (E  ’  4)g  =  [p2fi  (f  B + If )  ] "  N,)  / [g(t' p’ e)  ~  g(‘> p’  e')]  dlT' 


with  B  given  by  (22.3). 


+This  averaging  corresponds  to  an  experiment  in  which  the  fluctuations  of  the  total  current  in  the  gas 
are  measured:  such  a  fluctuation  is  equal  to  that  of  the  averaged  current  density  in  a  given  direction, 
multiplied  by  the  cross-section  of  the  sample. 

?The  study  of  this  problem  by  P.  J.  Price  (1959)  was  the  first  instance  of  a  calculation  of  fluctuations 
in  a  non-equilibrium  system.  Here  we  shall  follow  the  analysis  by  V.  L.  Gurevich  and  R.  Katilyus  (1965). 
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The  transport  equation  (22.1)  takes  account  of  the  collisions  of  electrons  only 
vvith  molecules,  not  with  other  electrons.  There  is  therefore  no  mechanism  here  to 
establish  a  single-time  correlation  between  electrons  with  different  momenta,  and 
the  “initial”  condition  for  the  function  g(f,  p)  is  the  same  as  in  the  equilibrium  state. 
Since  we  are  concerned  with  the  fluctuation  of  the  distribution  function  averaged 
over  the  whole  volume  of  the  gas,  the  constancy  of  the  number  of  particles 
(electrons)  has  to  be  taken  into  account.!  According  to  (20.17),  we  then  have 

<8/(0,  p)8/(0,  p'))  =  ^[/(p)8(p-  p')  -  j^-/(p)/(p')] 

(where  Ne  is  the  electron  density),  and  hence  for  the  initial  function 

B(0,p)  =  ^/(p)(v-V),  (23.6) 

where  V  is  the  mean  electron  velocity  in  the  state  having  the  distribution  /( p).  This 
velocity  is,  of  course,  parallel  to  the  field  E;  we  may  write  it  as 

V  =  — ehE,  (23.7) 

where  b  is  the  mobility.  The  constancy  of  the  total  number  of  electrons  signifies 
that  f  8fd*p  =0,  and  so 


(23.8) 


Following  the  method  described  in  §  19,  we  take  the  one-sided  Fourier  transform 
of  (23.5),  multiplying  by  ela,t  and  integrating  with  respect  to  t  from  0  to  °o.  The  term 
e^Sg/df  is  integrated  by  parts  with  the  initial  condition  (23.6)  and  the  condition 
g(°°,  p)  =  0.  The  result  is 


where 


-  iwg(+)  -  e(E  .  a/ ap)g(+)  -  ~it~ 

P  °P 


ap 


)i 


+  Nev  f [g‘+,(p)  -  g<+,(p’)]  da  =  i  /(p)(v  —  V), 

J 


(23.9) 


g(+>(u,p)=  [Vg(f,p)dr.  (23.10) 

Jo 

tAs  we  are  concerned  only  with  the  influence  on  fluctuations  of  the  departure  from  equilibrium 
caused  by  the  presence  of  the  field,  we  neglect  fluctuations  of  the  total  number  of  electrons  resulting 
from  ionization  and  recombination  processes.  These  fluctuations  may  be  strictly  absent  when  all  the 
electrons  are  formed  by  impurities  with  low  ionization  potential;  the  total  number  of  electrons  is  then 
simply  equal  to  the  total  number  of  impurity  atoms.  We  also  neglect  fluctuations  in  the  concentration  of 
neutral  molecules.  The  relative  fluctuation  of  this  concentration  is  certainly  small  in  comparison  with  the 
corresponding  quantity  for  electrons,  since  the  electron  density  is  much  less  than  the  molecular 
Concentration. 
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From  (23.8),  this  equation  is  to  be  solved  with  the  added  condition 

J  g+(w,  p)  d3p  =  0.  (23. 1 1) 

If  the  solution  of  (23.9)  is  known,  the  required  spectral  expansion  of  the  current 
correlation  function  can  be  found  by  simple  integration:  we  write 

=  f  dtj e '"'<«/( I,  p)S/(0,  p’)K,up  d'p  d  V 

and  proceed  exactly  as  in  the  derivation  of  (19.14),  obtaining 

(j.jpL  =  e2  [  tep’V.  PR  +  g!.+’(- w,  pR}  d’p-  (23- 12) 

We  shall  take  the  specific  case  of  a  constant  mean  free  path  /.  In  the  equilibrium 
state,  with  no  electric  field,  the  function  /  is  the  equilibrium  Maxwellian  dis¬ 
tribution  /o(p).  The  solution  of  equation  (23.9)  is  then 


as  is  easily  seen,  since 


„(+)  =  P/o(P)  1 

E  p  r  i-i a>iiv' 


-  p')  da  =  (Jfp. 


(23.13) 


(23. 14) 


If  (otp  <  1  (where  tp  ~  lfvT  is  the  relaxation  time  as  regards  the  direction  of  the 
momentum),  we  can  neglect  the  term  —iollv  in  the  denominator  of  (23.13).  A 
calculation  of  the  integral  (23.12)  then  leads  to  the  result 


(Up).  =  (2T<r/mp,  (23.15) 

where  cr  =  e2Neb0  is  the  conductivity  of  the  g&s  in  a  weak  field,  and  b0  the  mobility 
in  a  weak  field,  given  by  (22.17).  The  result  (23.15)  is,  of  course,  in  agreement  with 
Nyquist’s  general  formula  for  equilibrium  fluctuations  of  the  current  (see  SP  2, 
§78).  For  let  us  consider  a  cylindrical  volume  of  gas  parallel  to  the  x-axis.  Since  the 
current  density  is  already  volume-averaged,  the  total  current  J  =  jxS .  where  S  is  the 
cross-sectional  area  of  the  cylinder.  From  (23.15),  we  then  have 

(J2)w  =  2  TaS2ir  =  2  TaSlL  =  2  T/K,  (23. 16) 

where  L  —  YfS  is  the  length  of  the  sample,  and  R  =  LfcrS  its  resistance.! 

When  E  5^  0,  equation  (23.9)  is  solved  by  successive  approximation,  in  the  same 
way  as  (22.6),  but  whereas  the  latter  equation  determined  a  scalar  function,  (23.9)  is 

+In  comparing  with  SP  2  (78.1),  it  must  be  remembered  that  T  and  that  by  the  condition  wTr  ^  1 
there  is  no  dispersion  of  the  conductivity,  so  that  Z  =  R, 
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(depending  on  the  constant  vector  E  and  the  variable  vector  p)  may  be  written  as 


g(+)K  p)  =  h(co,  p)n  +  efg0(w,  p)  +  n  .  eg,(co,  p)}, 
with  g i  <?g0;  here  n  =  p/p,  e  =  E/E.  The  function  /( p)  is 

/(p)  ~  /o(p)  +  n  .  e/ i(p). 


(23.17) 


(23.18) 


with  fo  and  /1  =  eElfolv  as  calculated  in  §22. 

We  substitute  (23. 17)— (23. 18)  in  (23.9)  and  separate  the  terms  odd  and  even  with 
respect  to  p.  Again  assuming  orrp  <  1,  we  find,  collecting  the  odd  term;., 

(u//){hn  +  g,e(n  .  e)}  -  e(e .  3go/3p)eE  =  f0\fT ; 


terms  which  are  certainly  small  (in  the  ratio  mjM)  in  comparison  with  those  given 
are  omitted.  Hence 


h(p)  —  l/ofpVT,  gi(co,p)  =  (eElm/p)3g0(w,p)/ap.  (23.19) 

The  terms  even  in  p  have  to  satisfy  equation  (23.9)  only  after  averaging  over  the 
directions  of  p,  in  accordance  with  the  fact  that  (23.17)  gives  only  the  leading  terms 
in  the  expansion  of  the  function  sought.  A  straightforward  calculation  using  the 
expressions  (23.19)  leads  to  the  following  equation  for  the  function  g0(ti>,  P): 


where 


1  ^r(P2S)=^{eEb/o 


+ 


2 eEl  d 
3p  dp 


s--®(pV+»*t£)-S^S!£. 

HU  \  Kjy  /  J fj  ujj 


This  is  to  be  solved  with  the  added  condition 


(23.20) 


(23.21) 


to  which  (23.11)  reduces  on  substitution  of  (23.171. 

/ 

When  the  function  g(+)  is  known,  the  required  current  correlation  function  is 
found  by  means  of  (23.12).  Substituting  the  expansion  (23.17)  and  making  a  simple 
transformation  with  the  use  of  (23.19),  we  obtain 

(jjp)*,  =  vfo  d*P  “  E°EPj^r  j  feo(w,  p)  +  go(-w,  p)]^A  (23.22) 

The  term  —  iwg0  in  (23.20)  becomes  important  when  co  —  mvfMl ,  i.e.  when  ojt6  ~  1, 
where  re  is  the  relaxation  time  as  regards  the  electron  energy.  Thus  the  dispersion 
the  current  fluctuations  begins  at  these  frequencies. 


^  - 
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The  Diffusion  Approxima 

In  the  general  case,  equation  (23.20)  is  very  complicated.  As  an  illustration,  let  us 
take  the  case  of  low  frequencies  (wt(  <  1)  and  strong  fields  satisfying  the  condition 
y5>l,  where  y  is  the  parameter  (22.13).  Because  of  the  latter  condition,  the 
function  /o(p)  is  given  by  the  expression  (22.18).  The  calculation  of  the  integral  in 
the  first  term  in  (23.22)  gives 

2m  NeeIl(eEl\'n(M\'H 
6“p33'T(3/4)  T  \m  J  \m  J  ’ 


In  the  second  term  in  (23.22),  we  shall  make  only  an  estimate  without  numerical 
factors.  Equation  (23.20)  (without  the  term  —  icog0)  gives 

g0~(eE/2M/rP2)/0. 

The  integral  can  then  be  estimated  as 

e3lE(g0lp)p\ 


The  resulting  expression  for  the  current  correlation  function  is 

Nee2l  (eEl\,ri  (M\m\ 


ttW.  )  (f)  >*,  ■ (23.23) 


where  /3  —  1  is  a  numerical  constant. 


§24.  Recombination  and  ionization 

The  equilibrium  degree  of  ionization  in  a  partly  ionized  gas  is  established  by 
various  collisional  ionization  events  and  the  converse  recombination  events  be¬ 
tween  colliding  charged  particles.  In  the  simple  case  where  the  gas  contains,  apart 
from  electrons,  only  one  type  of  ion,  the  process  of  establishment  of  ionization 
equilibrium  is  described  by  an  equation  of  the  form 

dNjdt  =  (3  -  aN,Nu  (24.1) 

where  (3  is  the  number  of  electrons  formed  per  unit  volume  and  per  unit  time  in 
collisions  of  neutral  atoms  or  through  photo-ionization  of  atoms;  this  number  is 
independent  of  the  electron  density  Ne  and  ion  density  N,-  present.  The  second 
term  gives  the  decrease  in  the  number  of  electrons  due  to  recombination  with  ions; 
a  is  called  the  recombination  coefficient. 

The  recombination  process  is  usually  very  slow  in  comparison  with  the  other 
processes  of  establishment  of  equilibrium  in  a  plasma.  This  is  because  the  for¬ 
mation  of  a  neutral  atom  in  an  ion-electron  collision  requires  the  removal  of  the 
energy  released  (the  binding  energy  of  the  electron  in  the  atom).  The  energy  may  be 
radiated  as  a  photon  in  radiative  recombination ;  the  slowness  of  the  process  is  then 
due  to  the  small  quantum-electrodynamical  emission  probability.  The  energy 
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released  may  also  be  transferred  to  a  third  particle,  a  neutral  atom;  the  slowness  of 
the  process  is  then  due  to  the  small  probability  of  three-body  collisions.  The  result 
is  that  it  is  often  reasonable  to  consider  recombination  in  conditions  where  the 
distribution  of  all  particles  may  be  regarded  as  Maxwellian. 

In  equilibrium,  the  derivative  dNjdt  is  zero.  It  follows  that  the  quantities  a  and 
p  in  (24.1)  are  related  by 

0  =  aNcNo;,  (24.2) 


where  N0e  and  N0,-  are  the  equilibrium  electron  and  ion  densities  given  by  the 
appropriate  thermodynamic  formulae;  see  SP  I,  §  104. t 
The  coefficient  of  radiative  recombination  is  calculated  directly  from  the  recom¬ 
bination  cross-section  crrec  in  a  collision  between  an  electron  and  an  ion  at  rest  (the 
speed  of  the  ion  is  negligible  in  comparison  with  that  of  the  electron): 

a  =  (vecria)y  (24.3) 


where  the  averaging  is  over  the  Maxwellian  distribution  of  electron  speeds  tv,  see 
Problem  1. 

Radiative  recombination  is,  however,  important  only  in  a  sufficiently  rarefied  gas, 
when  three-body  collisions  are  entirely  negligible.  In  a  less  rarefied  gas,  the 
principal  mechanism  is  recombination  involving  a  third  particle,  a  neutral  atom,  and 
it  is  this  mechanism  that  we  shall  consider  in  more  detail. 

In  collisions  with  atoms,  the  energy  of  the  electron  changes  by  small  amounts. 
The  recombination  process  therefore  begins  with  the  formation  of  a  highly  excited 
atom,  and  the  electron  gradually  “descends”  to  lower  and  lower  levels  in  further 
collisions  of  this  atom.  This  type  of  process  may  be  regarded  as  a  “diffusion  in 
energy”  of  the  captured  electron,  and  so  the  Fokker-PIanck  equation  may  be 
applied  to  it  (L.  P.  Pitaevskii,  1962). 

Let  us  consider  the  distribution  function  of  the  captured  electrons  with  respect 
to  their  (negative)  energies  e.  The  most  important  “diffusion”  is  naturally  in  the 
energy  range  |e|~T.  The  temperature  here  must  always  be  treated  as  small  in 
comparison  with  the  ionization  potential  /  of  the  atoms;  when  T  ~  /,  the  gas  is 
almost  completely  ionized  (cf.  SP  1,  §104). 

The  Fokker-PIanck  equation  is 

dfldt  =  -3s/3e,  s  =  -  Bdflde  -  A/.  (24.4) 

As  usual,  the  coefficient  A  can  be  expressed  in  terms  of  B  by  means  of  the 
condition  that  s  =  0  when  /  =  /0,  where  /o  is  the  equilibrium  distribution.  The  flux  s 
then  becomes 

s—B/o-a/Zo).  (24.5) 

The  “diffusion  coefficient”  B(e)  is  determined  by  the  general  rule  as 

B(e)  =  ^'Z(be)2l8t,  (24.6) 

tin  radiative  recombination,  equilibrium  of  the  state  presupposes  that  of  the  radiaiion  in  the  plasma. 
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where  Ae  is  the  change  in  the  excitation  energy  of  the  atom  in  a  collision  with  an 
unexcited  atom;  the  calculation  of  B(e)  from  this  formula  involves  solving  the 
mechanical  problem  of  the  collision  and  then  averaging  with  respect  to  the  velocity 
of  the  unexcited  atom  (see  Problem  2). 

To  find  the  function  /o(t),  we  note  that  the  equilibrium  distribution  with  respect 
to  momenta  and  coordinates  for  an  electron  in  the  Coulomb  field  of  a  charge  ze 
(the  ion  charge)  is  given  by  Boltzmann’s  formula: 


/o(p>  r)  =  (277 mT)  3/2  e  e/T,  e  =  p2l2m  -  ze2}r 


(24.7) 


(see  below  concerning  its  normalization);  the  motion  of  the  electron  with  |e|  ~  T  < 
/  is  quasi-classical,  and  this  allows  us  to  use  the  classical  expression  for  the  energy 
e.  The  distribution  function  with  respect  to  e  is  therefore 


/o(e)  de  =  (277m T)  3/2e|c|/7V(e)  de. 


(24.8) 


where  r(e)  is  the  volume  in  phase  space  corresponding 
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Replacing  d*x  d~p  by  477r2  dr.  4ttp2  dp  and  carrying  out  the  integration,  we  find 

r(e)  =  V27rV2)3m1/2/|e|5/2.  (24.10) 

To  formulate  the  conditions  which  determine  the  appropriate  solution  of  equa¬ 
tions  (24.4)  and  (24.5),  it  is  convenient  to  suppose  that  the  electron  density  present 
in  the  gas  is  Ne  >  N0c;  then  we  can  neglect  the  rate  of  ionization  /3  in  (24.1),  so  that 
the  decrease  of  Ne  is  due  only  to  recombination.  Under  these  conditions,  the 
constant  value  of  the  flux  s  in  the  stationary  solution  of  (24.4)  gives  directly  the 
value  of  the  recombination  coefficient  (s  =  constant  =  —a)  if  /(e)  is  suitably  nor¬ 
malized:  at  the  highest  levels  (|e|  T)  the  electrons  are  in  equilibrium  with  free 
electrons,  and  this  means  that  we  must  have 


/(e)//o(e)->  1  as  |e|->0,  (24.11) 

and  the  normalization  of  /0(e)  must  correspond  to  one  free  electron  per  unit 
volume,  as  has  been  ensured  in  (24.7). 

To  find  the  second  boundary  condition  (as  °°),  we  note  that  the  distribution 
at  deep  levels  of  the  excited  atom  is  not  perturbed  by  the  presence  of  free 
electrons,  and  is  independent  of  their  number:  it  is  proportional  to  the  equilibrium 
number  N0e,  not  to  the  actual  number  N*.  When  Ne  >  N0f,  this  situation  is  ex¬ 
pressed  by  the  boundary  condition 


/(<0//o(e)  — >  0  as  |  g  |  — > 


(24.12) 
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Integrating  the  equation  s  =  constant  with  the  boundary  condition  (24.11),  we 
have 


flfo  =  constant  X 


+  I. 


The  constant  is  -a  if  it  is  determined  so  as  to  satisfy  the  condition  (24.12).  Thus 
we  find  as  the  final  result 
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(24.13) 


This  formula  relates  to  a  process  in  which  the  ‘‘third  body”  is  an  unexcited  atom. 
If  the  gas  is  strongly  ionized  (which  is  still  compatible  with  the  condition  T<^I) 
and  sufficiently  dense,  recombination  with  a  second  electron  as  the  third  body  m^y 
become  the  principal  process.  The  recombination  rate  then  becomes  proportional 
to  Nf2Nj,  so  that  the  recombination  coefficient  itself,  defined  as  before  by  (24.1),  is 
proportional  to  Nf.  Since  the  energy  relaxation  in  electron  collisions  is  quick,  the 
method  described  above  for  calculating  the  recombination  coefficient  is  inapplic¬ 
able  in  this  case. 


PROBLEMS 

Problem  1.  Find  the  radiative  recombination  coefficient  for  capture  of  an  electron  to  the  ground 
state  of  a  hydrogen  atom  at  temperatures  T  <?  /  =  eVi/2/T,  the  ionization  potential  of  this  atom. 

Solution.  The  cross-section  for  recombination  of  a  slow  electron  with  a  proton  at  rest,  to  the 
ground  level  of  the  hydrogen  atom,  is 
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where  vr  is  the  speed  of  the  electron,  and  an  -  the  Bohr  radius:  see  RQT.  formulae  (56.13)  and 

(56.14).  The  mean  value  (c,1)  =  (2m/aT)1/2.  The  result  is,  in  accordance  with  (24.3). 
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Problem  2.  Determine  the  recombination  coefficient  given  by  (24.13),  neglecting  the  influence  of  the 
electron  binding  in  the  excited  atom  on  its  collision  with  the  unexcited  atom,  and  assuming  that  the 
transport  cross-section  for  these  collisions  is  independent  of  the  velocity. 

The  “diffusion  coefficient”  B(e)  is  calculated  as  in  §22;  the  result  is 


B(e)  =  (N/3m){uat)(o<p3),  (I) 

where  N  is  the  density  of  atoms  in  the  gas,  m  the  electron  mass  and  eaf  the  relative  speed  of  the  excited 
and  unexcited  atoms.  The  speeds  vst  have  a  Maxwellian  distribution,  with  the  particle  mass  represented 
by  the  reduced  mass  iM  (where  M  is  the  mass  of  the  atom);  hence  (vlt)  =  6T/M.  Next,  p  in  (I)  is  the 
electron  momentum  in  the  field  of  the  ion;  the  averaging  of  crtp3  is  taken  over  the  region  of  the  electron 
phase  space  r(e)  corresponding  to  a  given  value  of  |e|.  With  =  constant,  we  find 
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Thus 

B  =64V2ra-tN|£|3'2/377M, 
and  a  calculation  from  (24.13)  then  gives  finally 

a  =  32V(27r)m  ,/2(ze2)V,N/3MT5/2.  (2) 

The  neglect  of  the  electron  binding  in  the  atom  is  legitimate  if  the  perturbation  frequency  caused  by 
the  atom  near  the  electron  (~d/ya(,  where  d  is  the  atomic  dimension)  is  large  in  comparison  with  the 
frequency  of  rotation  of  an  electron  with  energy  |e|  ~  T .  This  leads  to  the  condition  T  <§  {e1! d)(mj M)m 


§25.  Ambipolar  diffusion 

Let  us  consider  the  diffusion  of  charged  particles  in  a  weakly  ionized  gas.  As  in 
§22,  the  degree  of  ionization  is  assumed  to  be  so  small  that  collisions  between 
charged  particles  may  be  neglected  in  comparison  with  those  between  charged 
particles  and  neutral  atoms.  Even  under  these  conditions,  the  diffusion  of  the  two 
types  of  charged  particles  (electrons  and  ions)  is  not  independent,  because  an 
electric  field  arises  in  the  diffusion  process  (W.  Schottky,  1924). 

The  diffusion  equations  are  the  equations  of  continuity  for  the  electrons  (e)  and 
the  ions  (i): 


dNJdt  +  div  ie  =  0,1 
dNJdt  +  div  h  =  0,  j 


(25.1) 


the  fluxes  being  expressed  in  terms  of  the  number  densities  of  particles  and 
their  gradients  by 

ie  =  -  Ncb£eE-  D,VN£,1 

ii  =  NibiCE-DiVN,,  J  K  } 

where  De  and  D\  are  the  diffusion  coefficients  and  b£  and  b;  the  mobilities  of  the 
electrons  and  ions.t  These  are  related  by  the  Einstein  formulae 


De  =  Tb£,  A  =  Tb„  (25.3) 

which  express  the  condition  for  the  fluxes  (25.2)  to  be  zero  in  equilibrium.  Using 
these  relations  and  expressing  the  field  in  terms  of  its  potential  by  E=  —  V<p,  we  can 
rewrite  equations  (25.1)  as 

dNJdt  =  De  div[VN£  -  (eNe/T)V(p],  (25.4) 

dNJdt  —  Dj  div[VN;  +  ( eNjT)Vip ].  (25.5) 

To  these  we  must  add  Poisson’s  equation  for  the  potential: 

A<p  =-47re(N;  -  N£).  (25.6) 

tThe  ion  charge  is  taken  to  be  z\=  1,  as  is  usually  true  when  the  degree  of  ionization  of  the  gas  is 
small. 


§25 


Ambipolar  Diffusion 


107 


The  equations  (25.4)-(25.6)  are  considerably  simplified  if  the  densities  Ne  and  N, 
have  almost  homogeneous  distributions.  We  can  then  put  Ne  ~  N,  «  constant^  N0 
in  the  coefficients  of  V<p  in  (25.4)  and  (25.5),  and  eliminate  <p  by  means  of  (25.6). 
The  result  is 
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(25.7) 

(25.8) 


where  a  2  =  47re2N0/T,  and  a  is  the  Debye  length  for  electrons  or  ions;  see  §31 
below. 

Although  the  electron  and  ion  scattering  cross-sections  are  in  general  of  the  same 
order  of  magnitude,  their  diffusion  coefficients  are  quite  different,  because  of  the 
difference  in  their  mean  thermal  speeds  vT: 


DjDi  ~  vTJvTi  ~  V(M/m), 


(25.9) 


so  that  De  >  Di.  This  results  in  some  unusual  features  of  the  diffusion  process. 

Let  us  consider  the  variation  with  time  of  a  slight  perturbation  of  the  electron 
and  ion  densities,  whose  characteristic  dimensions  L  >  a.  In  the  initial  stage  of  the 
process,  when  the  variable  parts  of  the  densities  are  |SN,|  ~  |SNj|  ~  | SNe  -  SN,|,  the 


/^C  ^7\ 
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first  terms  on  the  right  of  equations  izj.//  anu  {zj+o)  are  small  in  comparison  with 
the  second  terms: 


AN,  ~  SNJL2  <  (SNe  -  SN,)/fl2.  (25. 10) 

Noting  also  that  from  (25.9)  \dNJdt\ <  |3N,/at  |,  we  have 

~y(8N,  -  SNi)  =  ~{D.la2)(8N,  -  5Nt), 

whence 

SNe  -  SNi  =  (5N,  -  SNi) o  exp(-  Ut/a2).  (25.11) 

From  this,  we  see  that  in  a  time  rei  ~  a2lDe  the  difference  \SNe  -  SNt|  becomes 
small  in  comparison  with  8Ne  and  SN,-  themselves,  i.e.  the  gas  becomes  quasi¬ 
neutral. 

The  next  stage  of  the  process  consists  in  the  development  of  the  electron 
distribution  to  reach  the  equilibrium  form  (for  a  given  ion  distribution),  determined 
by  the  condition  for  the  right-hand  side  of  (25.7)  to  be  zero: 


SNe  ~  SNi  =  a2  AN,  -  a2 AN;  ~  (n2/L2)6N,,  (25.12) 

This  stage  follows  the  diffusion  equation  (25.7),  with  the  characteristic  time 
t,2  ~  L2/D„  which  is  small  compared  with  the  characteristic  ion  diffusion  time 
7 i  ~  L2/D,-;  the  ion  distribution  may  therefore  still  be  regarded  as  unaltered. 
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according  to  (25.8).  which  after  the  substitution  of  (25.12)  becomes 


dNJdt  =  2D;  AN,-.  (25.13) 

Thus,  during  a  time  ~t„  the  electrons  and  ions  diffuse  together  (5N,  ~  8Nf)  with  a 
diffusion  coefficient  twice  that  of  the  ions;  this  process  is  called  ambipolar 
diffusion .  Half  of  the  coefficient  is  due  to  the  intrinsic  diffusion  of  the  ions,  and  half 
to  the  electric  field  resulting  from  the  accelerating  electrons. 

Lastly,  let  us  note  that  equation  (25.13)  has  a  broader  range  of  applicability  than 
follows  from  the  proof  given.  Even  if  the  perturbation  is  not  weak,  the  movement 
of  the  electrons  quickly  gives  them  a  Boltzmann  distribution  in  the  field  and 
equalizes  the  electron  and  ion  densities,  i.e.  leads  to  quasi-neutrality.  Then 

Ne  =  N{  =  N0e~/T,  e(p  =  T  log(N,/N0).  (25. 14) 

Substitution  of  (25.14)  in  (25.5)  again  gives  (25.13),  but  without  the  assumption  that 
the  perturbation  is  small. 


§26.  Ion  mobility  in  solutions  of  strong  electrolytes 

The  equations  given  in  §25  are  easily  generalized  to  the  case  where  ions  of 
different  kinds  are  present.  They  are  also  applicable  to  the  movement  of  ions  in 
solutions  of  strong  electrolytes. t  In  the  limit  of  infinite  dilution  of  the  solution  (i.e. 
as  its  concentration  tends  to  zero),  the  mobility  of  each  kind  a  of  ions  tends  to  a 
constant  limit  b„\  and  the  diffusion  coefficient  correspondingly  tends  to 

Da0)  =  Tbla\  (26.1) 

The  present  section  is  concerned  with  the  calculation  of  the  correction  terms  in 
the  first  order  (with  respect  to  the  small  concentration)  for  the  ion  mobilities  in  a 
weak  solution. $  This  also  gives  the  correction  terms  for  the  conductivity  of  the 
solution.  In  an  electric  fieid  E,  a  force  ezaE  acts  on  each  ion,  which  thereby 
acquires  a  directed  velocity  baeza E.  The  current  density  in  the  solution  is  therefore 

j  =  E^ezoN,,.  baeza , 

a 

where  Na  is  the  concentration  (number  per  unit  volume)  of  ions  of  type  a;  the 
conductivity  is  thus 


u  =  e2^Naz2ba. 

a 


(26.2) 


^These  are  substances  which  dissociate  completely  into  ions  when  dissolved 

tThe  theory  given  below  was  worked  out  by  P.  Debye  and  E.  Huckel  (1923)  and  L.  Onsager  (1927). 
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The  theory  given  below  is  based  on  the  same  ideas  as  that  of  the  thermodynamic 
properties  of  plasmas  and  strong  electrolytes,  namely  that  around  each  ion  there  is 
formed  an  inhomogeneous  distribution  of  charges  (an  ion  cloud),  which  screens  the 
field  of  the  ion.  The  corresponding  formulae  have  been  derived  for  a  plasma  in  SP 
1,  §§78  and  79.  The  formulae  for  a  solution  of  a  strong  electrolyte  differ  only  in  the 


presence  of  a  permittivity  t 
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The  screening  cloud  alters  the  mobility  of  the  ion  because  of  two  different 
effects.  First,  the  movement  of  the  ion  in  the  external  electric  field  changes  the 
charge  distribution  in  the  cloud,  and  this  causes  an  additional  field  on  the  ion. 
Second,  the  movement  of  the  cloud  causes  a  movement  of  the  liquid  and  hence  a 
“drift"  of  the  ion.  The  two  corrections  are  called  respectively  relaxation  and 
electrophoretic  corrections. 


Relaxation  correction 

Let  us  first  calculate  the  corrections  of  the  first  kind.  Since  the  screening  cloud 
results  from  the  existence  of  a  correlation  between  the  positions  of  different  ions,  it 
is  a  question  of  the  influence  of  the  external  field  E  on  the  correlation  functions. 

We  shall  define  the  pair  correlation  function  >vab  so  that  NaW„b(rfl,  rb)  dVa  is  the 
number  of  ions  of  type  a  in  a  volume  dVa  around  the  point  r0,  if  there  is  one  ion  of 
type  b  at  the  point  rb;  the  types  a  and  b  may  be  the  same  or  different.  Evidently 

wnb  (r0,  rb )  =  wba  (rb,  ra ),  (26. 3) 

and  H'nb  1  as  |ra-rb|-»oo.  In  equilibrium,  the  functions  wntr  depend  only  on 
the  distances  |ra  —  rb| ;  in  an  external  field,  this  is  not  so.t 

The  correlation  functions,  like  any  distribution  functions,  satisfy  equations  in  the 
form  of  continuity  equations  in  the  appropriate  space — here,  the  configuration 
space  of  the  two  particles: 
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where  j0  and  jb  are  the  probability  fluxes  for  the  a  and  b  particles,  and  the 
suffixes  to  div  show  the  variables  (rfl  or  rb)  with  respect  to  which  the  differentiation 
is  performed. 

The  flux  jfl  is 


j„  =-TbS>'Vowol,  +  i)i,0,2„€M-„1,(E-Va¥.1)),  (26.5) 

and  j„  is  the  same  with  the  suffixes  a  and  b  interchanged.  The  first  term  in  (26.5) 
describes  the  diffusional  motion  of  the  type  a  ions,  which  occurs  even  in  the 
absence  of  an  external  field.  The  second  term  is  the  ion  flux  density  due  to  the 
forces  exerted  by  the  external  field  E  and  by  the  field  —  Va<pb  at  the  point  ra 
resulting  from  the  modified  cloud,  with  the  condition  that  a  type  b  ion  is  at  the 


tThe  method  of  correlation  functions  as  applied  to  the  equilibrium  state  of  a  plasma  (or  an  electrolyte) 
ls  described  in  SP  I.  §79, 
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point  rb.  The  potential  <pb  =  (pfr(rn,  rfr)  of  the  latter  field  satisfies  Poisson’s  equation: 


Aa<Pb(ra,  rb)  =  -(47r/e)|^5)  ezfNfwfb(ra,  rb)  +  ezbS(ra  -  rb)J.  (26.6) 

The  first  term  in  the  square  brackets  is  the  mean  charge  density  of  ions  of  all  types 
in  the  cloud,  the  second  term  is  the  charge  density  localized  (by  the  condition 
imposed)  at  the  point  rb.  The  factor  1/e  gives  the  reduction  of  the  field  in  the 
dielectric  solvent. 

Assuming  the  solution  to  be  sufficiently  dilute,  we  neglect  triple  correlations 
between  the  positions  of  the  ions.  In  that  approximation,  the  pair  correlation 
functions  >vab  are  almost  unity,  and  the  quantities 


^ab  Wflb  1 


(26.7) 


are  small.  The  potentials  <pa  are  of  the  same  order  of  smallness.  Neglecting 
second-order  terms,  we  can  rewrite  (26.5)  as 


■  ~  Ji  /,i  .  4-  o  ~t  ( 1  -I-  /,i  .  MS'  —  o,  U  /ft.  1 
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In  equation  (26.6),  we  can  simply  replace  wab  by  ajab,  since  the  solution  is 
electrically  neutral  on  average  (2ezcNc  =  0): 

Afl<pb(rfl,  rb)  -  -  (47r/e)^  ezcNccocb( rn,  rb)  +  ezhS( ra  -  rb)J.  (26.9) 


In  a  uniform  constant  field  E,  the  functions  wnb  are  independent  of  time,  and  they 
involve  the  coordinates  of  the  two  points  only  in  the  form  r  =  r0  -  rb,  with 
Vpwob  =  —  Vf,wflb.  Substitution  of  j0  from  (26.8)  and  jb  from  the  analogous  expression 
in  (26.4)  now  gives 

T(b!!»  +  bf,)Aurt,(r)  +  ezab^A<pb(r)  +  ezb  bJ»AV.(-r) 

=  (z„b  <°>  -  zbb  HeE .  Vo)ab  (r),  (26. 10) 

where  all  derivatives  are  taken  with  respect  to  r. 

Assuming  the  external  field  weak,  we  can  solve  the  problem  by  successive 
approximation  with  respect  to  E.  In  the  zero-order  approximation,  when  E  =  0,  the 
potentials  (plfV)  are  even  functions  of  r.  Since  all  the  functions  coab  and  <pa  must 
tend  to  zero  as  we  then  find  from  (26.10) 

T(b™  +  btVS  +  =  o.  (26. 1 1) 

We  seek  the  solution  in  the  form 


oj  S(r)  =  zazbco  (0)(r) ,  e<p  ?*(r)  =  ‘  Tza  w  (0)(r). 


(26.12) 


Ill 
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Then  equation  (26.11)  is  satisfied  identically,  and  from  (26.9)  we  obtain  an  equation 
for  o/0,(r): 

Acu^r)-  b)m(r)la2  =  (477e2/eT)S(r),  (26.13) 

where 

a~2  =  (477  e2/eT)2  Nczc2.  (26. 14) 

C 

The  solution  of  this  is 

_  2  r}a 

w(0,(r)=-;“^.  (26.15) 

The  quantity  a  is  the  Debye  screening  distance  in  the  electrolyte  solution. 

In  the  next  approximation,  we  put 

<Pa  =  9a0)  +  <pa\  OJab  =  +  CO(Jb,  (26. 16) 

where  the  superscript  (1)  marks  small  corrections  to  the  zero-order  values.  Being 
scalars,  all  these  corrections  have  the  form  E .  r/(r),  where  the  /(r)  are  functions 
only  of  the  magnitude  r;  hence  all  the  and  tpS,1’  are  odd  functions  of  r.  Since, 
from  (26.3), 


wSCn,  r2)  =  a/Jb(r)  =  ri)  =  «£!!(- r), 

it  follows  also  that 

wffi(r)  =  “w(i2(r),  (26.17) 

if  we  remember  that  everywhere  r  =  rfl  —  rb.  If  the  ions  a  and  b  are  of  the  same 
kind,  an  interchange  of  suffixes  cannot  alter  the  function  a>!S(r),  and  therefore 
(26.17)  shows  that  such  coS  —  0.  Thus  the  corrections  a/Jt>  occur  only  for  the 
correlation  functions  of  pairs  of  different  ions. 

To  simplify  the  subsequent  calculations,  we  shall  take  the  case  of  an  electrolyte 
with  ions  of  only  two  kinds.  Then  only  one  function  wiV(r)  — —  w£V(r)  is  non-zero, 
and  substitution  of  (26.16)  in  Poisson’s  equation  (26.9)  gives 

A^iV)  =  -^ZiN,wS¥(r).  (26.18) 

where  r  =  ri  —  r2.  With  the  condition  of  electrical  neutrality  of  the  solution,  and  the 
above-mentioned  symmetry  properties  of  the  functions,  it  is  easily  seen  that  the 
potential  ^(r)  satisfies  a  similar  equation,  and  therefore 

On  substituting  (26.16)  in  (26.10),  we  retain  only  the  term  in  cof?  on  the  right, 
obtaining 

T(b',01  +  bf>)  AwSftr)  +  e(  bfz,  -  bfz2)A<^"(r) 

=  (bPz,  -  M°’z2)ez,Z2E .  Vwm(r).  (26. 19) 
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The  equations  (26.18)  and  (26.19)  are  solved  by  Fourier  analysis.  A  set  of 
algebraic  equations  for  the  Fourier  components  wVA  and  <p2k  is  obtained,  differing 
from  (26.18)  and  (26.19)  by  the  change  of  operators  V-»ik,  A-^-k2.  The  Fourier 
component  of  the  function  aj(0'(r)  (26.15)  on  the  right  of  (26.19)  is 


,  JO) - 

Wit  — 


e2  4tt 

ctW+TJP- 


The  final  result  for  the  Fourier  component  of  the  potential  is 

m  _  47re2ZiZ2q  ik.E _ 

~  eTa2  k2(k2  +  l/a2)(k2  + q/a2)’ 

where 

bTzi~bVz2 

q  (z,  —  Z;)(bi0>+  t>’01) 

Since  and  z2  have  opposite  signs,  it  is  evident  that  0<q  <  1. 

The  function  tpVVi,  r2)  is  the  additional  potential  at  i*j  when  there  is  an  ion  2  at  r:. 
The  corresponding  field  strength  is 

Ef2n(r)  =  -  VI<p(;,,(r„  r2)  =  -  V:n(r). 


(26.20) 

(26.21) 


Its  value  for  ri  =  r2  (i.e.  r  =  0)  gives  the  required  field  which  acts  on  the  ion  2  itself 
and  thus  alters  its  mobility. 

The  Fourier  component  E"k)=  — ikipi”.  Hence 

Eii,(0)=  [^-| ik<P(i)€,IC‘r(f^y]  _0=~J ik<P2k  d3fc/(27r)l 

Substitution  of  (26.20)  here  ieads  to  the  integral 

f  k(k.E)  d*k 

J  #c2(k2+  1  la2)(k2+  qla2)(27r)y 

The  averaging  over  the  directions  of  k  replaces  k(k.E)  by  3#c2E,  and  the  integral 
with  respect  to  k  is  then  calculated  from  the  residues  of  the  integrand  at  the  poles 
k  =  if  a  and  k  —  iV  qfa : 

I  =  En/1277(l  + Vq). 


Thus  the  total  field  acting  on  the  ion  2  is 


E  + 


e2|ziz2|q 
3eTa(l  + Vq). 


E. 


(26.22) 


A  similar  result  is  obtained  for  the  field  acting  on  the  ion  1,  as  is  evident  from  the 
symmetry  of  the  expression  (26.22)  with  respect  to  the  suffixes  1  and  2.  Multiplying 
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the  field  (26.22)  by  b^'ez,  vve  obtain  the  velocity  acquired  by  the  ion,  and  if  this  is 
written  in  the  form  bezE  it  follows  that  the  expression  in  square  brackets  gives  the 
ratio  bjbm.  Thus  the  required  relaxation  correction  to  the  ion  mobility  is  found  to 
be 


h  . 


i'rcl 


l.  e:|ziZ2lq 
1  3eTa(\  +  Vq)* 


This  effect  reduces  the  mobility. 

Electrophoretic  correction 

Let  us  now  go  on  to  calculate  the  correction  due  to  the  movement  of  the  solvent, 
formulating  the  problem  as  follows.  We  consider  a  particular  ion  in  the  solution, 
together  with  the  screening  cloud  around  it.  This  cloud  carries  an  electric  charge 
density  8p  =  2ez(JSN,„  where  8NU  is  the  difference  between  the  densi*v  of  ions  of 
type  a  in  the  cloud  and  the  mean  value  Na  in  the  solution.  Thus  forces  with  volume 
density  f  =  ESp  act  on  the  liquid  carrying  this  cloud,  in  the  presence  of  an  electric 
field  E.  These  forces  cause  the  liquid  to  move,  which  in  turn  carries  along  the 
central  ion  in  question. 

The  distribution  of  ions  in  the  cloud  is  related  to  the  field  potential  <p  there  by 
Boltzmann’s  formula: 


8Na  =  Na[e~z^IT  -  1] ~  —  zae<pNjT.. 

Since  the  field  E  is  weak,  we  may  neglect  the  deformation  of  the  ion  cloud  in  the 
present  problem.  In  a  spherically  symmetrical  cloud,  the  potential  is 


<p  =  (ezblr)e  r/fl. 


where  ezb  is  the  charge  on  the  central  ion,  and  a  is  determined  by  (26.14);  cf.  SP  1, 
§78.  The  total  charge  density  in  the  cloud  is  therefore 


c  e2(pVKT  2  ezb  e  Ha 
Sp  =  — =-4^— 


(26.24) 


Since  the  motion  caused  by  the  field  E  is  slow,  the  liquid  may  be  regarded  as 
incompressible,  and  so 


div  v  =  0. 


(26.25) 


Lor  the  same  reason,  the  term  quadratic  in  the  velocity  may  be  omitted  from  the 
Navier-Stokes  equation,  which  then  reduces  (for  a  steady  motion)  to 

17  Av  —  VP  +  f  =  0, 

where  P  is  the  pressure  and  17  the  viscosity  of  the  solvent. 


(26.26) 
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Taking  Fourier  components  in  (26.25)  and  (26.26),  vve  have 


k.vk  =  0,  -r]k2vk-  ikPk  +  ESpk  =  0. 


Multiplying  the  second  equation  scalarly  by  ik,  vve  find  Pk  =  —  ik .  E Spjk2,  and  so 

_  _  Spk*c2E-k(k.E) 

Vk  |  4  * 

7}  k 

The  Fourier  component  of  the  charge  density  (26.24)  is 

8pk=  -  ezh/(a2k 2  +  1). 

The  required  velocity  of  the  liquid  at  the  point  r  =  0,  where  the  central  ion  is 
situated,  is  given  by  the  integrai 


(26.27) 


(26.28) 


v(0)  =  j  vk  d3k/(2?r)3. 


Substitution  of  vk  from  (26.27)  and  (26.28),  and  integration  over  the  direction  of  k, 
gives 


v(0)  =  -E 


ezh 

(2ir)S 


877 

T 


dk 

k2a2+  P 


and  finally 


v(0)  =  —  (eZb/677'r]fl)E. 

This  velocity  is  added  to  the  velocity  ez^b b0)E  acquired  by  the  ion  through  the 
direct  action  of  the  field.  It  is  therefore  clear  that  the  required  electrophoretic 
correction  to  the  mobility  is 


fici-ph  =  -1/677017,  (26.29) 

the  same  for  ions  of  all  types.  The  total  correction  is  given  by  the  sum  of  the  two 
expressions  (26.23)  and  (26.29).  Both  are  negative,  and  through  the  factor  I  }a  are 
proportional  to  the  square  root  of  the  concentration. 
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K?7  The  self-consistent  field 


A  wide  field  of  application  of  transport  theory  occurs  for  plasmas ,  by  which  we 
shall  mean  completely  ionized  gases. t  The  thermodynamic  theory  of  the  equili- 

■  -  .r  i _ I l _ j : _ l  I  Pn  i  ck  -jo  oa.  cn'i  K  nr  _ » _ 

Drium  SLaie  ui  plasmas  nas  ueen  uisvusseu  hi  or  i,  sif  / o— ou,  or  z,  soj.  ^napicrs 
III— V  will  be  devoted  to  the  transport  properties  of  plasmas.  To  avoid  com¬ 
plications  having  no  fundamental  significance,  we  shall  (where  necessary)  regard 
the  plasma  as  having  only  two  components:  electrons  with  charge  —  e,  and  positive 
ions  of  one  type  with  charge  ze. 

As  in  ordinary  gases,  the  plasma  must  be  sufficiently  rarefied  if  the  transport 
equation  is  to  be  applicable  to  it;  the  gas  must  be  almost  ideal.  However,  because 
Coulomb  forces  decrease  only  slowly,  this  condition  is  more  stringent  for  a  plasma 
than  for  a  gas  of  neutral  particles.  At  present  making  no  distinction  between 
particles  having  different  charges,  we  can  write  the  condition  for  the  plasma  to  be 
almost  ideal  as 


T  >  e2lr  ~  e2N  ll\  (27. 1) 

where  T  is  the  temperature  of  the  plasma,  N  the  total  number  of  particles  per  unit 
volume  and  r  ~  N'l/3  the  mean  distance  between  them.  This  condition  states  that 
the  mean  interaction  energy  of  two  ions  is  small  in  comparison  with  their  mean 
kinetic  energy.  It  may  be  differently  expressed  by  using  the  Debye  length  a  of  the 
plasma,  defined  by 


1/a2  =  (4tt/T)  2  Nfl(zfle)\ 

a 


(27.2) 


where  the  summation  is  over  all  types  of  ion;  it  may  be  noted  (see  SP  1,  §78)  that  a 
determines  the  distance  at  which  the  Coulomb  field  of  a  charge  in  the  plasma  is 
screened.  With  a  —  (T/47TNe2)l/2  in  (27.1),  we  have 

e2N  mlT  ~  r2/477a2  <  1:  (27.3) 


in  a  rarefied  plasma,  the  mean  distance  between  the  particles  must  be  small 

fAmnoeorl  n;if h  f ho  T^oht/o  lonofh  i  o  f ho  i^n  r*lA>irl  n  mnct  in  foot 
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tThe  term  is  due  to  1.  Langmuir  (1923),  who  laid  the  foundations  of  the  systematic  theoretical  study  of 
plasmas. 
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contain  many  particles.  The  small  ratio  (273)  acts  as  a  “gaseousness  parameter” 
for  the  plasma. 

The  plasma  will  be  assumed  classical  throughout  Chapters  III-V,  except  in  §40. 
This  implies  the  fulfilment  of  only  a  very  weak  condition:  the  plasma  temperature 
must  be  high  in  comparison  with  the  degeneracy  temperature  of  its  electron 
component, 

T  >  h2Nwlm,  (27.4) 


ui  lo  t  b  Ct  ala^^An  tvinoo  fr-f  cd  i  Xfim 
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The  transport  equation  for  each  type  of  particle  in  the  plasma  (electrons  and 
ions)  is 


St+V  Tr  +  P  Ji-Cif)’ 


(27.5) 


where  /  is  the  coordinate  and  momentum  distribution  function  of  the  particles 
concerned,  and  C  is  their  collision  integral  (with  particles  of  any  kind).  The 
derivative  p  is  determined  by  the  force  acting  on  the  particle.  This  force  is  in  turn 
expressed  in  terms  of  the  electric  and  magnetic  fields,  due  to  all  the  other  particles, 
at  the  position  of  the  particle  considered.  The  following  point  now  arises,  however. 

For  neutral  particles  (atoms  or  molecules),  because  of  the  rapid  decrease  of  the 
interaction  forces,  there  are  noticeable  changes  in  their  motion,  interpretable  as 
collisions,  only  at  small  impact  parameters,  of  the  order  of  atomic  dimensions. 
Between  such  collisions,  the  particles  move  as  if  free;  for  this  reason,  p  =  0  is 
assumed  on  the  left-hand  side  of  the  transport  equation  for  ordinary  gases.  In  a 
plasma,  however,  because  of  the  long-range  Coulomb  forces,  a  noticeable  change 
in  the  motion  of  the  particles  occurs  even  at  large  impact  parameters;  the  Coulomb 
forces  are  screened  in  the  plasma  only  at  distances  ~a,  which  by  the  condition 
(27.3)  are  large  even  in  comparison  with  the  distances  between  particles  (see  SP  I, 
§78,  and  §31  below.  Problem  1).  However,  not  all  such  cases  are  to  be  interpreted 
as  collisions  in  the  transport  equation,  in  transport  theory,  random  collisions  are 
the  mechanism  causing  an  approach  to  the  state  of  equilibrium,  with  a  correspond¬ 
ing  increase  in  the  entropy  of  the  system.  But  collisions  at  large  (2:a)  impact 
parameters  cannot  act  as  such  a  relaxation  mechanism.  The  reason  is  that  the 
interaction  of  two  charged  particles  at  such  distances  is  actually  a  collective  effect 
involving  many  particles.  Accordingly,  the  effective  field  which  can  describe  this 
interaction  is  also  generated  by  a  large  number  of  particles,  i*e.  is  macroscopic.  The 

- -  4 u —  u _ „  _ _ _ _ ~ . . 
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processes  cannot  cause  the  entropy  of  the  system  to  increase.  They  must  therefore 
be  excluded  from  the  scope  of  the  term  “collisions”  as  applied  to  the  right-hand 
side  of  the  transport  equations. 

This  distinction  corresponds  to  the  representation  of  the  exact  microscopic 
values  of  the  electric  field  e  and  the  magnetic  field  h,  acting  on  a  particle  in  the 
plasma,  as 


e  =  E  +  e\  h  =  B  +  h'. 


(27.6) 


where  E  and  B  are  the  fields  averaged  over  regions  containing  many  particles  and 
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having  dimensions  large  compared  with  the  distances  between  the  particles  but 
small  compared  with  the  Debye  length.  The  terms  e'  and  h'  then  describe  the 
random  fluctuations  of  the  fields,  which  cause  random  changes  in  the  motion  of  the 
particles,  i.e.  collisions. 

In  (27.6),  the  precise  significance  of  E  and  B  is  that  of  being  the  mean  fields  at  the 
position  of  a  given  particle.  Since  the  plasma  is  assumed  rarefied,  the  correlation 
between  simultaneous  positions  of  particles  in  it  may  be  neglected.  Then  the 
position  of  each  given  particle  is  in  no  way  distinctive,  and  so  E  and  B  may  be 
regarded  as  just  the  fields  averaged  in  the  ordinary  sense  of  macroscopic  elec- 


tiv\H\/niimip<;  Thp>QA  flpfprminp  I  nrpnf7  fr\rrp  n/hirh 
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(27.5). 

In  this  chapter,  the  phenomena  discussed  will  be  those  in  which  collisions 
between  plasma  particles  are  unimportant.  Such  a  plasma  is  said  to  be  collisionless. 
The  precise  conditions  for  collisions  to  be  negligible  depend  in  general  on  the 
specific  formulation  of  the  problem,  but  a  necessary  condition  is  usually  that  the 
effective  collision  frequency  v  (the  reciprocal  of  the  mean  free  time  of  a  particle) 
should  be  small  in  comparison  with  the  frequency  co  of  variation  of  the  macro¬ 
scopic  fields  E  and  B  in  the  process  concerned: 


v  <  co.  (27.7) 

Because  of  this  condition,  the  collision  integral  in  the  transport  equation  is  small  in 
comparison  with  tifltiu  Collisions  may  be  neglected  even  if  the  particle  mean  free 
path  l  ~  v}v  is  large  compared  with  the  distance  L  over  which  the  field  varies  (the 
field  “wavelength”).  Putting  I/L  —  k,  we  can  write  this  condition  as 


v  <  kv .  (27.8) 

The  collision  integral  is  small  in  comparison  with  the  term  v .  V/  on  the  left-hand 
side  of  the  transport  equation. 


Wh 
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and  ion  distribution  functions  fe  and  /,-  becomef 


dfe 

Bt 


■f-«( 

E  +  ^V 

~  =  0, 

dr  \ 

c  I 

3p 

■f  +  ze 

(e+^) 

•|£  =  o. 

tir 

V  C  ) 

dp 

(27.9) 


To  these  we  must  add  the  averaged  Maxwell’s  equations 

curl  E  =  —  —  ^7,  div  B  =  0,  curIB  =  -^  +  — j,  divE  =  4™,  (27.10) 

c  tit  c  tit  c 


.  ^dctly  speaking,  in  the  presence  of  a  magnetic  field  the  phase  space  of  the  particle  is  to  be  defined  as  the 
rj?.Space«  where  P  =  p- eA(t,  r)/c  is  the  generalized  momentum.  But  dixd)P  =  d3x  d'p*  since  the 
uition  of  A  changes  only  the  zero  of  momentum  at  each  point  in  space.  We  can  therefore  continue  to  relate 
he  distribution  function  to  dix  d3 p. 
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where  p  and  j  are  the  mean  charge  density  and  current  density,  which  can  be 
expressed  in  terms  of  the  distribution  functions  by  the  obvious  formulae 


P  =  e  f  (zfi-fe)d3 p, 

j 

)  =  e  J  (zfi-  f,)v  d*p. 


(27.11) 


Equations  (27.9)— (27- 11)  form  a  coupled  set  of  equations  to  determine  simul¬ 
taneously  the  distribution  functions  /*,  /;  and  the  fields  E,  B;  the  fields  thus 
determined  are  said  to  be  self-consistent.  The  self-consistent  field  was  brought  into 
the  transport  equations  by  A.  A.  Vlasov  (1937);  equations  (27.9)— (27. 1 1)  are  called 
the  V/usou  equations. 

In  accordance  with  the  foregoing  discussion,  the  time  variation  of  the  dis¬ 
tribution  functions  in  a  collisionless  plasma  with  a  self-consistent  field  is  not 
associated  with  an  increase  of  entropy,  and  therefore  cannot  in  itself  bring  about 
the  establishment  of  statistical  equilibrium.  This  is  also  seen  directly  from  the  form 
of  equations  (27.9),  in  which  E  and  B  occur  formally  only  as  external  fields  imposed 
on  the  plasma. 

Each  of  the  transport  equations  (27.9)  has  the  form 


dfldt  =  0,  (27.12) 

where  the  total  derivative  signifies  differentiation  along  the  paths  of  the  particles. 
The  general  solution  of  such  an  equation  is  an  arbitrary  function  of  all  integrals  of 
the  motion  of  a  particle  in  the  fields  E  and  B. 


§28.  Spatial  dispersion  in  plasmas 

We  can  rewrite  equations  (27.10)  in  a  form  more  usual  in  macroscopic  elec¬ 
trodynamics,  by  including  the  electric  induction  D  as  well  as  the  field  E.  We  define 
the  electric  polarization  vector  P  by  the  relations 


aP/3f  =  j,  divP  =  -p; 


(28.1) 


the  compatibility  of  these  is  guaranteed  by  the  equation  of  continuity  aiv  j  = 


n  /  <11 

opi  oi 


(the  definition  will  be  further  discussed  later  in  this  section).  Then  equations  (27.10) 
become,  with  D  =  E  +  47tP, 


curl  E  =  -(l/c)3B/df,  divB  =  0, 
curIB  =  (l/c)aD/3f,  div  D  =  0.  , 


(28.2) 


In  weak  fields,  the  relation  between  the  induction  D  and  the  field  E  is  Iinear,t  but 
even  in  ordinary  media  the  relation  is  not  instantaneous:  the  value  of  D(f,  r)  at  a 

+The  Condition  for  the  field  to  be  weak  will  be  formulated  in  §29. 
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lime  t  depends  in  general  on  the  values  of  E(f,  r)  not  only  at  that  instant  but  also  at 
all  previous  instants  (see  ECM,  §58).  In  a  plasma,  it  is  additionally  a  non-local 
relation:  the  value  of  D (f,  r)  at  a  point  r  depends  on  the  values  of  E(f,  r)  not  only  at 
that  point  but  in  general  also  throughout  the  plasma.  This  is  because  a  “free”  (i.e. 
collisionless)  movement  of  particles  in  the  plasma  is  governed  by  the  field  values  all 
along  their  trajectories. 

The  general  linear  relation  between  the  functions  D (f,  r)  and  E(f,  r)  may  be  written 
(on  the  assumption  that  the  unperturbed  plasma  is  in  a  steady  state) 

Da( U  r)  =  E„(f,  r)  +  J  J  Kap(t  -  f\  r,  r')Ep(t\  r')  d  V  dt' 

For  a  spatially  homogeneous  plasma,  the  kernel  Kap  of  the  integral  operator 
depends  only  on  the  difference  r  —  r'  of  the  arguments.  Writing  r  —  r'  =  p,  t  —  t‘  =  t, 
we  can  rewrite  the  above  relation  as 

D«(f,  r)  =  EQ(f,  r)  +  J  K„p(t,  p)Ep(t  -  t,  r -p)  d*pdT.  (28.3) 

In  the  usual  way,  an  expansion  as  a  Fourier  series  or  integral  allows  the  field  to 
be  represented  as  a  set  of  plane  waves  in  which  E  and  D  are  proportional  to 
por  such  waves,  the  relation  between  D  and  E  becomes 


Da  -■  €ap  (w,  k)Ep, 


(28.4) 


where  the  permittivity  tensor  is 


eafi(co,  k)  =  + 


KoP(Ty  p)eilwT~kp>  d3pdr. 


From  this  definition  it  follows  at  once  that 


(28.5) 


eap(-w,  -k)  =  e*p(co,  k).  (28.6) 

Thus  the  non-localness  of  the  relation  between  E  and  D  has  the  result  that  the 
permittivity  of  the  plasma  depends  on  the  wave  vector  as  well  as  on  the  frequency. 
This  is  referred  to  as  spatial  dispersion,  in  the  same  way  as  the  frequency 
dependence  is  called  time  dispersion  or  frequency  dispersion. 

Returning  to  equations  (28.1)  and  (28.2),  we  may  recall  that  in  the  formulation  of 
Maxwell's  equations  for  variable  fields  in  ordinary  media  the  introduction  of  the 
dielectric  polarization  P  is  accompanied  by  that  of  the  magnetization  M,  the  mean 
microscopic  current  being  divided  into  two  parts  SP/dt  and  ccurlM;  in  a  plane 
wave,  these  become  —  icoP  and  ickXM.  In  the  presence  of  spatial  dispersion, 
however,  when  all  quantities  depend  on  k  in  any  event,  this  division  is  inap¬ 
propriate. 

If  the  current  j  and  the  charge  density  p  are  fully  included  in  the  definition  of  the 
polarization  P,  as  in  (28.1),  the  latter  in  general  depends  on  both  the  electric  field  E 
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and  the  magnetic  field  B.  The  field  B  can  be  expressed  in  terms  of  E  by  means  of 
the  first  pair  of  Maxwell’s  equations  (28.2),  which  contain  only  these  two  quantities, 
i.e.  (for  a  plane  wave)  from  kxE  =  wB/c  and  k.B=0.  The  polarization  P  is 
thereby  expressed  in  terms  of  E  alone,  as  is  implied  in  the  definition  of  eu(J  by 
(28.3)— (28-5). 

The  dependence  on  the  wave  vector  creates  a  distinctive  direction  in  the  function 
eltp(w,  k),  namely  that  of  its  argument  k.  Hence,  when  spatial  dispersion  is  present, 
the  permittivity  is  a  tensor  even  in  an  isotropic  medium.  The  general  form  of  such  a 
tensor  may  be  written 

eftp(w,  k)  =  e,(w,  k)(6tlp  —  kltkfjk2)  +  ej(w,  fc )/q,#c#a/lc2-  (28.7) 

On  multiplication  by  Ep,  the  first  term  in  (28.7)  gives  a  contribution  to  the  induction 
D  that  is  perpendicular  to  the  wave  vector,  and  the  second  term  a  contribution  that 
is  parallel  to  k.  For  fields  E  perpendicular  or  parallel  to  k,  the  relation  between  D 
and  E  reduces  respectively  to  D  =  eiE  or  D  =  e(E.  The  scalar  functions  e,  and  ei  are 
called  the  transverse  and  longitudinal  permittivities.  They  depend  on  two  in¬ 
dependent  variables:  the  frequency  w,  and  the  magnitude  k  of  the  wave  vector. 
When  k^O,  the  distinctive  direction  disappears,  and  the  tensor  e„p  must  then 
reduce  to  the  form  e(co)£up,  where  e(w)  is  the  ordinary  scalar  permittivity,  which 
takes  account  only  of  frequency  dispersion.  Correspondingly,  the  limiting  values  of 
the  functions  e,  and  e,  are  equal: 

er(w,  0)  -  eTw,  0)  =  e(oj).  (28.8) 

According  to  (28.6),  the  scalar  functions  ej  and  e,  have  the  property 


&(—  fi>  k)  =  ^t(o_j-/c).  eT— €*(a>.  Ic), 


(28.9) 


The  spatial  dispersion  does  not  affect  the  properties  of  ei  and  et  as  functions  of  the 
complex  variable  w.  All  the  results  (see  ECM,  §62)  for  the  permittivity  e(w)  of 

nrrlin^ru  iUpHiq  vi/ithr\llt  cn^ti^l  HicnprciAn  r<=>  m  n  ■ «  f  r\  r  fllnr’tir^nc 

vy  i  uaiiui  j  iaj  wiu  v*  imv/wt,  upunui  vitjjy  vi  oiv/n  i  viiium  t  uhu  m.  vy  i  n  i  wuw  i  unvuv/nj! 

In  this  chapter,  we  shall  consider  only  isotropic  plasmas.  It  must  be  emphasized 
that  this  implies  not  only  the  absence  of  an  external  magnetic  field,  but  also  the 
isotropy  of  the  momentum  distribution  of  the  particles  (in  a  plasma  unperturbed  by 
a  field).  Otherwise,  further  distinctive  directions  appear,  and  the  tensor  structure  of 
eap  is  more  complicated. 

It  has  already  been  mentioned  that  the  origin  of  the  spatial  dispersion  in  the 
plasma  is  related  to  the  dependence  of  the  “free”  movement  of  the  particles  on  the 
field  values  along  their  trajectories.  In  practice,  of  course,  the  movement  of  a 
particle  at  any  point  is  significantly  affected  by  the  field  values  not  along  the  whole 
trajectory  but  only  along  fairly  short  sections  of  it.  The  order  of  magnitude  of  these 
lengths  may  be  governed  by  two  processes:  collisions,  which  perturb  the  free 
movement  along  the  trajectory,  and  averaging  of  the  oscillating  field  during  the 
time  of  flight  of  the  particle.  The  characteristic  distance  for  the  first  process  is  the 
mean  free  path  l~vlv  of  the  particle,  and  that  for  the  second  process  is  the 
distance  v/to  which  a  particie  moving  with  mean  speed  0  traverses  in  one  period  of 
the  field. 
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in  me  expression  (zo.jj,  me  range  oi  correlation  oeivveen  me  values  01  u  anu  e, 
at  different  points  in  space  corresponds  to  the  distances  rcor  over  which  the  function 
ffap( t,  p)  decreases  significantly.  We  can  therefore  say  that  the  order  of  magnitude 
of  these  distances  is  given  by  the  smaller  of  l  and  u/w,  taken  for  the  particles 
(electrons  or  ions)  that  have  the  higher  value  of  it.t  If  v  <  w,  then  u/w  is  the  smaller, 
and 

rt(,r~i5/fcx  (28.10) 


The  spatial  dispersion  is  considerable  when  krcors:  1,  and  disappears  when  krC(yr<  1; 
in  the  latter  case,  e~,k'p~  1  in  (28.5),  and  the  integral  no  longer  depends  on  k.  With 
rCOr  from  (28.10),  we  therefore  find  that  the  spatial  dispersion  is  important  for  waves 
whose  phase  velocity  w/k  is  comparable  with  or  less  than  the  mean  speed  of  the 
particles  in  the  plasma.  In  the  opposite  limiting  case,  with 

o  kv.  (28.11) 

the  spatial  dispersion  is  not  significant. 

It  is  important  to  note  that  the  values  of  r«>r  in  plasmas  may  be  large  compared 
with  the  mean  distances  (~N  ,/3)  between  the  particles.  This  is  the  condition  that 
makes  possible  the  macroscopic  description  of  spatial  dispersion  in  terms  of  the 
permittivity  even  when  the  dispersion  is  considerable.  It  has  been  mentioned  in 
ECM ,  §83,  that  in  ordinary  media  the  correlation  length  is  represented  by  the 
atomic  dimensions,  and  hence  the  condition  for  the  macroscopic  theory  to  be 
applicable  already  requires  the  inequality  I  to  be  satisfied  (the  wavelength 

must  be  large  in  comparison  with  atomic  dimensions);  for  this  reason,  the  spatial 
dispersion  in  such  media  (as  manifested,  for  example,  in  the  natural  optical 
activity)  is  never  more  than  a  small  correction. 


§29.  t  he  permittivity  of  a  coilisionicss  piasma 


In  the  general  case  of  arbitrary  k,  when  spatial  dispersion  plays  an  important  part, 
the  calculation  of  the  permittivity  requires  the  use  of  the  transport  equation.  We 
shall  do  so  on  the  assumptions  that  the  dielectric  polarization  of  the  plasma 
involves  only  electrons,  and  that  the  movement  of  the  ions  is  unimportant  (this  is 
called  an  electron  plasma).  The  condition  for  such  assumptions  to  be  admissible, 
and  the  generalization  of  the  results,  will  be  discussed  in  §31. 

For  a  weak  field,  we  look  for  the  electron  distribution  function  in  the  form 
/  =  /o+S/,  where  /0  is  the  stationary  isotropic  homogeneous  distribution  function 
unperturbed  by  the  field,  and  8f  the  change  in  it  due  to  the  field.  Neglecting  the 
second-order  terms  in  the  transport  equation,  we  have 


as/  ,  „  as/^E  |  vxBj  3/o 


+  v  - 
At  3r 


1°  an  isotropic  plasma,  the  distribution  function  depends  only  on  the  magnitude  of 


^This 


is  correct  for  For  ei  (if  l  <z  f/u>),  because  of  particle  diffusion  along  the  field,  rco r  —  (lvlto)il2. 
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the  momentum.  For  such  a  function,  the  direction  of  the  vector  d/o/dp  is  the  same 
as  that  of  p  =  mv,  and  its  scalar  product  with  vxB  is  zero.  In  the  linear  ap¬ 
proximation,  therefore,  the  magnetic  field  does  not  affect  the  distribution  function. 
The  resulting  equation  for  8f  is 


dt  dr  dp' 


(29.1) 


The  function  8f  is  assumed  to  be  proportional  to  exp[i(k.  r—  wf)],  like  the  field 
E.  Then  (29.1)  gives 


8f  = 


eE 

i(k  .  v  —  w) 


dh 

ap* 


(29.2) 


The  condition  for  the  field  to  be  small  results  from  the  requirement  that  8f  be  small 
in  comparison  with  /0.  The  coefficient  of  dfold p  in  (29.2)  is  the  amplitude  of  the 
momentum  acquired  by  the  electron  in  the  field  E.  This  must  be  small  in  com¬ 
parison  with  the  mean  momentum  mv  determined  according  to  the  distribution  /0. 

In  an  unperturbed  plasma,  the  electron  charge  density  is  balanced  at  every  point 
by  the  ion  charges,  and  the  current  density  is  identically  zero,  since  the  plasma  is 
isotropic.  The  charge  density  and  current  density  in  the  plasma  perturbed  by  the 
field  are 

p  =  -ejs/d3p,  j  =  -eJvS/d3p.  (29.3) 


These  quantities,  like  6/,  are  proportional  to  exp[i(k .  r  -  cot)],  and  according  to 
(28.1)  their  relation  to  the  dielectric  polarization  is  given  by 

fk .  P  =  —  p,  -iwP  =  j.  (29.4) 


The  method  of  taking  the  integrals  in  (29.3)  requires  more  precise  specification, 
however,  since  the  function  8f  has  a  pole  at 

w  =  k  .  v.  (29.5) 

In  order  to  attach  a  meaning  to  the  integral,  we  shall  consider  not  a  strictly 
harmonic  field  (  a  e~twt)  but  one  which  is  applied  with  infinite  slowness  from  t  =  —  °° 
onwards.  This  description  of  the  field  corresponds  to  adding  to  its  frequency  an 
infinitesimal  positive  imaginary  part,  i.e.  replacing  w  by  to  +  iS  with  5^+0:  we 
then  have  E  a  c_,“V8->0  as  and  the  unlimited  increase  of  the  field  caused 

by  the  factor  e's  is  unimportant  as  since  the  causality  principle  shows  that  it 

cannot  affect  what  is  observed  at  finite  times  t  (whereas  with  S  <  0  the  field  would 
have  been  large  in  the  past,  and  this  would  prevent  the  use  of  the  approximation 
linear  in  the  field).  Thus  the  rule  for  avoiding  the  poles  (29.5)  is  expressed  by 


w-*w+i0;  (29.6) 

this  was  first  established  by  L.  D.  Landau  (1946). 

The  rule  (29.6)  can  also  be  arrived  at  from  a  different  standpoint,  by  including  in 
the  transport  equation  an  infinitesimal  collision  integral  C{f)  —  -v8f.  The  addition 
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of  such  a  term  on  the  right  of  (29.1)  is  equivalent  to  the  change  (o~*to  +  iv  in  the 
term  dSfl Bt  =  —  iwS/;  then,  as  we  again  have  the  rule  (29.6). t 

The  integrations  using  the  rule  (29.6)  involve  integrals  of  the  form 


[”  f(z)dz 
z  -  iS  ’ 


8  >  0. 


In  such  an  integral,  the  path  of  integration  in  the  complex  z -plane  passes  below  the 
point  z  =  iS;  as  5->0,  this  is  equivalent  to  an  integration  along  the  real  axis  but 
passing  along  an  infinitesimal  semicircle  below  the  pole  z  =  0.  The  contribution  to 

1  * #  f  f  e/vm  f  U  i  n  /n  o  m  rr*  I  a  ir  mifan  n  1  f  tia  rafi/lim  /\f  mf  i%rrt*nMr1  r  nrl 

tne  IlllC^ldi  iium  Lina  13  u)  nan  ui  ui&  imc^ianu,  anu 

the  result  is 


i 


f(z) 

-«  z  —  iO 


dz  =  P 


i: 


f(z) 


dz  +  i'7t/(0). 


(29.7) 


where  P  denotes  the  principal  value  of  the  integral.  This  may  also  be  written 
symbolically 


z 


I 

-iO 


=  Pj+i7r8(z), 


(29.8) 


where  P  now  denotes  that  the  principal  values  are  taken  in  subsequent  integrations. 

Let  us  calculate  the  longitudinal  part  of  the  plasma  permittivity,  using  the  first 
relation  (29.4),  in  which  we  substitute  8p  from  (29.3)  and  (29.2): 


ik .  P  =  -~e2E 


f  dfo  d3n 

J  dp  i(k.  v-  o)  —  iO)’ 


Let  the  field  E,  and  therefore  P,  be  parallel  to  k.  Then  4ttP  =  (ej  -  1)E.  We  thus 
arrive  at  the  following  formula  for  the  longitudinal  permittivity  of  a  plasma  having 
any  stationary  distribution  function  /(p)  (the  suffix  0  to  /  will  be  omitted): 


€|  —  1  — 


k 


a/  d3p 
dp  k .  v  —  co  —  iO 


(29.9) 


We  take  the  x-axis  along  k.  Only  /  in  the  integrand  in  (29.9)  depends  on  py  and  pz. 
The  formula  may  therefore  be  written  differently  by  using  the  distribution  function 
only  with  respect  to  pt  =  mi\: 


T  l~i£*  n 

X  1  1V11 


/(P«)  =  J  f(P)dp, dpz. 

4ire2  r  df(pt)  dpx 
k  J  x  dpx  kvx  -to  —  iO’ 


(29. 10) 


In  an  isotropic  plasma,  f(px )  is  an  even  function. 

fIn  ihis  analysis,  there  are  essentially  two  limits  taken:  those  of  small  fields  (linearization  of  the 
equation)  and  of  v— >0.  It  should  be  noted  that  the  former  limit  is  taken  first.  The  necessity  of  this 
sequence  arises  from  that  of  fulfilling  the  condition  8/  <S/o  in  linearization;  when  v  =  0,  the  increment  8/ 
tends  to  infinity  at  k .  v  =  to. 
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An  important  result  may  be  noted  immediately.  The  permittivity  of  a  collisionless 
plasma  is  a  complex  quantity;  the  imaginary  part  of  the  integral  (29. 10)  is  determined 
by  (29.7).  This  important  result  will  be  discussed  further  in  §30;  here,  we  shall  consider 
the  analytical  properties  of  the  function  of  the  frequency  w  that  is  defined  by  the 
integral  (29.10).  It  is  known  from  the  general  properties  of  the  permittivity  that  this 
function  can  have  singularities  only  in  the  lower  half  of  the  complex  w-plane  (see 
ECM ,  §62);  this  is  a  consequence  of  the  definition  (28.5).  It  is,  however,  useful  to  see 
how  it  also  follows  directly  from  (29.10),  and  to  elucidate  the  relationship  between 
these  singularities  and  the  properties  of  the  distribution  function  f(px). 

With  a  change  of  notation  for  the  variable  of  integration,  we  can  write  the 
integral  in  (29.10)  as 


r  d/(z)  dz 

c  dz  z—iolk' 


(29.11) 


The  integration  is  taken  along  the  real  axis  in  the  complex  z -plane,  but  passing 
below  the  point  z  =  to/k  (Fig.  7a).  The  integral  (29.11)  then  defines  an  analytic 
function  throughout  the  upper  half-plane  of  w  also:  for  any  such  w  the  pole  z  =  colk 
is  passed  beneath,  as  it  should  be.  In  the  analytical  continuation  of  this  function  to 
the  lower  half-plane,  however,  the  need  to  pass  beneath  the  pole  demands  an 
appropriate  shift  of  the  contour  of  integration  (Fig.  7b).  But  the  function  df(z)ldz , 
which  is  regular  for  real  z,  in  general  has  singularities  for  complex  z  (at  z0,  say), 
some  of  which  are  in  the  lower  half-plane.  It  is  impossible  to  bring  the  integration 
contour  C  away  from  the  pole  z  =  co/k  when  this  pole  comes  close  to  one  of  the 
singularities  z0,  and  C  is  pinched  between  the  two  points.  Thus  the  function  (29.11) 
has  singularities  in  the  lower  half-plane  of  w  at  values  of  a>/k  that  coincide  with  the 
singularities  of  df(z)/dz. 

w  /k 

c  ►  - * - “  z  -  o 

(a) 


im  z-o 


z o 


(b) 
Fig.  7. 


§30.  Landau  damping 

It  has  already  been  noted  that  the  permittivity  of  a  collisionless  plasma  is  a 
complex  quantity  €j  =  e'j  +  ie','.  Separating  the  imaginary  part  by  means  of  (29.8),  we 
have 


e"  =  -4tt2€2 


} 


3/ 

dp 


AS(o>  -  k.  v)d3p. 


(3ft  I) 
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or 


47 T2e2m  d/(pJ1 

k  dpx  Jea=fajt/Jc 


(30  2) 


The  complex  permittivity  signifies  that  there  is  dissipation  of  the  electric  field 
energy  in  the  medium.  The  formulae  for  the  mean  energy  Q  of  a  monochromatic 
electric  field  dissipated  per  unit  time  and  volume  are  as  follows.  If  this  field  is 
written  in  the  complex  form 

E  =  E„te,'k-r 

then  in  the  general  case  of  an  anisotropic  mediumt 


Q  =  jj—  ■  2Up,.(w,  k)~  enp(w,  k)]E*Ep: 


(30.3) 


the  dissipation  is  governed  by  the  anti-Hermitian  part  of  the  tensor  e„h.  If  this 
tensor  is  symmetric,  the  part  in  question  is  just  the  imaginary  part: 

Q  =  (w/87r)e;p(w,  k)E„Ep.  (30.4) 

In  the  case  of  a  longitudinal  field,  only  the  imaginary  part  of  the  longitudinal 
permittivity  remains: 


Q  =  (aj/877-)eflE|\ 


Substitution  of  (30.2)  then  gives 


<?  =  - 


(30.5) 


(30  6) 


Thus  dissipation  occurs  even  in  a  collisionless  plasma,  a  phenomenon  predicted 
by  L.  D.  Landau  (1946)  and  known  as  Landau  damping.  Being  independent  of 
collisions,  it  is  fundamentally  different  from  dissipation  in  ordinary  absorbing 
media:  the  collisionless  dissipation  does  not  involve  an  increase  of  the  entropy  and 
is  therefore  a  thermodynamically  reversible  process,  an  aspect  to  which  we  shall 
return  in  §35. 

The  mechanism  of  Landau  damping  is  closely  connected  with  spatial  dispersion. 


tThis  expression  is  derived  from  the  general  formula 

Q  =  (E.D)/4tt, 

where  the  angle  brackets  denote  time  averaging;  see  ECM,  §61.  Here  it  is  assumed  that  E  and  D  are  real. 
If  E  is  written  in  ihe  complex  form,  it  has  to  be  replaced  in  the  expression  for  Q  by  ‘(E  +  E*).  The 
corresponding  vector  D  has  the  components 

k  )Ee  +  eaB(-o>,  -k)Ej}, 


and  D  has  the  componenls 

e„p(a>,  k)Ee  +  eaB(-w,  -k)Ej}. 

On  averaging  the  produci  E .  D  and  using  the  property  (28.6),  we  obtain  (30.3);  cf.  the  next-bui-one 
footnole. 
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As  is  seen  from  (30.6),  the  dissipation  is  due  to  electrons  whose  speed  in  the 
direction  of  propagation  of  the  electric  wave  is  equal  to  the  phase  velocity  of  the 
wave,  vx  ~  a >fk;  such  electrons  are  said  to  be  moving  in  phase  with  the  wave.!  The 
field  is  stationary  with  respect  to  these  electrons,  and  can  therefore  do  work  on 
them  that  is  not  zero  on  averaging  over  time  as  it  is  for  other  electrons  with  respect 
to  which  the  field  oscillates.  It  is  instructive  to  examine  this  mechanism  more 
closely,  with  a  direct  derivation  of  (30.6)  that  does  not  use  the  transport  equation. 

Let  an  electron  be  moving  along  the  x-axis  in  a  weak  electric  field 

E(u  x )  =  re{E0ei(kJC'"'V8}  (30.7) 

in  that  direction;  the  factor  elS  describes  the  slow  application  of  the  field  beginning 
at  t  —  —  ».  We  shall  seek  the  speed  u*  =  w  and  the  coordinate  x  of  the  moving 
electron  in  the  form 


W  —  Wo  +  SWy  x  =  jc0  +  Sx, 

where  6>v  and  Sx  are  the  corrections  to  the  unperturbed  motion  x0  =  wot  with 
constant  speed  vv0-  The  equation  of  motion  of  the  electron,  linearized  with  respect 
to  small  quantities,  is 


Hence 


dSw  . 

m  — —  —  -  cE{t,  jc0) 


dt 


-  -  e  re{£0€  ifc,(llfo-w,fc>e . 


5w  =  —  —  re  t 


( t  v  \ 

^  y*» -PkU/ 


m  ik(w0- co//c)  +  8? 

6jc=_jLre7;;  *<*•*»> 


m  \ik(wn~  aj/kl  +  ST 


The  mean  work  done  by  the  field  on  the  electron  per  unit  time  is 

q  =  - e{wE(ty  x)) 

=  -e((w0+  8w)E(ty  x0  +  Sx )) 

^  ~ewo(^~  ~e(8w  .  E(ty  x0)>, 

or,  in  complex  form,  $ 

q  ~  -\e  re{w08xdE*l 3xq  +  Sw .  E*}. 


(30.8) 


+Note  that  the  difference  to  -  k  .  v  is  the  field  frequency  in  a  frame  of  reference  moving  with  the  electron, 
tlf  two  quantities  A  and  B  periodic  in  time  are  written  in  complex  form  (  «  e-,“r),  then 

(re  A .  re  B)  =  j((A  +  A*)(B  +  B*)). 

On  averaging,  the  products  AB  and  A*B*,  which  contain  e~1,wt  and  e2'"',  give  zero,  leaving 

(re  A  .  re  B)  =  «(AB*  +  A*B)  =  i  re(AB*). 
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Substitution  of  E,  8x  and  8>v  from  (30.7)  and  (30.8)  gives,  after  a  simple  reduction, 

„  =  jLwp-A _ >vo5 

**  2m'  ^  d\vQ  82  +  k2(w0~  ojfk)2’ 

It  now  remains  to  sum  q  over  electrons  with  all  initial  momenta  px  =  mw0: 


OfiPx)  dpx 


WpS _ df 

82+  k2(w0-  cojk)2  dpx 


dpx 


(with  integration  by  parts).  The  passage  to  the  limit  is  made  by  means  of  the 
formula 


lim 

s-»u 


8 

82  +  z2 


—  7t8(z) 


(30.9) 


and  leads  directly  to  (30.6). 

In  accordance  with  the  reversibility  of  the  collisionless  dissipation,  the  ther¬ 
modynamic  conditions  do  not  require  Q  to  be  positive  as  they  do  for  true 
dissipation.  The  expression  (30.6)  is  always  positive  when  the  distribution  f(p)  is 
isotropic  (see  Problem).  For  anisotropic  distributions,  however,  Q  may  be  nega¬ 
tive:  the  electrons  then  transfer  energy  to  the  wave  on  average,  not  from  it.t  Such 
cases  are  closely  associated  with  the  possible  instability  of  the  plasma  (see  §61); 
the  condition  Q>0  (and  hence  e">0)  is  thus  the  result  of  the  stability  of  the 
plasma  state  only. 

From  the  standpoint  of  the  above-mentioned  physical  picture  of  Landau  dam¬ 
ping,  the  presence  of  the  derivative  df/dpx  in  (30.6)  may  be  intuitively  interpreted 
as  follows.  The  energy  exchange  with  the  field  involves  particles  with  speeds  vx 
close  to  a)/ k;  those  with  vx<o}k  gain  energy  from  the  wave,  while  those  with 
vx  >  o >fk  lose  energy  to  it.  The  wave  loses  energy  if  the  former  are  rather  more 
numerous  than  the  latter. 


PROBLEM 

Show  lhat  the  collisionless  dissipation  Q  is  always  positive  in  an  isotropic  plasma. 

Solution.  In  an  isotropic  plasma,  /  is  a  function  only  of  p2=  p2+p2.  where  px  and  pA  are  the 
longitudinal  and  transverse  (with  respect  to  k)  components  of  p.  We  write 


d/(pd 

dpx 


and,  since  /(p2)^»0  as  p2-*^-,  obtain 


f  fipx2  +  p~  )Trd(pi ) 
dpx  Jo 

2nPx  fo  f'(Px2+p-2)d(Pl2)’ 


df  (px )/ dpx  =  -  2  irpj  (px2). 


so  that  d//dp*  <0  when  px  =i ofk  >0. 

tThe  intuitive  derivation  of  (30.6)  given  above  does  not  depend  on  the  isotropy  of  the  distribution,  nor 
does  the  expression  (30,2)  (see  §32). 
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§31.  Permittivity  of  a  Maxwellian  plasma 

We  can  apply  formula  (29.10)  to  an  electron  plasma  with  an  equilibrium  (Max¬ 
wellian)  electron  distribution 


(3U> 

where  Tc  is  the  temperature  of  the  electron  gas;  the  quantities  pertaining  to 
electrons  are  given  the  suffix  e  with  a  view  to  the  later  consideration  of  the  ion 
component  also.  The  result  is 


(31.2) 


wnere  tne  runcuon  f(x)  is  aenneu  oy  tne  integral 


_  x  r  e  =2dz 

F(x)=v^  J 


VtT 


i0 

e~z~  dz 


P  f  ~~  ~“+  l"\^  7TXC 


z  x 


and  the  parameters  used  are 

Vie  —  V(Tc/m),  ae  =  V(Te/47rNce2). 


(31.3) 


(31.4) 


The  quantity  vTe  is  a  mean  thermal  speed  of  the  electrons;  ae  is  the  Debye  length, 
determined  by  their  charge,  temperature  and  density. 

The  limiting  expressions  for  the  function  F(x)  for  large  and  small  x  are  easily 
found  directly  from  the  definition  (31.3).  For  x  >  1,  we  write 


'  rv(. +i+4+-w 

“  X  V  7 T  J  V  XX  } 


The  integrals  of  the  terms  odd  in  x  are  zero;  the  remainder  give 

FCjO+l^-^-A+iVrae-*2,  x>l.  (31.5) 

2x  4x 

For  x  <  1,  we  first  make  the  change  of  variable  of  integration  z  =  n  +  x,  and  then 


tThe  various  representations  of  F(x),  and  detailed  numerical  tables  of  it.  are  given  by  V,  N.  Faddeeva 
and  N.  M.  Terent’ev,  Tables  of  Values  of  the  Function  w(z)=  e"’2[t- (2i/V?r)  Jo  e1' dll  for  Complex 
Argument ,  Pergamon.  Oxford,  1961.  The  function  w(x)  which  they  tabulate  is  related  to  F(x)  by 
F(x)  =  i V-xu-fx).  See  also  M.  Abramowitz  and  i.  A.  Stegun,  Handbook  of  Mathematical  Functions. 
National  Bureau  of  Standards,  Washington,  1964;  Dover  Publishing  Company,  New  York.  1965. 
Another  convenient,  and  more  comprehensive,  tabulation  is  that  of  Z(x)=  F(x)/x  by  B,  D,  Fried  and  S. 
D.  Conte,  The  Plasma  Dispersion  Function ,  Academic  Press,  New  York,  1961. 
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expand  in  powers  of  x: 
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x 

V  77 


—  u^~2u\ 


~v^pLe  U'iu~2x)du- 


The  principal  value  of  the  integral  of  the  first  term  (odd  in  u)  is  zero,  and  the 
second  term  gives 


F(jc)  2x2  +  1V7T.X,  x<l. 


(31.6) 


These  formulae  can  be  used  to  write  down  limiting  expressions  for  the  permit¬ 
tivity.  At  high  frequencies,  we  have 


0)~  \  W"  / 


+  i 


v 


77  t) 


to} 


2  (kuT€) 


1  exp 


( 


for  a >lkvie  >  1. 


(31.7) 


The  parameter 


toe  —  VTelc ie  =  V(47t  Nee2}m) 


(31.8) 


is  the  p/asmu  frequency  or  Langmuir  frequency  for  electrons.  In  the  case  a)jkvTe  > 
I,  spatial  dispersion  leads,  as  it  should,  to  only  small  corrections  in  the  permittivity, 
and  the  imaginary  part  of  is  exponentially  small,  since  in  a  Maxwelliam 
distribution  only  an  exponentially  small  fraction  of  the  electrons  have  speeds 
vx  =  a}k  >  vTe-  The  limiting  value  of  the  permittivity,  which  is  independent  of  k,  is 

e(w)  —  \  —  (fljco)2.  (31.9) 


This  expression  applies  to  both  the  longitudinal  and  the  transverse  permittivity;  see 
(28.8).  It  is  easily  derived  by  straightforward  arguments  without  the  use  of  the 
transport  equation.  As  k^>  0,  the  wave  field  may  be  regarded  as  uniform,  and  the 
electron  equation  of  motion  mv  =  -e E  then  gives  v  =  eE/imw,  so  that  the  current 
density  due  to  the  electrons  is 


We  also  have 


j  =  -  (e2NJimco)  E. 


.  _  .  €(w)“l„ 

J  =  “  KOP  =  “  UO t- - E. 


r77 


A  comparison  of  the  two  expressions  gives  formula  (31.9). 
In  the  opposite  limiting  case  of  low  frequencies, 


fl  =  1  +  (/Sr)2[1-fc)J+iV fife]  for  6j/klT'<l- 


(31.10) 
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It  should  be  noted  that  the  spatial  dispersion  eliminates  the  pole  at  co  =  0  of  the 
permittivity  in  an  ordinary  conducting  medium,  and  that  the  imaginary  part  of  the 
permittivity  is  relatively  small  (though  not  exponentially  small)  at  low  frequencies 
also,  in  this  case  because  of  the  smallness  of  the  electron  phase  volume  in  which 
the  condition  k  .  v  =  co  is  satisfied. 

It  has  been  shown  in  §29  that  the  function  e,(co)  defined  by  the  integral  (29.10) 
has  no  singularity  in  the  upper  half-plane  of  co,  and  its  singularities  in  the  lower 
half-plane  are  determined  by  those  of  df(px)jdpx  as  a  function  of  the  complex 
variable  px.  For  a  Maxwellian  distribution,  however,  the  function 

df(px)/dpx  «  px  exp(—  px2l2mT) 


has  no  singularity  at  a  finite  distance  anywhere  in  the  complex  p*-plane,  i.e.  it  is  an 
entire  function.  Hence  the  permittivity  of  a  Maxwellian  collisionless  plasma  is  also 
an  entire  function  of  co,  having  no  singularity  for  finite  co. 

So  far,  we  have  considered  only  the  contribution  to  the  permittivity  from  the 
electron  component  of  the  plasma.  The  contribution  from  the  ion  component  is 
calculated  in  exactly  the  same  way,  and  the  two  contributions  to  e,  —  1  are  simply 
added.  We  thus  have  the  evident  generalization  of  (31.2): 


£,_1-^[F(v^)+,]+(i[F(\4^)+1]-  (3I11) 


The  suffixes  e  and  i  denote  quantities  pertaining  to  electrons  and  ions; 


vTI  =  ( TJM )m,  a ,  =  vJQ,  =  [Tl/4,rNl(ze)2],n, 
a-2  =  4ttN,(z«)2/M, 


(31.12) 


where  M  and  ze  are  the  ion  mass  and  charge.  The  expression  (31.11)  pertains  to  a 
“two-temperature”  plasma,  in  which  each  component  has  the  equilibrium  dis¬ 
tribution  but  with  a  different  temperature,  so  that  the  electrons  and  ions  are  not  in 
equilibrium  with  each  other.  This  occurs  naturally,  in  view  of  the  large  difference  in 
mass  which  impedes  the  exchange  of  energy  in  electron-ion  collisions. 

The  most  usual  situation  is  that  where  Tj  :£  Te  and  vTi  <  vTe.  Since  we  also  always 
have  Q,  it  is  easy  to  deduce  that  when  co  >  kvTe  $>  k vri  the  contribution  of  the 
ions  is  negligible  and  so  formula  (31.7)  is  valid.  In  the  opposite  limiting  case,  we 
have 


1  1  4  •  1^  oj 

(, kaef  '  (kaiY  '  1  'v  2  (kaifkv^9 


n  i  m 
*■  —  / 


CO  <  kvTi  ^  ktTe- 


The  case  where  kun  <  co  kvTe  will  be  discussed  in  §32. 

All  the  calculations  in  §§30  and  31  have  been  made  for  the  longitudinal  part  of 
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the  permittivity.  The  calculation  of  the  transverse  permittivity  is  of  less  interest, 
because  the  transverse  field  usually  reduces  to  ordinary  electromagnetic  waves  for 
which  the  frequency  and  the  wave  number  are  related  by  w/k  =  c/Ve,;  then 
ujk  >  c  5>  vTe ,  i-e-  o)  >  kvTe,  so  that  the  spatial  dispersion  is  small  and  the  permit¬ 
tivity  is  given  by  (31.9).  For  these  waves  there  is  also  no  Landau  damping;  since 
the  phase  velocity  of  the  wave  exceeds  the  speed  of  light,  the  plasma  contains  no 
particles  capable  of  moving  in  phase  with  the  wave.  (The  proof  of  this  statement 
requires,  strictly  speaking,  a  relativistic  treatment;  see  Problem  4.) 


PROBLEMS 

Problem  I.  Find  the  potential  of  the  electric  field  due  to  a  small  test  charge  e\  at  rest  in  the  plasma. 
Solution.  When  the  plasma  polarization  is  taken  into  account,  the  field  is  determined  by  the 
equation  div  D=  47rei8(r).  For  a  constant  field,  the  Fourier  components  of  the  induction  and  the 
potential  are  related  by  Dk  =  ei(0,  fc)Ek  =  -t'kcifO,  k)<pk.  Hence  we  have  for  cpk  the  equation 


ik  .  Dk  =  k2ei(0.  k)(pk  =  4iret. 


T 'tl'lnir  ir\  from  rtl.lH  wr  tint/*1 

i  uiu»f,  .  - -  rt - - *  — 


=  ki+  t/u2  =  1  la}  +  1  la  2. 

The  corresponding  function  of  the  coordinates  is 

<P  =  (ei  fr)e~r!a; 

thus  the  permittivity  (31.13)  describes  the  screening  of  a  static  charge  in  accordance  with  SP  1,  §78.  The 
condition  for  the  charge  to  be  small  is  e\  <S  Na*e,  i.e.  e\  must  be  small  in  comparison  with  the  charge  on 
the  plasma  particles  in  a  volume 
Problem  2.  Calculate  the  transverse  permittivity  of  a  plasma. 

Solution.  With  the  electron  polarization  P  =  — j/ia»  calculated  by  using  j  from  (29.3),  we  obtain  for 
the  permittivity  tensort 


V°  df  .3 
v  —  a)  —  iO  dpp 


(1) 


The  transverse  part  of  is  separated  as 


€t  =  -  €„(Jk„k(j/k2I, 


and  is  given  by  the  integral 


e(  =  1  - 


v±  ■ 


df  d’p 
d  pi  k  .  v  —  to  —  iO’ 


(2) 


where  pi=  mvi  is  the  momentum  component  transverse  tok.  For  a  Maxwellian  distribution/,  integration 
over  dzpj  gives  finally 


€|  -  I  = 


(3) 


tTh  is  expression  does  not  assume  that  the  plasma  is  isotropic. 
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with  the  function  F  given  by  (31.3);  the  ionv  make  an  analogous  contribution  to  -  I.  In  the  limiting 
cases,  1 


€t  ~  1  =  - 


^[l+(^r)  ]+iVfJ^exp(“2F^) 


wkae 

(a>  3>  kvTt  >  ken). 


(4) 


I  1  .  In  n, 

(krtTP  (ka,)2  +  l\  2  wkut 

(a>  kt>T.  kt'rr)- 


(5) 


Problem  3.  Determine  the  permittivity  of  an  ultra-relativistic  electron  plasma,  with  the  temperature 
f.  ?>hic:  (V.  P.  Silin,  I960). 

Solution.  The  transport  equation  retains  its  form  (27.9)  even  in  the  relativistic  ca'-e.  vccordingiy, 
such  formulae  as'  (29.9)  and  (2)  in  Problem  2  remain  valid.  In  the  ultra-relativistic  case,  the  electron 
speed  v  =  c,  the  electron  energy  is  cp ,  and  the  equilibrium  distribution  function  is 

/(p)  =  (N,c-V87rT,V  fp,r'. 


The  longitudinal  permittivity  is*  found  to  be 


47re  c  f 1  f*  f(p)  cos  8 .  Inp1  dpd  cos  0 
kT,  J  i  Jo  kc  cos  0  —  ai  —  iO 


(6) 


where  8  is  the  angle  between  k  and  v.  Integration  of  /  over  27rp’  dp  gives  >Nr.  and  then  integration  over 
d  cos  0,  passing  below  the  pole  cos  8  =  t u/k,  leads  to  the  result 


„  ,  v  ,  4  ttK€7  f,  ,  o>  ,  cu-  t‘k|l 

u{w’k)-'  irTrl1^108  zrrsrlJ- 

ei'(w,  k)  =  7rtt)/2kc  when  tu/k  <  c. 

=  0  when  tu/k  >  c. 


(7) 


Similarly,  starting  from  (2),  we  find  for  the  transverse  permittivity 


„  ,v  i  ve1Ntc[ft  a)2  \ ,  |cu-ek|  2cul 

^ k)- 1 = iifr  1C  108  wTTk  r  7k  \ 

€i'(a)f  k)  =  tt(1  -  a)’/c’k")  when  tu /k<c, 

=  0  when  to/k  >  c. 


(Kl 


Problem  4.  Find  the  imaginary  part  of  cj  for  a  non-relativistic  (Tr^mc1)  electron  plasma  when 
tu/k  ~  c  £>  Vu  (V.  P.  Silin  I960). 

Solution.  From  (29.9),  which  is  valid  for  any  electron  speeds,  we  find  by  integration  over  d  cos  8 


€"(o >,k)  = 


87T3e“tu 

k*Tr 


i ; 


/(p)P’ 

v 


dp,  pm  = 


mctxj 

ViFk^Zn 


(9) 


(the  pole  cos  8  =  cu/ku  lies  on  the  contour  of  integration  with  respect  to  cos  8  only  if  tu/lcr  <  1;  the  lower 
limit  of  integration  over  dp  therefore  corresponds  to  v  =iofk).  The  distribution  function  for  T(  ^  me 
valid  for  all  electron  speeds,  is 


/(P)  = 


N,  /me’ 

(2™r,)J"cxpl  t, 

e  =  c(p2+  m2c2)IR, 


*(P)\ 

t<  r 


the  value  of  the  norm alizat ion  integral' being  governed  by  the  range  €  —  me2*  p2/2m  ~  Tt  <^mc2.  In  the 
integral  (9)  ,  with  a >fk  —  c  ^  t>Tr,  the  important  range  of  values  of  p  is  that  near  the  lower  limit.  Putting  in 


the  exponential 


e(p)  =  e(pm)  +  -  p„) 

=  e(p»)  +  (w!k)(p-  pm), 

and  in  the  coefficient  of  the  exponential  p  =  pm,  =  w/k,  and  integrating  with  respeet  to  p  -  pm  from  0  to 
x,  we  obtain 


« _  wO,2  1  f  mc‘  f 

,_V2(/tL'r.)Jl-(Wkc)'eXPt  F.  1 


V[l-(o/kc)Jl 


-])• 


This  gives  the  form  in  which  e'i  tends  to  zero  as  tu/kr  -*■  |. 


§32.  Longitudinal  plasma  waves 

Spatial  dispersion  makes  possible  the  propagation  of  longitudinal  electric  waves 
in  plasmas.  The  dependence  of  the  frequency  on  the  wave  number  (the  dispersion 
relation )  for  these  waves  is  given  by  the  equation 


k)  —  0.  (32. 1) 

For,  when  ej  =  0,  the  longitudinal  electric  field  E  has  D  =  0.  Putting  also  B  =  0,  we 
satisfy  identically  the  second  pair  of  Maxwell’s  equations  (28.2).  There  remains 
from  the  first  pair  curIE  =  0,  which  is  satisfied  because  the  field  is  longitudinal: 
curIE=  ikx  E  =  0. 

The  roots  of  (32.1)  are  complex  (w  =  w' +  iw").  If  the  imaginary  part  of  the 
permittivity  e">0,  they  lie  in  the  lower  half  of  the  complex  w-plane,  i.e.  w"<0. 
The  quantity  7  =  —  a>"  is  the  damping  rate  of  the  wave,  since  the  damping  is 
proportional  to  e~yt.  Of  course,  a  propagating  wave  exists  only  if  y  w':  the 
damping  rate  must  be  much  less  than  the  frequency. 

Such  a  root  of  equation  (32.1)  is  obtained  if  we  assume  that 


a)  5>  kvjf  kvji .  (32.2) 

Then  the  oscillations  involve  only  electrons,  and  the  function  e,(w,  k)  is  given  by 
(31.7).  The  equation  tj  =  0  is  solved  by  successive  approximation.  In  the  first 
approximation,  omitting  all  terms  which  depend  on  k,  we  find  that! 


w  =  ftr. 


(32.3) 


t.e.  thp  wq’ 


*c  hQ  im  q 

1  1U  T  V  U 


PAncfont  frAnllAnAU  Inrionon 
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l 1  A 


UVUl  V71 


f  J>  TU  oc cx  orcx  Aollorl  n//i  rm/i 
vuiivu  piuonru 


or  Langmuir  waves  (I.  Langmuir  and  L.  Tonks  1926).  They  are  long  waves, 
in  the  sense  that 


kac  ^  L 


\-  —  -  f 


as  follows  from  (32.2)  with  w  =  ft,. 

JnC^S*°n  of  ion  oscillations  would  give  only  a  slight  shift  of  this  frequency  according  to 
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To  determine  the  k-dependent  correction  to  the  real  part  of  the  frequency,  it  is 
sufficient  to  put  co  =  in  the  correction  term  in  e';  then 

w  =nt(l  +lkW)  (32.5) 

(A.  A.  Vlasov,  1938). 

The  imaginary  part  of  the  frequency  in  this  case  is 

o/'  =  -iae7(w,k),  (32.6) 

and  is  exponentially  small  with  e".  To  determine  it  (and  also  the  coefficient  of  the 
exponential),  we  have  to  substitute  in  e'[  the  already  corrected  value  (32.5), 
obtaining 

y  =  yJj(kt?eXV{~2(k^y~2]  (327) 

(L.  D.  Landau,  1946).  Since  kae  <?  1,  the  damping  rate  for  plasma  waves  is  in  fact 

found  to  be  exponentially  small.  It  increases  with  decreasing  wavelength,  and  for 
kae  —  I  (when  formula  (32.7)  is  no  longer  valid)  it  becomes  of  the  same  order  of 
magnitude  as  the  frequency,  so  that  the  concept  of  propagating  plasma  waves 
ceases  to  be  meaningful. 

The  above  treatment  relates,  strictly  speaking,  only  to  an  isotropic  plasma,  in 
which  the  permittivity  tensor  reduces,  by  (28.7),  to  two  scalar  quantities  €i  and  €,.  In 
an  anisotropic  plasma,  i.e.  when  the  distribution  function  /(p)  depends  on  the 
direction  of  p,  there  are  no  strictly  longitudinal  waves.  Under  certain  conditions, 
however,  ‘‘almost  longitudinal”  waves  can  propagate,  in  which  the  field  component 
E,M  transverse  to  k  is  small  compared  with  the  longitudinal  component  E(1): 


Ein<Ell\  (32.8) 

To  ascertain  these  conditions,  we  note  first  of  all  that,  when  E,r)  is  neglected,  the 
equation  div  D  =  0  gives 

k .  D  ~  Jc^pE/1  =  k„kpf.,,E"'lk  =  0. 

This  determines  the  dispersion  relation  for  the  waves,  and  may  again  be  written  in 
the  form  (32.1)  if  the  “longitudinal”  permittivity  is  defined  as 

€i  =  kftkpe0p/k2;  (32.9) 

tiiis  now  depends  on  the  direction  of  k.  However,  e,  =  0  does  not  imply  that  D  =  0; 
the  quantity 

Da  -  eoPE0ll)  =  €aQkpEil)lk  s  enE(,» 

is  not  zero  (whereas  in  an  isotropic  plasma  €«  =  0  when  ei  =  0).  Next,  from  Maxwell’s 
equation  curl  B  =  (I/c)3D/3f  we  estimate  the  magnetic  field  in  the  wave  as 


B~(tolck)eEil\ 
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and  then  obtain  from  the  equation  curl  E  =  —  (\fc)BBldt  an  estimate  of  the  trans¬ 
verse  electric  field: 

Ein  -  (cofck)B  -  (colckfeE{l\  (32. 10) 


Thus  the  condition  (32.8)  for  the  wave  to  be  “almost  longitudinal”  is  satisfied  if  the 
wave  is  “slow”  in  the  sense  that 


oj//c  <§  c/Ve.  (32.11) 

Lastly,  it  may  be  noted  that  (29.10)  remains  valid  for  ei  defined  by  (32.9)  in  an 
anisotropic  plasma,  as  is  clear  from  its  derivation  from  the  expression 


k  .  P  =  (k^Ep  -  k .  E)/47t 


with  a  longitudinal  field  E.  It  is  important  here  that  the  Lorentz  force  ev  x  B/c  in  the 
transport  equation  may  be  neglected  in  comparison  with  eE  (although  its  product 
with  dfld p  is  not  identically  zero  for  an  anisotropic  function  /(p)):  the  estimate 
(32.10)  gives 

|v  x  B|/cE<n  —  oevlkc2  <§  1. 


r  rk  i  o  rnfiA  ic  r  m  nil  fr/\m  thft  l/\n  m  in  f Ar  o 
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inequality  u  <  c. 


PROBLEMS 


Problem  1.  Determine  the  dispersion  relation  for  transverse  oscillations  of  a  plasma. 

Solution.  For  transverse  waves,  the  dispersion  relation  is  given  by  w  =  c  L/cr,  The  high- 
frequency  oscillations  (to  $>  kvu)  correspond  to  ordinary  electromagnetic  waves.  With  e,  from  (31.9)  (see 
also  §31,  Problem  2)  we  find 

1  1  1  ^  ' 

0)“  =  C“K  +  ii*  . 


This  is  valid  for  any  #c;  there  is  no  Landau  damping,  as  already  noted  at  the  end  of  §31. 

For  low-frequency  oscillations  (u>  ^  fcrTr),  the  movement  of  the  ions  is  again  unimportant.  For  long 
waves  (kae  <S  I),  the  principal  term  in  the  dispersion  relation  is 


oj  —  — 


the  purely  imaginary  value  of  oj  denotes  aperiodic  damping,  so  that  wave  propagation  cannot  occur. 

Probi  em  2.  Find  the  dispersion  relation  for  plasma  waves  in  an  ultra-relativistic  electron  plasma  (V, 
P.  Silin  1960). 

Solution.  When  to  >  cL  the  formula  in  §31,  Problem  3,  gives 


ei(ai,  k)  = 


where 


n;.rcl  =  47Te2Nec2/3Te, 


Equating  to  zero  this  expression  for  ei,  we  obtain  the  dispersion  relation 

to2  =  flLel  +  <C2k2  ( ck  <S  nf,re|). 
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As  k  increases,  this  formula  becomes  invalid,  but  we  still  have  a>  >  ck  (and  Landau  damping  is  therefore 
absent).  In  the  limit  of  large  k,  the  frequency  to  tends  to  ck  according  to 

w  =  ct[l  +  2exp(  -2)]. 

Problem  3.  The  same  as  Problem  2.  but  for  transverse  waves. 

Solution.  With  the  expression  for  £r(<o,k)  derived  in  §  3 1 .  Problem  3,  we  find  the  dispersion  relation 

(O2  =  n2rci  +  <sc‘k‘  for  to  s>  ck. 

The  limiting  expression  for  large  k  is 


2  1.  ’ 

OJ  "J”  C"  rC  , 

Here  too.  we  have  to  ck,  and  so  there  is  no  damping. 


§33.  Ion-sound  waves 

As  well  as  the  plasma  waves  associated  with  electron  oscillations,  there  can  also 
propagate,  in  a  plasma,  waves  in  which  both  the  electron  density  and  the  ion 
density  oscillate  significantly.  This  branch  of  the  oscillation  spectrum  has  weak 
damping  (so  that  the  concept  of  wave  propagation  has  meaning)  when  the  ion  gas 
temperature  in  the  plasma  is  small  in  comparison  with  the  electron  temperature: 

Ti<Tt.  (33.1) 

It  will  be  confirmed  by  the  result  of  the  calculation  that  the  phase  velocity  of 
these  waves  satisfies  the  inequalities 


vTi  <^w/H  vTe. 


(33.2) 


The  smallness  of  the  Landau  damping  under  these  conditions  is  obvious  from  the  start: 
since  the  phase  velocity  is  outside  the  principal  ranges  of  the  thermal  speeds  for  both 
ions  and  electrons,  only  a  small  fraction  of  the  particles  can  move  in  phase  with  the 
wave  and  thus  take  part  in  energy  exchange  with  it. 

The  contribution  of  the  electrons  to  the  permittivity  under  the  conditions  (33.2)  is 
given  by  the  limiting  formula  (31.10),  and  that  of  the  ions  by  (31.7)  with  the  electron 
quantities  replaced  by  ion  quantities.  To  the  necessary  accuracy,  we  have 


€,  =  1 


H/2 


OJ 


+ 


I  + 


.  Itt  to  1 

I- 


to 

if  Z  KCje  j 


(33.3) 


Neglecting  at  first  the  relatively  small  imaginary  part,  we  obtain  from  the  equation 
e,  =  0 

2  -n’  fcW  _zT,  k 7 

'  1  +  kV  M  1+Jc  V’ 


in  the  latter  expression  we  have  used  the  fact  that  Nr  =  zNi. 


(33.4) 
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For  the  longest  waves,  with  the  condition  kae  <?  1,  the  dispersion  relation  (33.4) 
reduces  tot 


a)  =  kV(zTJM),  kar  <S  1.  (33.5) 

The  frequency  is  proportional  to  the  wave  number,  as  in  ordinary  sound  waves. 
Waves  having  this  dispersion  relation  are  called  ion -sound  waves.  The  phase 
velocity  of  these  waves  is  a>//c  —  (Te/M)1/2,  so  that  the  condition  (33.2)  is  in  fact 
satisfied.  Taking  account  of  the  imaginary  part  of  ei  in  the  next  approximation,  we 
easily  find  the  damping  rate: 


7  =  coV(7rzm/8M).  (33.6) 

This  damping  is  due  to  the  electrons.  The  contribution  of  the  ions  to  y  is 
exponentially  small,  containing  the  factor  exp(—  zTJlTt). 

For  shorter  wavelengths,  in  the  range  I lae  <  k  <  1  lat  (which  exists  by  virtue  of 
the  postulated  inequality  (33.1)),  we  have  from  (33.4)  simply 

cii  -  n,,  (33.7) 

These  are  ion  waves  analogous  to  electron  plasma  waves.  It  is  easily  verified  that 
here  again  the  conditions  (33.2)  are  satisfied,  and  the  damping  is  slight.  As  the 
wavelength  decreases  further,  however,  the  damping  increases,  and  for  ka{  ^  I  the 
ion  contribution  to  the  damping  rate  becomes  comparable  with  the  frequency,  so 
that  wave  propagation  ceases  to  have  any  meaning. 

Figure  8  shows  diagrammatically  the  spectrum  (dispersion  relation)  for  the 
iow-frequency  oscillations  considered  here  (lower  curve),  in  comparison  with  the 
spectrum  of  high-frequency  electron  plasma  waves  (upper  curve).  The  broken  lines 
mark  the  regions  where  the  damping  becomes  large. 


Fig.  8. 


tThclaw  (33.5)  was  discovered  by  Langmuir  and  Tonks(  1 926);  the  need  for  the  condition  (33. 1)  was  noted 
by  G.  V.  Gordeev  (1954). 
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§34.  Relaxation  of  the  initial  perturbation 

Let  us  consider  the  problem  of  solving  the  transport  equation  with  a  self- 
consistent  field  for  given  initial  conditions  (L.  D.  Landau,  1946).  We  shall  take 
only  the  case  of  a  purely  potential  electric  field  (E  =  —  V<p)  and  zero  magnetic  field, 
assuming  that  only  the  electron  distribution  is  perturbed  (the  ion  distribution 
remaining  unchanged). 

We  shall  also  suppose  that  the  initial  perturbation  is  small:  the  initial  electron 
distribution  function  is 


/(0,r,p)  =  /0(p)  +  g(r,p), 


(34.1) 


where  /0(p)  is  the  equilibrium  (Maxwellian)  distribution,  and  g<fo-  The  pertur¬ 
bation  remains  small  at  subsequent  instants,  of  course,  so  that  the  equations  may 
be  linearized;  we  shall  seek  the  distribution  function  in  the  form 


/(t,  r,  p)  =  /0(p)  +  S/(t,  r,  p). 


(34.2) 


For  the  small  correction  8f  and  the  potential  <p(t,  r)  of  the  self-consistent  field  (a 
quantity  of  the  same  order  of  smallness)  we  find  a  set  of  equations  comprising  the 
transport  equation 


and  Poisson’s  equation 


S§f_ 

ar 


+  eV(p  ■ 


ap 


■ 

=  4ire  8fd3p 


(34.3) 


(34.4) 


(the  equilibrium  electron  charge  is  compensated  by  the  ion  charge). 

Since  these  equations  are  linear  and  do  not  explicitly  involve  the  coordinates,  the 
required  functions  Sf  and  <p  may  be  expanded  as  Fourier  integrals  with  respect  to 
the  coordinates,  and  equations  may  be  written  for  each  Fourier  component 
separately.  That  is,  it  suffices  to  consider  solutions  having  the  form 

S/(t,r,  p)  =  /k(f,p)eik-r,  j 

<p(t,  r)  =  <pk(r)e,K )’  (34.5) 

For  such  solutions,  equations  (34.3)  and  (34.4)  become 

dfjdt  +  ik  .  v/k  +  fe<pkk  ■  d/o/dp  =  0,  (34.6) 

k2<Pk  =  —  4ne  j /k  d3p.  (34.7) 

To  solve  these  equations,  it  is  sufficient  to  use  a  one-sided  Fourier  trans¬ 
formation,  the  transform  /L+k(p)  of  the  function  /k(t,p)  being  defined  as 


/L+k(p)  =  f  eto7k(f,  p)  dt. 
Jo 


(34.8) 
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The  inverse  transformation  is  given  by 

h(t,  p)=  e-“7L%>)^, 


(34.9) 


where  the  integral  is  taken  along  a  straight  line  in  the  complex  co-plane,  parallel  to 
and  above  the  real  axis  (cr>0),  and  also  passing  above  all  singularities  of  fwkA 
We  multiply  both  sides  of  (34.6)  by  e_,“‘  and  integrate  with  respect  to  t.  Noting 
that 

1  ^ie^dt=  lheMV-  i w  Jo’  fte“  At 

=  ~gk  ~  iw/LV, 

where  gk(p )  =  /k(0> P )*  and  dividing  both  sides  of  the  equation  by  i(k.v  — co),  we 
find 

^  =  ioT^j  ^  ■  Jpl  (34no) 

Similarly,  from  (34.7), 

feVJ  =  ~4tre  f  Op )  A3p.  (34. 1 1) 

Substitution  of  /S  from  (34.10)  in  (34.1 1)  gives  an  equation  for  tp(^  alone,  which 
yields  the  result 


4ttc  r  gk(p)  d3p 
k2€((co,  k)  J  i(k.v  — co)’ 


(34.12) 


with  the  longitudinal  permittivity  e(  from  (29.9).  Again  using  the  momentum 
component  px  —  mvx  along  k,  as  in  §  29,  we  can  rewrite  this  formula  as 


where 


^47re  r  gk(px )  dpx 
k^e{(tx),  k )  J_x  i{kvx  ~  w)’ 


(34.13) 


gk(P*) 


J  gk(p)  dp, 


dpz. 


tThe  transformation  (34.8),  (34.9)  is  just  the  familiar  Laplace  transformation 

in  which  p  has  been  replaced  by  -itu  and  the  contour  of  integration  correspondingly  changed  in  the 
expression  giving  the  function  /(t)  in  terms  of  its  transform  /P. 
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In  order  to  determine  the  time  dependence  of  the  potential  by  means  of  the 
inversion  formula 

9k(f)  =  ;J-  f  “  e  'mV:ida>,  (34.14) 

7T  J-ac+jfr 

it  is  necessary  first  to  establish  the  analytical  properties  of  (pu k  as  a  function  of  the 
complex  variable  co. 

An  expression  of  the  form 

=  f  <pk(t)e^dt 
Ju 


as  a  function  of  the  complex  variable  co  is  meaningful  only  in  the  upper  half-plane. 
The  same  applies  correspondingly  to  the  expression  (34.13),  where  the  integration 
is  along  a  contour  (the  real  praxis)  which  passes  below  the  pole  p,  =  mco/k.  We 
have  seen  in  §29  that  the  function  of  the  variable  co  defined  by  such  an  integral, 
when  analytically  continued  into  the  lower  half-plane,  has  singularities  only  at 

‘iinontaritip's  r*f  P,/n  J  Wf*  shall  assnmp  th;it  p.Yd^'I  as  n  function  of  the  complex 

0  o m  r  .w  '  r  - - - - - —  ”  —  *  o r  •«  /  —  - - -  —  w - « 

variable  px  is  an  entire  function  (i.e.  has  no  singularity  at  finite  p,);  then  the  integral 
under  consideration  also  defines  an  entire  function  of  co. 

It  has  been  noted  in  §31  that  the  permittivity  ei  of  a  Maxwellian  plasma  is  again 
an  entire  function  of  co.  Thus  the  function  (puk,  analytic  throughout  the  co-plane,  is 
the  quotient  of  two  entire  functions.  Hence  it  follows  that  the  only  singularities 
(poles)  of  cpu k  are  the  zeros  of  its  denominator,  i.e.  of  e((co,  k). 

These  arguments  lead  to  the  asymptotic  form  in  which  the  potential  <pk(f) 
decreases  for  large  values  of  the  time  t.  In  the  inversion  formula  (34.14),  the 
integration  is  taken  along  a  horizontal  line  in  the  w-plane.  However,  if  cpwk  is  taken 
to  be  the  analytic  function  thus  defined  in  the  whole  plane,  we  can  move  the 


contour  of  integration  into  the  lower  half-plane  in  such  a  way  as  not  to  cross  any  of 
the  poles  of  the  function.  Let  cok  =  co'k  +  i cok  be  the  root  of  €i(w,  k)  =  0  that  has  the 


smallest  (in  magnitude)  imaginary  part,  i.e.  that  lies  nearest  the  real  axis.  The 


integration  in  (34.14)  is  taken  along  a  contour  moved  sufficiently  far  beneath  the 


point  co  =  cok  and  passing  round  this  point  (and  round  other  poles  iying  above  it)  in 
the  manner  shown  in  Fig.  9.  Then  only  the  residue  at  the  pole  cok  is  important  in  the 


integral  (when  t  is  large);  the  remaining  parts  of  the  integral,  including  that  along 
the  horizontal  part  of  the  contour,  are  exponentially  small  in  comparison  with  that 
residue,  "since  the  integrand  contains  a  factor  e~twt  which  decreases  rapidly  with 
increasing  |im  a>|.  Thus  the  asymptotic  law  of  decrease  of  the  potential  is  given  by 


<pk(0  K 


(34.15) 


i.e.  the  field  perturbation  is  exponentially  damped  in  the  course  of  time,  with 
damping  rate  yk  =  |wj|.t 

■*lf  the  initial  function  gktp,)  has  a  singularity,  the  competing  values  of  w  include  not  only  the  zeros  of 
€i(tu,k)  but  also  the  singularities  of  (p*k  that  result  from  the  singularity  of  the  integral  in  (34.13).  In 
particular,  if  gk(px)  has  a  singularity,  for  instance  a  break,  on  the  real  axis,  then  ip^k  will  have  a 
singularity  at  a  real  value  of  ai  =  ku*.  Such  a  perturbation  is  not  damped  at  all  in  a  collisionless  plasma- 
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Fig.  9. 

For  long-wavelength  perturbations  (kae  < S  I),  the  frequency  and  the  damping 
rate  y*  are  the  same  as  for  plasma  waves,  and  are  given  by  (32.5)  and  (32.6).  The 
damping  rate  for  such  perturbations  is  exponentially  small.  In  the  opposite  case  of 
short-wavelength  perturbations,  when  kae  —  1,  the  damping  is  very  strong,  and  y k 
may  even  be  much  larger  than 

Lastly,  let  us  consider  the  properties  of  the  electron  distribution  function  itself. 
The  required  function  /k(f,  p)  is  found  by  substituting  (34.10)  in  the  integral  (34.9). 
Besides  the  poles  in  the  lower  half-plane  that  arise  from  tpwk ,  the  integrand  has  a 
pole  at  the  point  co  =  k .  v  on  the  real  axis.  This  pole  determines  the  asymptotic 
behaviour  of  the  integral  for  large  t.  The  residue  there  gives 

/k(f.p)  «  (34.16) 

Thus  the  perturbation  of  the  distribution  function  is  not  damped  in  the  course  of 
time,  but  the  distribution  becomes  a  more  and  more  rapidly  oscillating  function  of 
the  velocity,  the  period  of  oscillation  being  —  \fkt.  Hence  the  density  perturbation, 
i.e.  the  integral  /  /k  d3p>  is  damped,  like  the  potential  <pk.$ 

The  variation  of  the  distribution  function  in  accordance  with  (34.16)  pertains  to 
times  when  the  field  may  be  regarded  as  damped;  this  formula  corresponds  simply 
to  the  free  dispersal  of  the  particles,  each  with  its  constant  velocity.  A  function  of 
the  form 


f(t,  r,  p)  =  g(p)  e 


i(k.r-k.  vl) 


(34. 17) 


+The  question  may  be  raised  of  the  source  of  the  large  damping  when  the  “phase  velocity”  o'Jk  lies 
outside  the  main  range  of  thermal  speeds.  In  fact,  however,  the  ratio  w'fk  cannot  he  called  the  phase 
velocity  when  7  >  a/.  If  we  again  expand  a  function  of  the  form  as  a  Fourier  integral,  it  will 

eontain  components  with  all  frequencies  from  0  to  7,  and  accordingly  with  “phase  velocities”  from  0  to 

tWe  may  anticipate,  however,  by  noting  that  the  oscillatory  nature  of  the  distribution  function  for 
large  1  causes  a  large  increase  in  the  effective  number  of  Coulomb  collisions  and  thus  accelerates  the 
ultimate  damping  of  the  perturbation;  see  §41,  Problem. 
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is  the  solution  of  the  free-particle  transport  equation 

f  +  v  |J  =  0  <3418> 

with  a  given  initial  (f  =  0)  velocity  distribution  and  a  periodic  («  eik'r)  coordinate 
distribution. 


§35.  Plasma  echoes 

The  thermodynamic  reversibility  of  Landau  damping  manifests  itself  in  some 
unusual  non-linear  phenomena  called  plasma  echoes.  They  result  from  the  un¬ 
damped  oscillations  of  the  distribution  function  (34.16)  which  remain  after  the 
collisionless  relaxation  of  the  density  (and  field)  perturbations  in  the  plasma.  They 
are  essentially  kinematic  in  origin,  and  unconnected  with  the  existence  of  a 
self-consistent  electric  field  in  the  plasma.  This  will  first  of  all  be  illustrated  by  the 
example  of  a  gas  of  uncharged  particles  without  collisions. 

Let  a  perturbation  in  the  gas  be  specified  at  the  initial  instant,  such  that  the 
distribution  function,  remaining  Maxwellian  with  respect  to  speeds  at  each  point  in 
space,  varies  periodically  in  the  Jt-direction: 

8f  —  A|  cos  k|X .  /o(p)  at  t  =  0;  (35.1) 

in  this  section,  p  =  mv  denotes  the  x-component  of  the  momentum,  and  the 
distribution  function  is  assumed  to  be  already  integrated  with  respect  to  py  and  pz. 
The  perturbation  of  the  gas  density,  i.e.  the  integral  J  6/.  dp,  varies  in  the  same 
manner  in  the  x -direction  at  t  =  0.  Subsequently,  the  perturbation  of  the  dis¬ 
tribution  function  varies  according  to 

8f  =  A,  cos  k.fjc  —  vt) .  fr>(n\.  f35_2'l 

-  J  •  ■’  -  -  r  j  v\r  /  >  V - / 

which  corresponds  to  a  free  movement  of  each  particle  in  the  x-direction  with  its 
own  speed  v.  The  density  perturbation,  however,  is  damped  (in  a  time  —  I  / 1 1? r ) 
because  the  integral  J  6/ dp  is  made  small  by  the  speed-osciilatory  factor  cos  kt(x  - 
vt)  in  ihe  integrand.  The  asymptotic  form  of  the  damping  at  times  ts>I/k|^7-  is 
given  by 


SN  =Jsfclp  xexp(-}k,Wt2),  (35.3) 

the  integral  being  estimated  by  the  saddle-point  method. 

Now  let  the  distribution  function  be  again  modulated  at  a  time  t  =  t  2>  l/k,vT, 
with  amplitude  A  and  a  new  wave  number  k2>k,.  The  resulting  density  pertur¬ 
bation  is  in  turn  damped  (in  a  time  ~l/k2t>T),  but  reappears  at  a  time 


t'  —  k2T/(k2—  k  i). 


(35.4) 
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since  the  second  modulation  creates  in  the  distribution  function  for  f  =  r  a 
second-order  term  of  the  form 

8f(2)  =  AxAi  cos(/cix  -  ki  vt)  cos  k2x .  /0(p),  (35.5) 

whose  further  development  at  t  >  t  changes  it  into 

8fm  =  AiAz/oCp)  cos[kjx  -  kxvt]  cos  [k2x  -  k2v(t  ~  t)] 

=  2  A I  A2/0(p){cos[(k2  “  /c,)x  -  (k2  -  kx)vt  +  k2^r] 

+  cos[(/c2  +  k\)x  —  ( k2  +  k\)vt  +  k2VT]}. 

We  now  see  that  at  t  —  t1  the  oscillatory  dependence  of  the  first  term  on  v 
disappears,  so  that  this  term  makes  a  finite  contribution  to  the  perturbation  of  the 
gas  density  with  wave  number  k2  —  k,.  The  resulting  echo  is  then  damped  in  a  time 
~\}vT(k2  —  k|),  and  the  final  stage  of  this  damping  follows  a  law  similar  to  (35.3). 

Let  us  now  consider  this  effect  in  an  electron  plasma  (R.  W.  Gould,  T.  M.  O’Neil 
and  J.  H.  Malmberg  1967).  The  mechanism  is  as  before,  but  the  particular  law  of 
damping  is  altered  by  the  influence  of  the  self-consistent  field. 

We  shall  suppose  that  the  perturbations  are  created  by  pulses  from  an  external 
potential  <pejc,  due  to  “extrinsic”  charges,  applied  to  the  plasma  at  times  f  =  0  and  t: 

(pex  =  (pi8(t)  cos  kxx  +  (p28(t  —  t)  cos  k2x;  (35.6) 


here  it  is  assumed  that  k2>kt  and  T>I/fc|Vr,  1/y (k,),  with  y(k)  the  Landau 
damping  rate. 

The  perturbation  of  the  distribution  function  (/ =/o  +  S/)  satisfies  the  collision- 
less  transport  equation,  which  with  the  second-order  term  is 


dSf  I  |  „  dy  4/o  _  d<p  88f 

dt  dx  dx  dp  dx  dp  ' 


(35.7) 


The  potential  <p  of  the  field  created  in  the  plasma,  including  the  “extrinsic”  part  (pe~\ 
satisfies  the  equation 

A((p  —  (pex)  =4ne  J  8f  dp.  (35.8) 


We  shall  seek  the  solution  of  these  equations  as  Fourier  integrals; 


s/=f 

J 

U-em 

'x-wmt)  dco  dk 

n* r\2  * 
••  * 

<pu,-k-e’' 

k-x-w-n  da)"dk 
(2t r)2 

Substituting  these  expressions,  multiplying  the  equations  by  e  ,{kx  and  integrat¬ 
ing  over  dx  dt ,  we  obtain 

(kv  ~co)fa  +  ek(p,l!k  dfjdp  =  -e  f  (k  -  k'k> ^  HS  9^ 

.  j  - -  ap  (2? rT  ' 


-  k2<pwk  =  4 ire  fa  dp  -  k2ip“ki 


(35.10) 
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where 


Kk  =  mp i[5(k  +  k,)  +  S(k  -  k,)]  +  7 r<p2[S(k  +  k2)  +  5(k  -  k:)]e^r 

In  the  linear  approximation,  i.e.  when  the  right-hand  side  of  (35.9)  is  neglected, 
the  solution  of  these  equations  is 

=  <f >'JE=<PSt/^fc).  (35.11) 

where  €[  is  the  permittivity  (29.10).  This  solution  corresponds  to  perturbations 
damped  from  t  =  0  and  t  -  t,  with  respective  damping  rates  y(ki)  and  ^(k2). 

In  the  second  approximation,  we  have  to  substitute  (35. 1  i)  on  the  right  of  (35.9), 
obtaining  for  the  second-order  terms  in  the  perturbations  of  the  distribution 
function  and  the  potential  the  equations 

(ku  -  w)/$  +  ek(p2l  dfo/dp  =  dlwjdpy  (35. 12) 

*2<l>2  = -47re  J/2  dp,  (35.13) 

where 

U  =  -e  J  (k  —  k'VJL dco'  dk'/(2ir)-.  (35.14) 

The  effect  under  consideration,  namely  the  echo  with  wave  number  k2  -  ku  will  be 
contained  in  the  terms  on  the  right  of  (35.12)  which  involve  8[k  ±  (k2  —  ki)].  Let  us 
collect  together  the  terms  of  this  kind  in  Iwk.  At  t  =  t,  the  perturbation  <p,n  due  to 
the  pulse  <pi  applied  at  t  =  0  is  already  damped.  It  is  therefore  evident  that,  on 
substituting  (35.11)  in  (35.14),  we  have  to  take  into  account  only  the  (pi  term  in 
the  relevant  terms,  of  the  form 


T  . 


=  T  (k. 

'WV*  1  - 


K'lSflr  -  LA  +  I  (-L. 

K  v4  '  *  V1  /  ■  *ti>  \  ' v  1: 


—  L  4-  L  —  UA 


MS  1  S'! 


are  then  obtained  from  the  terms  in  /(Ji  that  contain  <pi-  After  carrying  out  the 
integration  over  dk '  in  (35.14),  we  find  as  the  result 


L(k,,k2)  =  3eWkik2^rJ 


,  j(*D  —  w’h 


dco ' 


dp  (kj v  +  co')ei(aj',  ki)ei(w  —  to',  k2)’ 


(35.16) 


where  the  integration  variable  to’  is  as  usual  to  be  understood  asw'  +  i0.+ 

The  integral  (35.16)  can  be  calculated  on  the  basis  of  the  assumption  that  t  is 
large  (tS>  l/kt>r,  I/y).  To  do  this  we  move  the  contour  of  integration  into  the  lower 


+  ln  the  calculation,  it  must  be  remembered  that  ct  depends  only  on  |k|,  and  so,  in  the  notation  of  this 
section  (where  k  =  kx),  we  have  C((o>,  -k)  =  er(a>,  k). 


§35 


Plasma  Echoes 


145 


half  of  the  complex  w'-plane;  the  contour  must  still  pass  above  the  poles  and  thus 
becomes  “looped  round”  them.  These  are  at  the  zeros  of  the  functions  €1  and  at  the 
point  co'  =  —  k\v  —  iO.  The  former  have  a  non- zero  negative  imaginary  part  —  y(k\)  or 
— 7(^2)*  and  their  contributions  to  the  integral  (the  residues  at  the  poles)  are  damped 
as  with  increasing  r.  An  undamped  contribution  comes  only  from  the  real  pole 
w'  =  —  kiu  -  iO.  We  thus  have 


Iwffci,  k2)  -  ~  e2  *  j  in 


df0  9i<P2kiM,t<,J+*irlT 

dp  €i(—k\V ,  kt)€i(oj  +  k|t>,  k2y 


(35.17) 


Returning  to  the  equations  (35.12)  and  (35.13),  and  substituting  /3  from  the 
former  in  the  latter,  we  find 


12/  -  47re  {  Myk  dp 

k2e,(a>,  k)  .L  dp  kv-co-i O’ 


(35.18) 


In  calculating  the  derivative  dlwJdpy  only  the  exponential  factor  in  (35.1 7)  is  to  be 
differentiated,  since  ktvrr>\. 

Now  collecting  the  expressions  (35. 1 5)— (35. 18)  and  applying  an  inverse  Fourier 
transformation,  we  obtain  the  required  echo  potential  with  wave  number  k3~ 
k2  k|: 

<pl2\U  x)  =  re{A(f)e’v}.  (35. 19) 


The  amplitude  A(t)  will  be  written  in  the  asymptotic  limit  as  f  —  In  that  limit, 

the  integral  with  respect  to  a>  is  determined  by  the  residue  of  the  integrand  at  the 
pole  co  ~  kiV  —  iO  only.  The  final  result  is 


A(f)  =  —  i7re3<p|<p2T 


kt2k2  r  dfo _ e-t'W-^dp _ 

k 3  J  *  dp  et(k3v ,  k3)€[(~ktv,  k,)e,(k2v,  k2y 


(35.20) 


where  t'  =  k2rlk3. 

This  expression,  the  echo  amplitude,  is  greatest  at  t  =  t\  and  its  maximum  value 
is  proportional  to  t,  the  time  interval  between  the  two  pulses.  On  either  side  of  the 
maximum,  A(f)  decreases,  but  in  different  ways.  In  the  limit  as  f  —  the 


infpornl  7fU  i«  H^fprminpH  hi/  ttif*  r^cirlnf*  nf  rh#*  intf»ortii 

- 0- ■  V - ■  —  ...  j  ... 


id  at  the  pole  with  the 


negative  imaginary  part  of  least  magnitude,  which  is  at  ei(k3vy  k3)  =  0,  the  imaginary 
part  being  im  v  =  -y(k3)/k3.t  On  the  other  side  of  the  maximum,  with  t  —  t'->  — 
the  integral  is  determined  by  the  residue  at  the  pole  at  ei(— /qu,  kt)  =  0,  for  which 
im  v  =  y(k\)fkt;  the  contour  of  integration  must  then  be  moved  into  the  upper  half 
of  the  complex  v-plane.  The  result  is 


A(0  a  exp[—  y(k3)(t  —  t')]  as  t- 
A(t)  cc  exp[~(k3/ki)y(ki)(T'- f)]  as  f- T# 


(35.21) 


tit  is  assumed  that  all  wave  numbers  k  1/a,.  Then  -y ( k)  is  exponentially  small,  and  decreases  with 
•ncreasing  k.  Since  kj  <  k;,  the  pole  at  ei(k 2vy  k2)  =  0  then  certainly  lies  further  from  the  real  e-axis  than 
that  at  €f(kjt),  kj)  =  0. 
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Thus  the  echo  amplitude,  before  reaching  its  maximum,  increases  with  a  growth 
rate  k^y(k\)lk^  and  beyond  the  maximum  decreases  at  a  rate  7(^3).  Figure  10 
illustrates  this  behaviour.  The  first  two  curves  show  the  variation  of  the  potential  in 
the  two  pulses  applied  at  t  —  0  and  t  =r;  the  third  curve  shows  the  form  of  the 
echo.  The  corresponding  growth  and  decay  rates  are  marked  beside  the  curves. 


yfk.j 


111. 


t 


|r 


y(k2) 
AAVVvn- 


These  calculations  have  neglected  collisions.  Hence  the  condition  for  the  quan¬ 
titative  formula  (35.20)  to  be  valid  is  that  at  a  given  time  t  the  oscillations  of  the 
distribution  function  have  not  yet  been  damped  out  by  collisions.  By  means  of  the 
results  to  be  obtained  in  §41,  Problem,  we  may  formulate  this  condition  as 

v(vT)(kvTft3  <£  1, 

where  y(r/ )  is  the  mean  frequency  of  Coulomb  collisions  for  an  electron. 


§36.  Adiabatic  electron  capture 

Let  us  consider  the  distribution  of  plasma  electrons  in  a  slowly  applied  potential 
electric  field.  Let  L  be  the  order  of  magnitude  of  the  extent  of  the  field  and  r  the 
characteristic  time  of  variation  of  the  field.  We  shall  suppose  that 

r>Llve,  (36.1) 

and  also  that  t  is  small  compared  with  the  electron  mean  free  time,  so  that  the 
plasma  is  again  collisionless. 
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By  virtue  of  the  condition  (36.1),  the  field  may  be  regarded  as  stationary  during 
the  passage  of  an  electron  through  it.  To  the  same  accuracy,  the  electron  dis¬ 
tribution  function  in  the  field  is  stationary.  It  has  been  noted  at  the  end  of  §27  that 
the  solution  of  the  collisionless  transport  equation  depends  only  on  the  integrals  of 
the  motion  of  the  particle;  for  a  stationary  distribution,  these  can  only  be  the  ones 
that  do  not  depend  explicitly  on  the  time. 

We  shall  take  only  the  one-dimensional  case,  in  which  the  field  potential  <p 
depends  on  only  one  coordinate,  x.  Since  the  motion  in  the  y-  and  z-directions  is 
then  unimportant,  we  shall  consider  the  distribution  function  only  /  with  respect  to 
the  momentum  px  (and  the  coordinate  x). 

In  the  one-dimensional  case,  the  equation  of  motion  has  two  integrals,  of  which 
only  one  is  not  dependent  explicitly  on  the  time  (in  a  steady  field),  namely  the 
electron  energy 

e  —  pll2tn  +  U  (x),  (36.2) 

where  U(x)  =  —  etp(x).f  Hence  the  stationary  distribution  function  will  depend  on 
px  and  x  only  in  the  combination  (36.2): 

/  =  /[*(*,  P*)L  (36.3) 

The  form  of  the  function  /(e)  depends  on  the  boundary  conditions. 

Let  the  field  L(x)  form  a  potential  barrier  (Fig.  11a).  The  function  /(e)  is  then 
determined  by  the  distribution  of  the  electrons  reaching  the  barrier  from  infinity. 
For  instance,  if  the  electrons  far  from  the  barrier  in  either  direction  have  an 
equilibrium  distribution,  uniform  in  space,  with  temperature  Te,  then  the  Boltzmann 
distribution  occurs  throughout  space: 

/  =  °6-4) 

The  density  of  the  electron  gas  is  everywhere  distributed  according  to  the  formula 

N,(x)  =  No  exp[—  V  (x)/Te],  (36.5) 

where  No  is  the  density  far  from  the  barrier. 

Next  let  the  field  be  a  potential  well  (Fig.  1  lb).  Then  the  distribution  of  electrons 
with  positive  energy  e  is  again  determined  by  that  of  particles  coming  from  infinity; 
with  an  equilibrium  distribution  at  infinity,  the  electrons  with  €  >0  have  a  Boltz¬ 
mann  distribution  throughout  space.  But  in  this  case,  as  well  as  such  particles, 
there  are^some  with  c  <0,  which  execute  a  finite  motion  within  the  potential  well; 
they  are  “trapped”.  At  infinity  there  are  no  particles  with  e  <  0,  and  so  the  previous 
arguments  in  which  the  energy  was  regarded  as  a  strictly  conserved  quantity  are 
inadequate  to  give  the  distribution  of  trapped  particles.  We  must  take  into  account 
also  the  variation  of  the  energy  in  a  field  that  is  not  strictly  stationary,  and  in 
consequence  this  distribution  is  found  to  depend  in  general  on  previous  events, 
namely  the  way  in  which  the  field  has  been  applied  (A.  V.  Gurevich,  1967). 

tThe  second  integral  of  the  motion  may  be,  for  instance,  the  initial  (at  some  specified  instant)  value  jc0 
of  the  particle  coordinate,  expressed  as  a  function  of  time  and  the  variable  coordinate  along  the  path, 
x0(r,x). 
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From  the  condition  (36.1),  the  field  varies  only  slightly  during  the  period  of  the 
finite  motion  of  the  trapped  particles.  In  such  cases  there  is  a  conserved  adiabatic 
invariant,  the  integral 


I(i,  €)  =  ■  2  P  [2m (f  -  U(t,  X))]1-  dx,  (36.6) 

Jx  | 

taken  between  the  limits  of  the  motion  (for  given  e  and  f).  This  quantity  acts  here 
as  an  integral  of  the  motion,  in  terms  of  which  the  trapped  particle  distribution 
function  is  to  be  expressed: 


/u  =  /.r(/(f,<0),  (36.7) 

the  energy  e  in  turn  being  assumed  expressed  in  terms  of  x  and  px  by  (36.2).  The 
form  of  the  function  (36.7)  is  determined  by  the  fact  that  the  distribution  function  is 
a  continuous  function  of  e  when  the  field  is  applied  slowly.  Hence,  for  the  limiting 
value  of  the  trapped  particle  energy,  the  function  /,r(/)  must  be  the  distribution 
function  for  particles  executing  an  infinite  motion  above  the  well. 

The  case  of  the  potential  well  as  shown  in  Fig.  1  lb  is,  however,  particularly 
simple  because  the  limiting  energy  has  the  constant  value  zero  if  the  field  is  applied 
gradually.  It  then  follows  from  the  boundary  condition  stated  that  /tr  reduces  to  a 
constant: 


/.r  =  /(0). 


(36.8) 
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where  f(e)  is  the  distribution  function  for  particles  above  the  well.  We  shall  now 
determine  the  spatial  distribution  of  electrons  in  this  case  if  /(e)  is  the  Boltzmann 
function  (36.4). 

Adding  the  numbers  of  electrons  with  e  >0  and  e  <0  gives 

Ne=2f  /(e)  dpx  +  2  fPl  f(0)  dpx, 

Jp,  Jo 

p,  =  (2m  1 17 1) 1,2 ; 

the  factors  2  take  account  of  particles  with  px  >0  and  px  <0.  Substituting  /(e)  from 
(36.4),  we  have 


N,(t,x)  =  Na{e'u^[l  -<D(V(|U|/Tf))]  +  2V(|l/|/77Tf)},  (36.9) 


where 


(36.10) 


When  £<§  1,  expanding  the  integrand  in  (36.10)  in  powers  of  u,  we  find 


The  distribution  of  electrons  trapped  in  a  shallow  well  (|L/|  <  Te )  is  therefore 

(36n) 

The  first  correction  term  is  the  same  as  would  result  from  the  Boltzmann  formula 
(36.5),  but  the  next  correction  is  already  different  from  the  Boltzmann  form. 

When  £>1,  the  difference  1—  <£(£)  is  exponentially  small,  «  exp(—  £2),  For  a 
deep  well  (|£/|>Te),  therefore,  only  the  second  term  in  the  braces  in  (36.9)  is 
important,  and 


Ne( U  x)  =  2N0(i£/|/irTe)1'2.  (36.12) 

As  |l/|  increases,  the  density  increases  much  more  slowly  than  would  follow  from 
the  Boltzmann  formula. 


§37.  Quasi-neutral  plasmas 

The  equations  of  plasma  dynamics  allow  a  considerable  simplification  for  a  group 
°f  phenomena  in  which  the  characteristic  scales  of  length  and  time  satisfy  the 
following  conditions.  (1)  The  characteristic  dimension  L  of  inhomogeneities  in  the 
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plasma  is  assumed  large  compared  with  the  electron  Debye  length: 

ajL<  1.  (37.1) 

(2)  The  rate  of  the  process  is  assumed  to  be  governed  by  the  motion  of  the  ions,  so 
that  the  characteristic  scale  of  speed  is  given  by  vTi,  which  is  small  in  comparison 
with  the  electron  speeds.  (3)  The  motion  of  the  ions  causes  a  slow  change  in  the 
electric  potential  that  is  adiabatically  followed  by  the  electron  distribution. 

Let  8Ne  and  SN,  be  the  changes  in  the  electron  and  ion  densities  in  the  perturbed 
plasma.  These  changes  give  rise  to  a  mean  uncompensated  charge  density  8p  = 
e(z8Ni  -  8Ne )  in  the  plasma.  The  potential  of  the  electric  field  due  to  the  charges  is 
determined  by  Poisson’s  equation, 


A  ip  —  — 4i7e(z6Ni  ~  SNe). 

In  order  of  magnitude,  A <p  —  cp/XA  Hence 


z8N{  -  8Ne 

1 

<P 

8NC 

47reL2 

8Ne 

(37.2) 


(37.3) 


If  the  field  is  weak  (ec p  <  Te),  the  change  in  the  electron  density  is 

8Ne  ~  ec pNelTe 


(cf.  (36.11)),  and  then 


z8N,  -  8Ne 
8N, 


(37.4) 


This  inequality  remains  valid  for  a  strong  perturbation,  with  ecp  —  Tf:  then  8Ne 


\l  arifl  H7  M o Q l n  t'nllrtive  frnm  CXI 

i  \  •  ■  ■  /  I  »T  1,1  J1V/JI1I  f  Jm 


Thus  the  uncompensated  charge  density  due  to  the  perturbation  is  small  com¬ 
pared  with  the  perturbations  of  the  electron  and  ion  charge  densities  separately; 
such  a  plasma  is  said  to  be  quasi-neutral.  For  the  range  of  phenomena  under 
consideration,  this  property  enables  the  potential  distribution  in  the  plasma  to  be 
determined  from  just  the  “equation  of  quasi-neutrality”, 


Ne  =  zNh  (37.5) 

together  with  the  transport  equation  for  ions  and  the  equation  giving  the  “adiaba¬ 
tic”  distribution  of  electrons. t 

At  the  initial  instant,  of  course,  (if  we  are  considering  a  problem  with  initial  con¬ 
ditions)  the  electron  densities  may  be  specified  arbitrarily  and  need  not  satisfy  the  in¬ 
equality  (37.4).  The  resulting  strong  electric  field,  however,  creates  a  movement  of 

Tit  must  be  emphasized  that  this  result  itself  applies  to  plasmas  with  or  without  collisions.  Note  also 
that,  since  the  derivation  of  the  inequality  (37.4)  does  not  involve  the  assumption  of  a  weak  field,  the 
quasi-neutrality  property  occurs  even  when  the  electromagnetic  properties  of  the  plasma  cannot  be 
described  by  means  of  the  permittivity  (i.e.  by  assuming  a  linear  relation  between  P  and  E). 


§37 


Quasi-neutral  Plasmas 


151 


the  electrons,  which  rapidly  (in  the  characteristic  “electronic"  times)  restores 
quasi-neutrality;  this  process  in  the  diffusion  case  has  been  analysed  in  §25. 

The  passage  from  the  electrodynamic  equation  (37.2)  to  the  condition  (37.5) 
signifies  not  only  a  considerable  simplification  of  the  equations  of  plasma  dynamics 
but  also  a  fundamental  change  in  their  dimensionality  structure:  the  potential  <p 
appears  in  the  transport  equation  and  in  the  electron  distribution  only  as  a  product 
with  the  charge  e,  and  the  charge  does  not  occur  at  all  in  the  condition  (37.5),  in 
contrast  to  equation  (37.2).  Hence,  by  the  change 

e<p  ->  i/f,  (37.6) 

the  charge  e  is  completely  eliminated  from  the  equations,  and  the  length  parameter 
(the  Debye  length  ae )  disappears  with  it. 

Since  the  equations  contain  no  length  parameter,  self-similar  motions  of  the 
plasma  are  possible.  These  occur  when  length  parameters  are  also  absent  from  the 
initial  and  boundary  conditions,  in  which  case  all  functions  can  depend  on  the 
coordinates  and  time  only  in  the  combination  r/f.  For  instance,  let  the  plasma 
initially  be  confined  to  the  half-space  x<0.  At  time  t=0,  the  constraint  is 
removed,  and  the  plasma  begins  to  expand  into  a  vacuum.  The  electrons  begin  to 
move  first,  so  that  the  electron  density  forms  a  transition  layer  near  the  boundary, 
with  characteristic  width  — ae .  After  a  time  ti>aelvTe,  the  electron  motion  is 
damped  and  the  electron  density  follows  the  potential  adiabatically  in  accordance 
with  the  Boltzmann  formula.  The  variation  of  all  quantities  is  then  governed  by  the 
motion  of  the  ions.  Consequently,  in  a  time  t2>  aelvTi>  aelvre,  the  boundary  is 
spread  over  distances  large  compared  with  av.  The  plasma  becomes  quasi-neutral, 
and  the  motion  is  self-similar. t 

We  can  write  down  the  dynamical  equations  for  a  quasi-neutral  plasma  in  an 
expanded  form,  taking  the  particular  case  in  which  the  electron  density  everywhere 
has  a  Boltzmann  distribution: 


(37.7) 


as  shown  in  §36,  this  distribution  is  not  affected  by  a  slowly  varying  field,  if  the 

fipJrl  Ki^q  nn  nAfpnti ^ I  ivpIIc  Frnm  H7  7^  H7  tl^p  nAtpntml  Kp  pvnrpcep^ 
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directly  in  terms  of  the  ion  distribution  function: 


&  =  Te  log(zN,/No) 

=  T(  log ^(z/ No)  J  ft  d3pj.  (37.8) 

Substituting  this  expression  in  the  transport  equation  for  ions  (with  self-consistent 
field  E  =  —  V<p),  we  obtain 


^  +  y^-zTe^ 


dfi 

dt 


aft 

dr 


ap 


J~ff>g  j  ftd3p  =0. 


(37.9) 


tFor  further  details  see  A.  V.  Gurevich,  L.  V.  Parifskaya  and  L.  P.  Pitaevskii,  Soviet  Physics  JETP 
22,449,  1966. 
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Although  this  equation  is  non-linear,  its  solutions  are  independent  of  the  mean 
plasma  density:  if  /,(f,  r)  is  a  solution,  so  is  C/,,  with  any  constant  factor  C. 


§38.  Fluid  theory  for  a  two-temperature  plasma 

The  theoretical  treatment  is  particularly  simple  for  a  two-temperature  plasma 
with 


Te  >  T(.  (38.1) 

We  have  already  seen  in  §33  that  in  this  case  undamped  ion-sound  waves  can 
propagate  in  the  plasma,  with  speed  —( TJM )112.  This  speed  is  characteristic  of  the 
propagation  of  perturbations  in  plasmas.  Since  it  is  large  in  comparison  with  the 
thermal  speeds  of  the  ions,  by  (38.1),  the  thermal  spread  of  the  ion  speeds  can  be 
neglected  in  most  problems  of  plasma  motion.  The  motion  of  the  ion  component  of 
the  plasma  is  then  described  in  the  one-fluid  approximation  by  a  velocity  v  =  v;, 
which  is  a  specified  function  of  position  in  space  (and  of  the  time),  and  satisfies 
the  equation 


M  dxfdt  =  ezE, 


or 


dvfdt  +  (v .  V)v  =  (ez/Af  )E.  (38.2) 

This  is  to  be  combined  with  the  equation  of  continuit> 

dNJdt  +  div(N.v)  =  0  (38.3) 

and  Poisson’s  equation,  which  determines  the  electric  field  potential  <p  (and  hence 
the  field  E  =  — V<p): 


A  ip  =  -4tt e(zNi  -  Ne).  (38.4) 

The  electron  distribution  follows  adiabatically  the  field  distribution  in  plasma 
motions  with  speeds  v  ^  (TJ M)tf2  <  vTe.  As  we  have  seen  in  §36,  the  specific 
expression  for  the  electron  density  Nc  then  depends  considerably  on  the  nature  of 
the  field.  For  a  field  without  potential  wells,  it  is  given  simply  by  the  Boltzmann 
formula  (37.7),  so  that  (38.4)  becomes 


A <p  ~  -4TreNo(zNJNo -e€C  r').  (38.5) 

Equations  (38.2),  (38.3)  and  (38.5)  form  a  complete  set  of  equations  for  the 
functions  v,  N  and  <p.  They  can  be  further  simplified  for  a  quasi-neutral  plasma:  in 
this  case,  (37.8)  gives 


eip  =  Te  logUNi/Nu),  eE  =  -(T;/Ni)VN(, 


(38.6) 
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g  +  (v.V)v  =  - 


zTe  VAT, 

M  Ni  ' 


(38.7) 


The  equations  (38.3)  and  (38.7)  are  formally  identical  with  the  mechanical  equations 
for  an  isothermal  ideal  gas  having  particle  mass  M  and  temperature  zTe.  The  speed 
of  sound  in  such  a  gas  is  (zT*/M)1/2,  in  accordance  with  the  expression  (33.5)  for  the 
speed  of  ton-sound  waves,  in  this  approximation,  there  is  no  dispersion  of  the 


waves. 

The  above  analogy  with  fluid  mechanics  needs  a  considerable  reservation.  The 
equations  of  fluid  mechanics  have  by  no  means  always  solutions  continuous 
throughout  space.  The  absence  of  a  continuous  solution  in  ordinary  fluid  mechanics 
signifies  the  formation  of  shock  waves,  i.e.  surfaces  on  which  the  physical  quan¬ 
tities  are  discontinuous.  In  collisionless  fluid  mechanics,  there  are  no  shock  waves, 
since  these  are  essentially  due  to  enercy  dissipation,  which  in  this  case  does  not 
occur.  The  absence  of  continuous  solutions  then  implies  that  the  assumption  of  a 
quasi-neutral  plasma  is  violated  in  some  region  of  space.  In  such  regions  (con¬ 
ventionally  called  collisionless  shock  waves),  the  dependence  of  the  physical 
quantities  on  the  coordinates  and  the  time  is  oscillatory,  and  the  characteristic 
wavelength  of  these  oscillations  is  determined  not  only  by  the  characteristic 
dimensions  of  the  problem  but  also  by  an  intrinsic  property  of  the  plasma,  namely 
its  Debye  radius  (R,  Z,  Sagdeev  l964).t 

Let  us  now  return  to  the  more  general  equations  (38.2)-(38.4),  which  do  not 
assume  a  quasi-neutral  plasma.  An  important  property  of  these  equations  is  that 
they  have  one-dimensional  solutions,  in  which  all  quantities  depend  on  the  vari¬ 
ables  t  and  x  only  in  the  combination  4;  =  x  —  ut  with  constant  u.  Such  solutions 
describe  waves  propagating  with  speed  u  and  without  change  of  profile.  If  we 
change  to  a  frame  of  reference  moving  with  speed  u  relative  to  the  original  frame, 
the  plasma  motion  becomes  stationary.  The  most  interesting  solutions  of  this  type 
are  those  periodic  in  space  and  those  which  decrease  at  infinity  in  both  directions; 
the  latter  are  known  as  solitary  waves  or  solitons  (A,  A.  Vedenov,  E.  P,  Velikhov 
and  R,  Z.  Sagdeev  1961), 

If  differentiation  with  respect  to  £  is  denoted  by  a  prime,  we  have  from  (38,2)  and 
(38.3) 


(u  -  u)v’  —  —(efM)(p\  ( NiV)r  -  uNi  =  0; 
for  simplicity,  we  take  z  —  1. 

Integrating  these  equations  with  the  boundary  conditions  <p  =  0,  v  =  0,  N\  —  Nq  as 
^co}  we  find 


WM)<p=2M2-J(m-«)2,  (38.8) 

Nt  =  NQul(u  -  u)  =  Noullu2  -  2e<p/M]1/2,  (38.9) 

tSuch  structures  have  been  given  for  several  particular  cases  by  A.  V.  Gurevich  and  L.  P.  Pitaevskif, 
Sotfa  Physics  JETp  38,  291,  1974, 
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Equation  (38.4)  gives  tpn  =  -47re(N;  -  Ne)  or,  after  multiplication  by  2 <p'  and  in¬ 
tegration. 


<p'2  =  “87re 


f^Op) 

Jo 


Ne((p)]d(p. 


(38.10) 


The  function  JVf(<p)  is  taken  from  (38,9),  and  Ne(tp)  is  given  by  the  formulae  in  §36. 
In  the  wave  considered,  we  everywhere  have  <p>  0,  as  is  seen  from  (38.8).  The 
potential  energy  of  an  electron  in  such  a  field  is  U  =  —e<p<  0,  i.e,  the  field  forms  a 
potential  well  for  electrons. 

Equation  (38.10)  reduces  to  quadratures  the  problem  of  determining  the  wave 
profile  <p(£).  The  speed  u  is  directly  related  to  the  wave  amplitude,  i.e,  the  maximum 
value  of  </?(£),  which  we  denote  by  <pm.  When  <p  —  (pmt  we  must  have  <p'  =  0. 
Equating  to  zero  the  integral  on  the  right  of  (38.10)  (and  carrying  out  the  integration 
of  the  first  term),  we  obtain 

¥  [*  -  (’  nsMl -T7.r  d(p’  (38U) 

which  in  principle  determines  u  as  a  function  of  c pm.  Here  it  is  evident  that  we  must 
have 

2  e(pJMu2<\,  (38.12) 


This  condition  in  general  places  an  upper  limit  on  the  possible  values  of  the  wave 
amplitude  $„9  and  therefore  of  the  speed  u. 

For  collisions  to  be  entirely  negligible,  it  is  necessary  that  the  field  frequency  w  be 
large  in  comparison  with  the  characteristic  collision  frequencies  of  both  electrons 
(vc)  and  ions  (p,).  Since  ve  ~  (M/m)1/2^f  >  v,  (see  §43),  a  situation  can  occur  in 
which  ve  >  (x)  The  collisions  then  again  have  no  effect  on  the  motion  of  the 
ions,  but  the  electrons  may  be  regarded  as  having  a  Boltzmann  distribution  even 
when  there  are  potential  wells  present. 


PROBLEM 

Determine  the  profile  and  speed  of  a  weak  solitary  wave  (etpm/T,  I)  in  a  plasma  of  electrons 
distributed  according  to  06. ID  (A.  V,  Gurevich,  1967). 

Seri  i  riON’.  In  (36.1 1),  all  terms  must  be  retained,  since  the  formation  of  the  solitary  wave  is  due  to 
the  final  non-linear  term  there.  A  calculation  with  (38.1 1)  gives 


The  wave  profile  is  found  by  integration  of  (38. 10); 


<p  ~  tpm  cosh 


§39.  Solitons  in  a  weakly  dispersing  medium 

The  existence  (in  a  medium  without  dissipation)  of  non-linear  waves  with  a 
stationary  profile  is  closely  related  to  the  presence  of  dispersion.  In  a  non¬ 
dispersing  medium,  the  wave  cannot  be  stationary  if  non-linearity  is  taken  into 
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account;  the  rate  of  propagation  of  various  points  on  the  profile  is  dependent  on  the 
amplitude  at  those  points,  which  causes  a  distortion  of  the  profile.  For  example,  in 
the  dynamics  of  an  ideal  compressible  fluid,  non-linear  effects  cause  a  gradual 
increase  in  the  slope  of  the  forward  edge  of  the  wave;  see  FM,  §94.  The  dispersion, 
for  its  part,  causes  a  gradual  smoothing-out  of  the  profile,  and  the  two  effects  may 
cancel  out,  leaving  a  stationary  profile. 

In  this  section,  the  phenomena  concerned  will  be  investigated  in  a  general  form 
for  a  fairly  wide  class  of  cases  of  wave  propagation  in  a  non-dissipative  weakly 
dispersive  medium,  including  weak  non-linearity. 

Let  Ho  be  the  rate  of  wave  propagation  in  the  linear  approximation,  when 
dispersion  is  neglected.  In  this  approximation,  for  a  one-dimensional  wave  pro¬ 
pagating  in  one  direction  paraiiei  to  the  x-axis,  aii  quantities  depend  on  x  and  f  only 
in  the  combination  £  =  x  ~  not-  This  property  can  be  expressed  in  differential  form 
as 

dbldt  +  Uodbfdx  =  0, 

where  b  denotes  any  of  the  quantities  oscillating  in  the  wave. 

A  constant  speed  uQ  corresponds  to  a  wave  dispersion  relation  to  =  uvk.  In  a 
dispersive  medium,  this  relation  is  just  the  first  term  in  the  expansion  of  the 
function  co(k)  in  powers  of  the  small  quantity  k.  Including  the  next  term,  we  havet 

a  —  u0k  —  pk},  (39.1) 


where  /3  is  a  constant  that  may  in  principle  be  either  positive  or  negative. 

The  differential  equation  which  describes  (in  the  linear  approximation)  the 
propagation,  in  one  direction,  of  a  wave  in  a  medium  with  such  a  dispersion  is 


Ob  Ob  d3b 
a7+,‘<’to  +  '33?  =  0’ 


since  this  gives  (39.1)  for  a  wave  in  which  b  a  exp(—  io)t  +  ikx). 

Lastly,  the  inclusion  of  non-linearity  causes  terms  of  higher  order  in  b  to  appear 
in  the  equation.  These  terms  must  certainly  satisfy  the  condition  of  vanishing  for  a 
constant  b  (independent  of  x),  corresponding  simply  to  a  homogeneous  medium. 
Considering  only  the  term  containing  the  derivative  of  lowest  order  (k  is  small),  we 
write  the  equation  of  propagation  of  a  slightly  non-linear  wave  as 


Ob  Ob  d3b  db  n 

Jt  +  ll^+li^+ab^=0’ 


(39.2) 


where  a  is  a  constant  parameter  which  again  may  in  principle  have  either  sign.* 


tThe  fact  that  io(fc)  can  be  expanded  in  odd  powers  of  k  follows  from  a  consideration  of  quantities 
that  must  be  real.  The  initial  set  of  physical  equations  of  motion  for  the  medium  contains  only  real 
quantities  and  parameters.  The  imaginary  unit  t  occurs  only  through  the  substitution  in  these  equations 
of  a  solution  proportional  to  exp(—  iwt  +  ilex).  The  dispersion  relation  resulting  from  this  substitution 
therefore  determines  iio  as  a  function  of  ilc  with  real  coefficients;  the  expansion  of  such  a  function  must 
contain  only  odd  powers  of  ilc.  In  the  general  case  of  a  dissipative  medium,  ta(fc)  is  complex: 
a)  =  ta'+  ita".  and  the  statement  made  then  refers  to  the  expansion  of  the  real  part  w'(^)  of  the 
frequency.  The  expansion  of  &)''(k)  will,  for  the  same  reasons,  contain  only  even  powers  of  k. 

tit  must  be  emphasized,  however,  to  avoid  misunderstanding,  that  this  form  of  slight  non-linearity  is 
not  at  all  universal.  For  example,  the  slight  non-linearity  in  wave  propagation  in  plasmas  that  results 
from  the  last  term  in  the  electron  distribution  (36- 1 1)  (used  in  §38.  Problem)  would  correspond  to  a  term 
x  Vb  dbfdx  in  an  equation  such  as  (39.2). 
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To  simplify  this  equation,  we  replace  x  with  a  new  variable  £  and  b  with  a  new 
unknown  function  a,  defined  by 


This  gives 


£  =  x  -  o  =  ab . 


dci  da  d*a  n 

Tt+aTz+Vw  =  *' 


(39.3) 


(39.4) 


the  Korteweg-de  Vries  equation. t  We  shall  take  first  of  all  the  particular  case 
where  /3  >  0. 

We  shall  be  interested  in  solutions  which  describe  waves  with  a  stationary 
profile.  In  such  solutions,  the  function  «(f,  f)  depends  only  on  the  difference  £  -  r0r 
with  some  constant  u0: 

a  =fl(£-t?0r),  (39.5) 


and  the  wave  propagation  speed  is 


U  =  M0  +  t'o. 


(39.6) 


Substituting  (39.5)  in  (39.4)  and  denoting  differentiation  with  respect  to  £  by  a 
prime,  we  obtain  the  equation 


/3a'"  +  aa'  -  t’o  a’  =  0. 


(39.7) 


This  is  invariant  under  the  change 


a  a  +  V,  v0->  Vo  +  V  (39.8) 

with  any  constant  V. 

The  first  integral  of  equation  (39.7)  is 

/3  a"  +  {a2—  v0a  —  *c,. 

Multiplication  by  2 a'  and  another  integration  gives 

/3a,2--ja3  +  v0a1  +  c1a+C2.  (39.9) 

Instead  of  the  three  constants  uo,  C\y  c2  it  is  convenient  to  use  the  three  roots  of  the 
cubic  on  the  right  of  (39.9).  If  these  are  denoted  by  aiy  a2 ,  a3,  then 

/3a'2  =  -^(a  -  £ii)(a  -  a2)(a  -  a3).  (39.10) 

The  constant  Uo  is  related  to  the  new  constants  by 

t>o=1i(ai  +  a2+  a3).  (39.11) 


+It  was  derived  by  D.  J.  Korteweg  and  G.  de  Vries  (1895)  for  waves  on  the  surface  of  shallow  water. 
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We  shall  be  concerned  only  with  solutions  of  (39.10)  such  that  |a(£)|  is  bounded; 
an  unlimited  increase  of  |a|  would  contradict  the  assumption  of  slight  non-linearity. 
It  is  easy  to  see  that  this  condition  is  not  satisfied  if  the  roots  a,,  a2,  a3  are  not  all 
real.  For,  let  ai  and  a2  (=af)  be  complex;  then  the  right-hand  side  of  (39.10) 

becomes  \\a  -  ai|2(a3  —  a)  and  there  is  nothing  to  prevent  a  from  tending  to  —  oo. 

Thus  the  constants  au  a2y  a3  must  be  real;  let  them  be  ordered  so  that 
ai>a2>flj.  Since  the  expression  on  the  right  of  (39.10)  must  be  positive,  the 
function  «(£)  can  vary  only  in  the  range  ax  s*  a  5s  a2.  We  can  put  «3  =  0  without  loss 
of  generality;  this  may  always  be  achieved  by  a  transformation  of  the  type  (39.8). 
With  this  choice,  we  rewrite  (39.10)  as 

f3a,2  =  }(al-a)(a -a2)a.  (39.12) 

The  nature  of  the  solution  depends  on  whether  a2  is  zero.  If  a2  =  0,  a,>0, 
integration  gives 

«(£)  =  fl)  cosh~2(f£\/(a,/3/3));  (39.13) 


the  zero  of  £  is  taken  at  the  maximum  of  the  function.  (Here  and  henceforward,  to 
simplify  the  notation,  we  write  the  wave  profile  as  a  function  of  £  =  x  at  some 

m  n  n  4-  4  -  A  \  T'L  art  r*  1  ■  i4a  r  na*al»  /’in  n  n  rt  lifrifl)  t  1  1  n  a  I  /i  Aw  nn.la4  am  a  n  n  I  _k— 

given  fiisimii  i  — v*J  inis  ^uiuuun  u^^uiuto  cl  outuciiy  wave,  ui  cumuli.  c;"^  J- 

the  function  a(£)  vanishes,  together  with  its  derivatives.  The  constant  a x  gives  the 
soliton  amplitude,  and  the  width  decreases  as  a\~m  with  increasing  amplitude. 
According  to  (39.1 1),  i?0  =  tai,  and  the  speed  of  the  soliton  is  therefore 


u  =  Mo  +  ja,.  (39.14) 

This  exceeds  u0,  and  increases  with  the  amplitude. 

The  non-linearity,  it  will  be  remembered,  is  assumed  slight  for  processes  des¬ 
cribed  by  the  Korteweg-de  Vries  equation.  The  condition  has  an  obvious  meaning: 
for  example,  if  a  is  the  change  in  the  density  of  the  medium,  this  change  must  be 
small  in  comparison  with  the  unperturbed  density.  At  the  same  time,  the  degree  of 
non-linearity  of  these  processes  is  expressed  by  a  further  dimensionless  parameter 
^(fli//3)1/2,  where  L  is  a  characteristic  length  and  ax  the  amplitude  of  the 
perturbation.  This  parameter  defines  the  relative  importance  of  non-linearity  and 
dispersion,  and  may  be  either  small  (if  dispersion  predominates)  or  large  (if 
non-linearity  predominates).  For  a  soliton,  whose  width  L  ~  (/3/ai)i;2,  the  parameter 
is  of  the  order  of  unity. 

Let  us  now  take  the  case  where  a2^0.  The  solution  of  (39.12)  then  describes  a 
wave  of  infinite  extent,  periodic  in  space.  Integration  of  the  equation  gives 

,=  P  V(3)3)  da 

^  J„  (a(ai-a)(a  -  a2)]m 

=  (12/3  ladmF(s,<p), 

where  F(s,  <p)  is  an  elliptic  integral  of  the  first  kind: 


(39.15) 


158 


Collisionless  Plasmas 


witht 


Sill  ip  — 


-  Ia 

V  a,  —  an* 


(1 Q  17^ 
yjs.  i  i  j 


the  zero  of  £  is  taken  at  one  of  the  maxima  of  the  function  a( £). 

Inverting  the  formula  (39.15)  by  means  of  the  Jacobi  elliptic  function,  we  have 

o  =  a,  dn2(V(ai/12(3)f,  s).  (39.18) 

This  is  a  periodic  function,  whose  period  (wavelength)  in  the  coordinate  x  is 

A  =4V(3/3/a,)F((Tr,s)  =  4V(3(3/a,)K(s),  (39.19) 

where  K(s )  is  a  complete  elliptic  integral  of  the  first  kind.  The  mean  value  over  a 
period  of  (39.18)  is 

5  =  £  J*  o(f)d£  =  aiE{s)IK(s),  (39.20) 


where  E(s)  is  a  complete  elliptic  integral  of  the  second  kind.  It  is  natural  to 
consider  a  periodic  wave  in  which  the  mean  value  of  the  oscillating  quantity  is 
zero.  This  may  always  be  achieved  by  means  of  the  transformation  (39.8),  subtrac¬ 
ting  the  quantity  (39.20)  from  the  function  (39.18).  The  wave  propagation  speed  is 
then 


u  =  Ho+  [l(ai  +  «:)  -  aiE(s)IK(s)]. 


(39.21) 


m -ill  rtcpillof mn  Qinnlitii^pt  n,  —  /i -  pnrrpennnH  tn  naramplpr  vqIiipc  c  <Zc  1  I  Icinn 

U 11IU11  VOVlill^LIVH  UllI^ilLVUVO  uj  MJ  IV  ^UlUllIVLVl  f  Ul*^VO  J  ^  1  ■  W  o  *  * 


the  approximation 


dn(z,  s)~  1  —  |s2  +  is2  cos  2z,  s  <  1, 

we  find  that  the  solution  (39.18)  becomes  in  this  case,  as  it  should,  the  harmonic 
wave 


a  =  \(ai  +  a2)  +  2(01  ~  02)  cos  fcx,  k  =  V(ai/3/3). 

The  speed  (39.21)  becomes  u  =  n0  — }ai  =  Uq-  fik2  in  accordance  with  (39.1). 

The  opposite  limiting  case  of  large  amplitudes  (in  the  wave  model  under 
consideration)  corresponds  to  a:-*0  and  s-»l.  With  the  limiting  expression 

K(s)^log[16/(l— r)],  s2-l, 

we  find  that  in  this  limit  the  wavelength  increases  logarithmically: 

A  =  V02p/a,)Iog(l6a,la2).  (39.22) 

tThe  parameter  of  the  elliptic  integral  is  denoted  b>  5  instead  of  the  usual  k,  in  order  to  avoid 
confusion  with  the  wave  number. 
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Thus  the  successive  antinodes  of  the  wave  move  further  apart.  The  wave  profile 
near  each  antinode  is  obtained  from  (39.18)  by  taking  the  limit  of  dn  z  for  s  =  1, 
which  is  valid  for  finite  z:  dn  z  =  1/cosh  z.  The  result  is  again  (39.13).  In  the  limit 
s->  l,  therefore,  a  periodic  wave  separates  into  a  sequence  of  widely  spaced 
solitons. 

So  far  we  have  assumed  that  /3  >0.  The  case  where  /3  <  0  does  not  need  special 
consideration,  since  a  change  in  the  sign  of  B  in  (39.4)  is  equivalent  to  the  change 
£-»— £,  a  ->  —  a.  Since  this  converts  the  argument  £  —  v0t  in  (39.5)  into  —  £  —  i^f,  the 
wave  propagation  speed  becomes  u  =  Uo~  u0.  For  instance,  the  above  results  for 
the  soliton  are  altered  only  in  that  the  function  a(£)  becomes  negative,  and  the 
speed  of  the  soliton  u  <  «o- 

The  Korteweg-de  Vries  equation  has  certain  specific  properties  which  lead  to  a 
number  of  general  theorems.  These  are  based  on  the  formal  relation  between  the 
equation  and  the  eigenvalue  problem  for  an  equation  of  the  Schrodinger  type  (C.  S. 
Gardner,  J.  M.  Greene,  M.  D.  Kruskal  and  R.  M.  Miura,  1967). 

Let  us  consider  the  equation 


d2ip 

w 


(39.23) 


again  taking  the  particular  case  /3  >  0.  This  has  the  form  of  Schrodinger’s  equation 
with  -a(f,  £)  as  the  potential  energy  depending  on  I  as  a  parameter.  Let  a(f,  £)  be 
positive  in  some  range  of  f,  and  tend  to  zero  as  f-*±oo.  Then  the  equation  (39.23) 
has  eigenvalues  e  corresponding  to  a  finite  motion  in  the  potential  well  —  u(r,  £); 
since  a  depends  on  f,  these  eigenvalues  will  in  general  also  depend  on  t.  We  shall  show 

t  u  n  t  tL  o  o  iriom;  oli  ioc  r  rl  a  ***-%  t  Honon  H  a  n  t  if  rsf  £  coti  tr,^  v  A  / O  rr.  An 

LI  I  Cl  L  LI  IV  V  11  V  aiuvo  uw  «  t  L/ l  uvj^vuu  L/ll  »  AX  U  V  L,,  I  f  OCX  LA  Ol  1UO  LA  IV  IVOI  LV  W  Vg — LJ  V  V  A  IV  >3 

equation  (39.4). 

Expressing  a  from  (39.23)  as 

a  =  -6/3(i/f7i^  +  e). 


and  substituting  in  (39.4),  we  find  by  a  direct  calculation 


where 


.f .2,UI,h  =  (,1,’A  -  ,1,AfY 

|^/  V* »  4  X  \f/4  X  j  y 


Ao,  o = 60  -  f  <r<y + <r  - 


no  7A\ 
^ ■/ 

(39.25) 


here  it  is  important  that  the  right-hand  side  of  (39.24)  is  expressed  in  terms  of  the 
derivative  with  respect  to  £  of  an  expression  that  vanishes  as  £-»±cc  (the 
eigenfunctions  of  the  discrete  spectrum  of  (39.23)  are  zero  at  infinity).  Integration 
of  (39.24)  with  respect  to  £  over  the  whole  range  from  —  to  00  therefore  gives 


de 

~dt 


=  0 


and,  since  this  normalization  integral  of  i p  is  not  zero,  it  follows  that  dejdt  —  0. 

We  shall  now  show  that  equation  (39.23)  has  only  one  discrete  eigenvalue  for  a 
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stationary  “potential"  a(£)  in  the  form  (39.13),  corresponding  to  one  soliton.  With 
this  potential,  (39.23)  becomes 


*  +(cosh’af  +  e. 

)'/' =  o. 

(39.26) 

where 

U0  —  fli/6/3,  a  =  (a 

./12/3)1'2. 

(39.27) 

The  discrete  eigenvalues  of  (39.26)  are 

en  =  —  or(s  —  n)\  s  =  U-  1  +  V(1  +  4UfJa~)],  n  =  0.  1, 2. . . . , 


where  we  must  have  n  <s;  see  QAf,  §23,  Problem  4.  With  the  parameter  values 
(39.27),  s  =  1,  so  that  there  is  only  one  eigenvalue, 

e  =  -a,/12/3.  (39.28) 

If,  however,  a(f,  £)  represents  an  assembly  of  solitons  at  large  intervals  (so  that 
there  is  no  “interaction"  between  them),  the  eigenvalue  spectrum  of  equation 
(39.23)  consists  of  the  “levels"  (39.28)  in  each  potential  well,  each  level  being 
determined  by  the  amplitude  a,  of  the  corresponding  soliton. 

Since  the  soliton  propagation  speed  increases  with  the  amplitude,  a  soliton  of 
large  amplitude  will  always  eventually  overtake  one  of  smaller  amplitude.  An 
arbitrary  initial  assembly  of  solitons  at  large  intervals,  therefore,  will  ultimately, 
after  a  series  of  mutual  “collisions",  become  an  assembly  of  solitons  arranged  in 
order  of  increasing  amplitude  (all  perturbations  described  by  the  Korteweg-de 
Vries  equation  propagate  in  the  same  direction). 

The  above  results  lead  immediately  to  an  interesting  conclusion:  the  initial  and 
final  assemblies  of  solitons  have  the  same  total  number  and  amplitudes,  differing 
only  in  their  order.  This  follows  directly  from  the  fact  that  each  isolated  soliton 
corresponds  to  one  eigenvalue  e,  and  the  eigenvalues  do  not  depend  on  the  time. 

Any  positive  (a  >  0)  initial  perturbation  occupying  a  finite  region  of  space  and 
evolving  in  accordance  with  the  Korteweg-de  Vries  equation  ultimately  breaks  up 
into  an  assembly  of  isolated  solitons  whose  amplitudes  are  independent  of  time. 
These  amplitudes  and  the  number  of  solitons  can  in  principle  be  found  by 
determining  the  spectrum  of  discrete  eigenvalues  of  equation  (39.23)  with  the  initial 
distribution  a(0,  £)  as  the  potential.  If  the  initial  perturbation  contains  also  regions 
with  a  <  0,  however,  its  evolution  will  create  a  wave  packet  which  gradually 
spreads  out  and  does  not  break  up  into  solitons. 

To  avoid  misunderstanding,  however,  we  should  specify  more  precisely  what  is 
meant  by  the  initial  perturbation  in  the  Korteweg-de  Vries  equation.  An  actual 
perturbation  formed  in  the  medium  at  some  instant  evolves  (in  a  way  described  by 
the  complete  wave  equation,  of  the  second  order  in  the  time)  and  in  general 
separates  into  two  perturbations  propagating  in  the  positive  and  negative  x- 
directions.  The  “initial"  perturbation  for  the  Korteweg-de  Vries  equation  is  to  be 
taken  as  one  of  these  two,  immediately  after  the  separation. 
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PROBLEM 

Determine  the  coefficients  a  and  ($  in  equation  (39.2)  for  ion-sound  waves  in  a  plasma  with  T;  T,. 
Solution.  The  dispersion  coefficient  (5  is  found  from  (33.4)  by  expanding  in  terms  of  the  small 
quantity  kae: 


P  =  uSu  o* 


w  here  Ho  =  (zT,/M)W2. 

In  determining  the  non-linearity  coefficient  a,  we  may  neglect  the  dispersion,  i.e.  consider  the  limiting 
case  (c->0.  In  this  limit,  the  plasma  may  always  be  regarded  as  quasi-neutral,  and  accordingly  be 
described  by  the  mechanical  equations  of  an  isothermal  ideal  gas  (38.3),  (38.7).  Putting  N,  —  No  +  BN,  we 
can  write  these  equations  as  far  as  the  second-order  terms  in  the  small  quantities  BN  and  e.  In  these 
second-order  terms,  we  can  put  u  =  HoSN/No,  as  in  the  linear  approximation  for  a  wave  piopagating  in 
the  positive  x-direction  («u  being  the  speed  of  the  waves  in  the  linear  approximation).  I  he  equations 
then  become 


dSN 

dt 


+  N„-  = 


3BN 

dx 


si ^  if,,'  U\\~  tiUN  Sv 

Bn  'T '  v  "  =  0. 

(>i  Nn  ax  No  ax  ax 

Differentiating  the  first  equation  with  respect  to  I,  the  second  with  respect  to  x,  and  eliminating  d2v{  Dt  ax, 
we  find 


(s-  "■£)(£ + “,£)Wf = -j*  s  (8N 


dSN\ 
dx  r 


With  the  same  accuracy,  we  replace  the  derivative  rt/3l  on  the  right,  and  in  the  difference  i)/Bl  —  iind/Bx 
on  the  left,  by  -Untf/tlx.  Lastly,  cancelling  the  differentiation  dfdx  on  both  sides  and  comparing  the  result 
with  (39.2),  we  have 


a  =  i<o/ Nn. 


§40.  Permittivity  of  a  degenerate  collisionless  plasma 

In  calculating  the  permittivity  of  a  collisionless  plasma  in  §§29  jmd  31,  we 
entirely  neglected  all  quantum  effects.  The  results  thus  obtained  are  resuicted,  first 
of  all,  as  to  temperature  by  the  condition  that  degeneracy  be  absent;  for  electrons, 
this  condition  is 


T»ef-li2N£2V  (40.1) 

where  eF  =  pF2/2m  and  pF  is  the  limiting  momentum  of  the  Fermi  distribution  at 
T  =  0,  which  is  related  to  the  number  density  of  electrons  by  pF3/37r2ft3  =  Ne. 

Moreover,  the  possibility  of  applying  the  classical  Boltzmann  equation  to  a 
plasma  in  an  external  field  involves  the  imposition  of  certain  conditions  on  the  field 
frequency  w  and  wave  vector  k.  The  characteristic  distances  (—  1  Ik)  over  which  the 
field  varies  must  be  large  compared  with  the  electron  de  Broglie  wavelength  hip , 
and  the  corresponding  uncertainty  (~hk)  in  the  momentum  must  be  small  com¬ 
pared  with  the  width  (~ T(v )  of  the  region  over  which  the  electron  thermal 
distribution  extends.  For  a  non-degenerate  plasma,  p  ~  Tfv  —  (mT)1/2,  so  that  the 
two  conditions  coincide.  For  a  degenerate  plasma,  p~pF,  v  ~  vF  =  pFlm,  but 
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Tlv  p  since  T  eF.  Thus  in  either  case  it  is  sufficient  if 

fikv  <  T.  (40.2) 

Lastly,  the  frequency  must  satisfy  the  condition 

ftw<$eF:  (40.3) 

the  field  energy  quantum  must  be  small  in  comparison  with  the  mean  electron 
energy  (but  this  condition  is  usually  unimportant). 

Let  us  now  consider  the  dielectric  properties  of  the  plasma  without  imposing  the 
conditions  (40.1  >-(40.3)  on  the  electron  component;  the  ion  component  may  remain 
non-degenerate.  We  shall  calculate  the  electronic  part  of  the  permittivity.  The 
condition  for  the  interaction  of  the  plasma  particles  to  be  negligible  will  again  be 
assumed  satisfied: 


e2Nel,3<£e;  (40.4) 

when  e~€F,  this  becomes  Nem>  me2fh2,  or  e2ltivF  ^  1  (cf.  SP  1,  §80;  SP  2,  §85). 

The  abandonment  of  the  condition  (40.2)  means  that  the  quantum-mechanical 
equation  for  the  density  matrix  must  be  applied  from  the  start.  Since  the  interaction 
between  electrons  is  neglected,  we  can  immediately  write  a  closed  equation  for  the 
one-particle  density  matrix  pfri„,(f,  r(,  r2)  (where  cri  and  cr2  are  the  spin  indices).  We 
shall  assume  that  the  electron  distribution  is  independent  of  the  spin.  i.e.  the 
dependence  of  the  density  matrix  on  the  spin  indices  is  separated  as  a  factor  d0l<j2, 
which  will  be  omitted.  The  spin-independent  density  matrix  p(f,  ru  r2)  satisfies  the 
equation 


ifldpldt  =  (Hi  -  H?)p,  (40.5) 

m 

where  H  is  the  electron  Hamiltonian  in  the  external  field,  and  the  suffixes  1  and  2 
indicate  the  variable  (ri  or  r2)  on  which  the  operator  acts  (see  QM,  §  14).  This 
equation  replaces  the  classical  Liouville's  theorem  dffdt  =  0  for  the  classical 
one-particle  distribution  function. 

As  in  §29,  we  shall  calculate  the  longitudinal  permittivity.  Accordingly,  we 
consider  an  electric  field  with  a  scalar  potential  <p(f,  r),  and  the  electron  Hamil¬ 
tonian  thus  becomes 


H  =  ~(h2l2m)A  -  e<p(U  r).  (40.6) 

Assuming  the  field  to  be  weak,  we  put 

p  =  po(r(  -  r2)  +  5p(f,  r,,  r2),  (40.7) 

where  p0  is  the  density  matrix  of  the  unperturbed  stationary  and  homogeneous  (but 
not  necessarily  equilibrium)  state  of  the  gas;  the  homogeneity  implies  that  p0 
depends  only  on  the  difference  R  =  r(  -r2.  The  density  matrix  p0(R)  is  related  to  the 
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n„(p)  =  Jf,j  pM)e-ip-M  d’x,  (40.8) 

where  Jfe  is  the  total  number  of  electrons;  see  SP  2  (7.20).  The  function  n(p)  is 
defined  as  the  occupation  numbers  of  quantum  states  of  electrons  with  definite 
values  of  the  momentum  and  the  spin  component.  The  number  of  states  in  an 
element  d3p  of  momentum  space  and  with  either  value  of  the  spin  component  is 
2  JJp/(27rft)J-  Hence  n(p)  is  related  to  the  distribution  function  /( p)  used  previously 
by 


/(p)  =  2n(p)/(27rft)3- 


(40.9) 


Substituting  (40.7)  in  (40.8)  and  omitting  terms  of  the  second  order  of  smallness, 
we  obtain  a  linear  equation  for  the  small  correction  to  the  density  matrix: 

[ifi  “  +  7^-  (Ai  ~  A2)jsp(f,  ri»  r2)  =  -eM*.  r,)  -  <p(f,  r2)]p0(r1  -  r2).  (40. 10) 


Lett 


<p(f,  r)  = 


i(k  -  r-wl) 


(40.11) 


Then  the  dependence  of  the  solution  of  (40.10)  on  the  sum  ri  +  r2  (and  on  the  time) 
can  be  separated  by  putting 


Fin  —  pxnfik  k(r.  +  r ^  —  it.it'io  .  (r.  —  r-.’k 


’  JO^KV-  1  ■  i/' 


(Aft  I?1! 


Substituting  this  expression  in  (40.10),  we  obtain  an  equation  for  g^R): 

[fto,  +!^(V  +  (V  -  Jik^jg.kCR)  =  -  e<p„k(eik-R’-  eik-R2)p„(R)- 


2m 


We  can  now  apply  a  Fourier  expansion  with  respect  to  R.  Multiplying  both  sides 
by  exp(-ip  .  R/fi)  and  integrating  over  t/3x,  and  using  (40.8),  we  obtain 

[tiw  -  e(p  +  ktik)  +  e(p  -  2fik)]gwk(p)  =  -  {e<pukIJft)[nJip  -  2fik)  -  ndp  +  2fck)], 

where  c(p)  =  p2/2m,  or  equivalently 

gokip)  =  (e(puklhJ{e)  [n0(p  +  2ftk)  -  «o(p  -  iftk)]/(w  -  k  .  v).  (40.13) 


tThe  Hamiltonian  (40.6)  must  be  Hermitian,  and  so  the  function  <p  in  it  (and  consequently  in  (40.10) 
also)  is  real.  But,  having  written  down  equation  (40.10),  which  is  linear,  we  can  solve  it  for  each  of  the 
complex  monochromatic  field  components  separately. 
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The  value  of  the  density  matrix  at  ri  =  r2^r  determines  the  number  density  of 
particles  in  the  system:  N  =  2Np(L  r,  r);  see  SP  2  (7.19).  Hence  the  change  in  the 
electron  density  due  to  the  field  is 

8Ne  =  2Ne8p(U  r,  r)  =  2A>i(k-r  wI,g(t)k(R  -  0), 
or,  expressing  g^kfR^  0)  in  Fourier  components, 

SN,  =  2JYre,,k  '-->  j  g„v(p)  d,pl(2vti)\  (40. 14) 

The  corresponding  change  in  the  charge  density  is  —  e8Ne. 

The  permittivity  is  now  calculated  as  in  §29:  starting  from  the  relation  between 
the  charge  density  and  the  dielectric  polarization  vector  (—  e8Ne  =  -  div  P  = 
-ik  ■  P),  we  write 

e8Ne  =  i(ci  -  i)E  .  k/47r 
=  k\e i  -  l)<pwJ47r. 

We  thus  arrive  at  the  following  formula  for  the  electronic  part  of  the  longitudinal 
permittivity  of  a  plasma  having  an  electron  distribution  function  n(p)  (the  suffix  0 
being  now  omitted); 


€i(w,  k)  —  1  ~ 


4-ttc2  f  n(p  +  jftk)  —  n(p  —  2ftk)  2<Pp 


ftk 


f 


k  .  v  —  to  —  iO 


(277ft)1 


(40.15) 


(Yu.  L.  Klimontovich  and  V.  P.  Silin,  1952);  the  pole  in  the  integral  is,  as  usual, 
avoided  in  the  manner  specified  by  the  Landau  rule. 

In  the  quasi-classical  case,  when  the  conditions  (40.2)  and  (40.3)  are  satisfied,  the 
functions  n(p±  ^ftk)  can  be  expanded  in  powers  of  k.  Then 

«(p  +  {ftk)  —  n(p  -2ftk)  —  ftk  .  dn(p)/dp, 


and  (40.15)  becomes  the  previous  formula  (29.9)  when  the  relation  (40.9)  is  taken 
into  account.  It  must  be  emphasized,  however,  that  the  distribution  n(p)  in  (40.15) 
may  relate  to  a  degenerate  plasma. 

Let  us  apply  this  formula  to  a  completely  degenerate  electron  plasma  at  T  =  0, 
with  n(p)  =  1  for  p<Pf  and  fl(p)  =  0  for  p  > pF>  Changing  the  variable  of  in¬ 
tegration  in  each  term  in  (40.15)  byp±2ftk-»p,  we  obtain 


4t7C2  f  f  1 _ 1  12 d3p 

ftk2  Jp<PF  —  k.v  +  iO  w_  —  k.v  +  iOJ  (2 77ft)3’ 


where  w±  =  w  ±  ftk2/2m.  An  elementary  though  fairly  laborious  integration  leads  to 
the  result 


.A, 


■'/ 


1  = 


30  2 

f  .  fi  _  o(,..  \ 

2k  ay  11 


o(  r.\ 
t>  V" 


U 

VJi 


g(w) 


m  (w“ ~~  k“Cp2) . 

3  log 
2nk  vf 


a)  +  kvFm 

w  —  kvF  ’ 
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the  logarithm  is  to  be  taken  as  log  |u |  —  iir  if  its  argument  u  <0.  The  “plasma 
frequency”  ft*  is  again  defined  as  fl«,  —  (47 TNee2/m)u2. 

In  the  quasi-classical  limit  ftk<pF,  fiu)<eFt t  formula  (40.16)  leads  to  a  simple 
expression  that  does  not  involve  ft: 

1  _  3HC2  to  .  co  +  fayl  f  0  for  |co|>fct;F, 

€l  k2vF2  [  2kvF  co  —  kvF  J  [i .  3irfle2ti)/2(kvF)3  for  |w|</ci;F. 

(40.17) 

The  static  case  is  of  particular  interest.  When  w  =  0,  the  expression  (40.16)  as  a 
function  of  k  has  a  singularity  at  the  point  where  fik  is  equal  to  the  diameter  of  the 
Fermi  sphere, 

fi/c-2pF;  (40.18) 


at  this  point,  the  argument  of  one  of  the  logarithms  is  zero.  Near  it, 


€,(0  ,*)-  1  =(e2/27Tft€F)[l-eiog(l/|^|)],  (40.19) 

£  =  (tik  -  2pF)/2pF,  |f|<S  1. 

We  shall  show  that  the  presence  of  this  singularity  (called  the  Kohn  singularity) 
leads  to  a  change  in  the  nature  of  the  screening  of  the  field  of  charges  in  the 
plasma,  which  ceases  to  be  exponential. $ 

We  write  (40.19)  in  the  form 


=  loguqtM. 


where  a  ~  e2l27rfivFt  and  the  constant  /3  may  include  the  non-singular  contribution 
from  the  non-degenerate  ionic  component  of  the  plasma. 

The  Fourier  component  of  the  field  due  to  a  small  point  charge  ex  at  rest  in  the 
plasma  is  expressed  in  terms  of  the  permittivity  by 


(pk  =  47TCi//c2eJ(0,  k); 


(40.21) 


see  §31,  Problem  1.  For  the  potential  < p(r)  as  a  function  of  the  distance  from  the 
charge  elt  we  have 


<p(r)=  [<pke,k-r<l3fc/(2*r)3 

=  =-T~  im  [  <fye,krk  (Ik.  (40.22) 

Z7T  r  Jo 


tAt  T  =  0,  these  conditions  are  sufficient,  since  the  limiting  value  of  e(  as  tikvrle f— >0  and  T— >0  is 
independent  of  the  order  of  passage  to  the  limits.  The  relation  between  fikvF  and  T  is  therefore 
unimportant. 

tThe  physical  consequences  of  the  singularity  which  results  when  the  condition  (40.18)  is  satisfied 
^ere  noted  by  W.  Kohn  (1959). 


P«  10  -  L 
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As  k -*■(),  *p(k)  tends  to  a  constant  and  has  no  singularity.  Hence  the  asymptotic 
form  of  the  integral  in  (40.22)  as  is  determined  by  the  singularity  of  this 

function  at  tik  =  2 pF.  Near  that  point, 


9  k  = 


PPf 


The  contribution  from  this  region  to  the  asymptotic  value  of  the  integral  is 


( p(r)  (2e,a/iT/32r)  im(e2‘PFr/*7 ), 


A 


2iPFT^lh  fj£. 

1 


because  of  the  rapid  convergence  (see  below),  the  integration  with  respect  to  £  can 
be  taken  from  -<»  to 

To  calculate  the  integral  J,  we  divide  it  into  two  parts,  from  —  °°  to  0  and  from  0 
to  ac,  and  in  each  part  we  turn  the  contour  of  integration  in  the  complex  £-plane 
until  it  lies  along  the  positive  imaginary  axis.  Then,  putting  £  —  iy,  we  obtain 


The  difference  in  the  brackets  is  just  /it,  so  that  J  =  i7r(ft/2pfr)2.  The  final  result  is 


9(0 


(40.23) 


Thus  the  potential  of  the  screened  field  far  from  the  charge  oscillates  with  an 
amplitude  that  decreases  according  to  a  power  law.  This  result,  derived  for  a 
degenerate  plasma  with  T  =  0,  remains  valid  for  low  temperatures  at  distances 
r  <  hvf  IT. 


PROBLEM 

Determine  ihe  spectrum  of  electron  oscillations  of  a  degenerate  plasma  at  T  =  0  in  the  quasi-classical 
range  of  values  of  ft. 

Solution.  The  function  w(fc)  is  given  by  €;(t*j,  ft)  =  0,  with  from  (40.17).  For  small  ft  (tty  «Or).  it 
is  found  that  fci>/w  I:  expanding  (w,  ft)  in  powers  of  this  ratio,  we  find 

"=n'[l+il(£)2]  <■> 

(A.  A.  Vlasov  (938).+  This  part  of  the  spectrum  corresponds  to  ordinary  plasma  oscillations:  cf.  (32.5). 

For  large  ft  (Jay  but  still  ftk  p* ),  we  find  that  m  ~  ftty.  Solving  the  equation  e/  =  0  by  successive 
approximation,  we  find 


iu 


nv^_%:.Jnn  2  _  Tii 

I i-t'  1+  J-'Aif  *-/J 


tThe  condition  fifir  <€cf  for  the  frequency  to  be  quasi-classical  in  a  degenerate  plasma  is  the  same 
as  the  condition  (40.4)  for  an  ideal  plasma. 
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(I,  I.  Gol’dman,  1947).  This  part  of  the  spectrum  is  analogous  to  zero  sound  in  an  uncharged  Fermi  gas; 
cf.  SP  2  (4, 16). 

Figure  12  shows  diagrammatically  the  form  of  the  spectrum.  We  have  everywhere  tolk>vF :  since 
T  —  0,  there  are  no  particles  with  v  >  and  the  Landau  damping  is  exactly  zero. 


CHAPTER  IV 


COLLISIONS  IN  PLASMAS 


§41.  The  Landau  Collision  Integral 

The  study  of  the  properties  of  plasmas,  with  collisions  between  particles  taken  into 
account,  must  start  with  the  derivation  of  the  transport  equation  for  the  electron 
and  ion  distribution  functions. 

The  specific  feature  of  this  case  is  the  slow  decrease  of  the  Coulomb  interaction 
forces  between  charged  particles.  If  the  Boltzmann  collision  integral  is  used  as  it 
stands,  the  result  is  that  the  integrals  diverge  for  large  distances  between  the 
colliding  particles.  This  means  that  distant  encounters  are  important.  At  large 
distances,  the  particles  are  deflected  with  only  a  slight  change  in  their  n^pmenta. 
The  collision  integral  can  consequently  be  put  in  a  form  similar  to  that  which  it  has 
in  the  Fokker-Planck  equation.  In  contrast  to  this,  however,  the  collision  integral  is 
no  longer  linear  in  the  required  distribution  functions.  But  the  relative  smallness  of 
the  changes  of  momentum  in  collisions  certainly  means  that  the  process  described 
by  the  collision  integral  may  be  treated  as  diffusion  in  momentum  space.  Accord¬ 
ingly,  it  may  be  written  as 


C(f)  =  -  divp  s  =  -  dsjdpa , 

where  s  is  the  particle  flux  in  momentum  space.  The  problem  is  to  express  this  flux 
in  terms  of  the  distribution  functions. 

We  write  as 


*7(p)/'(p')  c*W 

the  number  of  collisions  occurring  per  unit  time  between  a  particle  with  momen¬ 
tum  p  and  particles  with  momentum  p'  in  the  range  dypr\  in  a  collision,  p  and  p' 
become  respectively  p  +  q  and  p'  —  q.  The  conservation  of  momentum  in  collisions 
has  been  taken  into  account  here.  The  arguments  t  and  r  of  the  distribution 
functions  are  omitted,  for  brevity.  The  particles  p  and  p'  may  be  of  the  same  or 
different  types  (electrons,  ions).  We  shall  take  w  to  be  expressed  as  a  function  of 
half  the  sum  of  the  momenta  of  each  particle  before  and  after  the  collision,  and  of 
the  momentum  transfer  q: 


>v(p  +  ^q,  p'~iq;q); 

it  depends,  of  course,  also  on  the  types  of  particle  involved.  By  virtue  of  the 
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principle  of  detailed  balancing  (2.8),  the  function  w  is  symmetrical  with  regard  to 
the  interchange  of  the  initial  and  final  particles: 

^(p  +  iq,  p'-h;q)  =  w(p  +  h>p'“2q;“q)-  (4i.i) 

The  function  w  contains  a  delta-function  factor  which  expresses  the  conservation 
of  energy  in  collisions  (the  conservation  of  momentum  has  already  been  taken  into 
account). 

Let  us  consider  a  unit  area  at  some  point  p  in  momentum  space  (of  particles  of  a 
given  kind),  perpendicular  to  the  p^-axis.  By  definition,  the  flux  component  su  is  the 
excess  of  particles  (of  that  kind)  crossing  this  area  from  left  to  right  per  unit  time 
ovdr  those  crossing  it  from  right  to  left.  The  movement  in  momentum  space  is  due 
to  collisions.  If  a  particle  receives  in  a  collision  an  a-component  of  momentum 
equal  to  q„  ( >  0),  the  result  of  such  collisions  will  be  for  those  particles  to  cross  the 
area  from  left  to  right  whose  values  of  this  component  before  the  collision  were 
from  pa  -  qa  to  p„.  Hence  the  total  number  of  particles  crossing  the  area  from  left 
to  right  is 

2  \  d3q  (  cl3p'  [  w(p  +?q>P'~h;  q)/(p)/'(p')  dpa. 

The  summation  is  taken  over  all  types  of  particle  to  which  the  primed  quantities 
refer  (including,  of  course,  the  given  type  to  which  the  unprimed  quantities  refer). 
Similarly,  the  number  of  particles  crossing  that  area  from  right  to  left  may  be 
written 

2  f  d'q  \  d*p' \  ^(p  +  k.p'~k;“q)/(p  +  q)/'(p'”q)^p«* 

Because  of  (41.1),  the  functions  w  in  the  two  integrals  are  the  same.  The 
difference  of  these  integrals  therefore  has  in  the  integrand  the  difference 

/(p)f(p'W(p  +  q)/'(p'-q'). 


We  now  use  the  fact  that  the  momentum  transfer  q  is  small  (more  precisely,  that 
the  values  of  q  important  in  the  integrals  are  small  in  comparison  with  p  and  p'). 
Expanding  the  above  difference  in  powers  of  q,  we  find  as  far  as  the  first-order 
terms 


* 


3/(p) 

dpp 


f'(p')  +  f(p) 


9f'(  P')~ 
dPp  . 


Qp- 


We  can  then,  to  the  same  accuracy,  put  in  the  integrands 


w(p + p'  -  iq;  q)  ^  w(p»  p';  q)- 

The  integration  over  dpa,  which  covers  the  short  range  from  pQ  -  qQ  to  p.„  may  be 
replaced  by  a  simple  multiplication  by  the  length  qQ  of  this  range.  The  result  is 


f  r  r  'if;/  tx  n  r/  \- 

=  2  >(|  J  «'(p,p';q)  /(P)^^-/V)^^  q«q/3d3p'-  (41.2) 
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Because  of  (41.1),  w(p,  p';q)  is  an  even  function  of  q,  and  therefore  so  is  the 
whole  integrand  in  (41.2).  This  enables  us  to  replace  the  integral  over  the  half-space 
qn  >  0  by  half  the  integral  over  the  whole  of  q-space. 

In  rewriting  (41.2)  we  also  express  w  in  terms  of  the  collision  cross-section  by 

w  (Pq  =  |v  —  v'|  da. 

As  already  explained  in  connection  with  the  form  (3.9)  for  the  collision  integral,  we 
can  then  suppose  that  the  number  of  independent  integrations  has  already  been 
decreased  by  using  the  law  of  conservation  of  energy.  Thus  the  momentum  flux  in 
the  momentum  space  of  particles  of  each  type  is 


where 


(41.3) 


Bap=  2  J  Qaqp  | v  -  v'|  dor.  (41 .4) 

It  remains  to  calculate  the  quantities  Bap  for  collisions  of  particles  with  Coulomb 
interaction. 

For  a  deviation  through  a  small  angle,  the  change  q  in  the  momentum  of  the 
colliding  particles  is  perpendicular  to  their  relative  velocity  v  — v\  The  tensor  Baf3 
also  is  therefore  transverse  to  this  vector: 


BaP(vp-v^)  =  0.  (41.5) 

It  may  be  noted  at  once  that  this  automatically  ensures  the  vanishing  of  the  fluxes 
(41.3)  for  an  equilibrium  distribution  of  all  the  particles.  With  Maxwellian  dis¬ 
tributions  /  and  /'  (having  the  same  temperature  T),  the  integrand  in  (41.3) 
becomes 


( ff'IT)(v’p-Vp)Bap  =  0 . 

The  vector  v  —  v'  is  also  the  only  vector  on  which  the  tensor  Bnp  can  depend. 
Such  a  tensor,  transverse  to  v  -  v',  must  have  the  form 


where  the  scalar 


Bap  =1 


- 

=  }B  i 


(va  -  vL)(vp~-  vjy 
(v  -  v')2  _ 


B-Boo 


Let  x  be  the  angle  of  deviation  of  the  relative  velocity  (in  the  centre-of-mass 
system  of  the  two  particles).  For  small  values  of  this  angle,  the  momentum  change 
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v'|x,  where  ju,  is  the  reduced  mass  of  the  particles  Hence 


where 


cr,  =  J  (1  -  cos  X)d<?^2  j  X2  dv 


is  the  transport  cross-section.  The  differential  cross-section  for  small-angle  scatter¬ 
ing  in  a  Coulomb  field  is  given  by  the  Rutherford  formula 


4(ee')2  do  Siriee')1  dx 


do 


p/(v-v')V  p/(v-v')V 


(41.6) 


where  e  and  e'  are  the  charges  on  the  colliding  particles.  Hence  the  transport 
cross-section  is 


Vi  = 


4u(ee')2 

^2(v-v')4 


L, 


(41.7) 


The  value  of  Bap  is  consequently 


r  _  2ir(ee')2  r  (u«  ~  vL)(vp  ~  ug)~ 

“afi  |  ;l  C  Oap  /  * 

|v  -  V  |  L  (v  -  V  )  J 


(41.8) 


The  integral  L  is  logarithmically  divergent.  The  divergence  at  the  lower  limit  has 
a  physical  cause — the  slowness  of  the  decrease  of  the  Coulomb  forces,  which  leads 
to  a  high  probability  of  small-angle  scattering.  In  reality,  however,  in  an  electrically 
neutral  plasma  the  Coulomb  field  of  a  particle  at  sufficiently  large  distances  is 
screened  by  other  charges;  let  x™™  denote  the  order  of  magnitude  of  the  smallest 
angles  for  which  the  scattering  can  still  be  regarded  as  Coulomb  scattering.  The 
divergence  at  the  upper  limit  arises  simply  because  all  formulae  have  been  written 
on  the  assumption  of  small  angles,  and  cease  to  be  valid  when  x~l.  Since  a 
logarithm  of  a  large  argument  is  fairly  insensitive  to  small  changes  in  that 
argument,  we  can  take  the  limits  of  integration  from  estimates  of  their  orders  of 
magnitude,  writing 

L  =  log(l/»r)-  (41.9) 

This  quantity  is  called  the  Coulomb  logarithm .  It  must  be  stressed  at  once  that  such 
a  method  of  determining  it  restricts  the  whole  discussion  to  what  is  called 
logarithmic  accuracy ,  which  neglects  quantities  small  compared  not  only  with  the 
large  quantity  l/^min  but  also  with  its  logarithm. 

A  practical  estimate  of  vm:_  depends  on  whether  the  scattering  of  particles  is  to 
be  described  in  classical  or  quantum-mechanical  terms;  the  expression  (41.8)  itself 
is  valid  in  either  case,  since  purely  Coulomb  scattering  is  described  by  the 
Rutherford  formula  in  both  classical  and  quantum  mechanics.! 

tin  the  quantum  case,  the  exchange  effect  has  io  be  taken  into  account  in  the  scattering  of  like  particles 
(electrons).  This*  effect  does  not,  however,  alter  the  limiting  form  (41.6)  of  the  cross-section  at  small  angles. 
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The  Coulomb  field  of  a  particle  in  a  plasma  is  screened  at  distances  of  the  order 
of  the  Debye  length  a.  In  the  classical  case,  is  defined  as  the  scattering  angle 
for  a  passage  at  impact  parameter  ~  a.  The  corresponding  momentum  change 
q~\ee'\ lavrel,  the  product  of  the  force  ~|ee'| la1  and  the  transit  time  —  a/tJrC|.T 
Dividing  q  by  the  momentum  ~ju, ffrcl,  we  have  Xmin~  \ee’\l a^v^-  The  condition  for 
classical  scattering  is  |ee'|/fiurci£>  L  see  QM,  §  127.  Thus  we  have 

L  =  log(aju,i;rei/|ee'|)  with  |ee'|/fturel  $>  1.  (41.10) 

In  the  opposite  limiting  case  |ee'|/fturei  <5  1,  the  scattering  must  be  treated  quan- 
tum-mechanically,  using  the  Born  approximation.  The  scattering  cross-section  in 
this  case  is  expressed  in  terms  of  the  Fourier  component  of  the  scattering  potential 
with  wave  vector  q/fi.  The  contribution  to  this  component  from  the  screening 
charge  “cloud”  (with  dimensions  ~  a)  becomes  small  when  qaffi  s  1;  this  is  then 
the  condition  for  purely  Coulomb  scattering.  The  angle  xmin  is  therefore  found  from 
the  condition 


^fmin affl  ft  '  1. 


In  this  case,  then. 


L  =  log(ju,arrC|/fi)  with  \ee'\lfivIcl  <€  1 .  (41.11) 


When  \ee’\  ~hviei,  the  expressions  (41.10)  and  (41.11)  coincide,  of  course. 

Let  us  now  write  the  final  expression  for  the  fluxes  in  momentum  space  by 
substituting  (41.8)  in  (41.3): 


£2ir (ee’fL  f  y)  5°e  ■  (t>°  V'f)  d* p'.  (41.12) 

J  \  o pp  dpp/  |v-v| 


v-vf 


The  corresponding  transport  equations  are 


4-  v  •  +  e(K  4-  v  X  R/r  *  -  =  -  d,*v  c 

dt  dr  ap 


Ml  11\ 
v 


where  e  is  the  charge  on  the  particles  to  which  /  relates,  i.e.  —  e  for  electrons  and  ze 


’or  inn  c 


■  cion  intAnrol  in  lAnori  thm  l A  rrnnrA  v  1  m  nt*An  f  at  q  u/i  th 

a  iiv  vuinoiv;ii  imv^i  at  in  ii  iv  iv/gaiuiiiiiiv  uppi  v;  a  i  h  t  cu  u;  1 1  iui  u  guo  y»uh 


Coulomb  interaction  between  the  particles  was  determined  by  L.  D.  Landau  (1936). 

The  validity  of  the  Landau  collision  integral  depends  on  the  fulfilment  of  certain 
conditions.  The  characteristic  lengths  Ilk  over  which  the  distribution  function 
varies  significantly  must  be  large  compared  with  the  screening  radius  a,  and  the 
characteristic  times  1/co  must  be  large  compared  with  a/t Jrd;  in  the  logarithmic 
approximation,  however,  it  is  sufficient  in  practice  if  these  conditions  are  satisfied 


tHere,  and  in  all  analogous  places  below,  crej  is  ihe  mean  relative  velocity  |v  —  v'|  of  the  two  particles.  If 
they  are  of  the  same  type  it  is  the  mean  value  e;  if  they  are  of  different  types,  il  is  the  larger  of  v  and  r'. 


§42 


Energy  Transfer  Between  Electrons  and  Ions 


173 


in  the  weak  form 


with  <  in  place  of 


ka  <  1,  u)  <  vrelfa. 


PROBLEM 

It  has  been  shown  in  §34  that,  after  the  perturbations  of  the  electron  density  with  wave  vector  k  have 
been  removed  by  Landau  damping,  the  perturbations  of  the  distribution  function  continue  to  oscillate  as 
e  ,k  '*  (34.16).  Find  the  damping  of  these  oscillations  by  Coulomb  collisions  at  times  l  ^  I fkv. 

Sol  unoN.  We  seek  the  distribution  function  in  the  form 

/  =  /n+f>/,  6/  =  fl(l,v)e^k-’,,Mk-r.  (I) 

where  fi/  is  the  perturbation  of  the  equilibrium  distribution  /«,  and  a  is  a  slowly  varying  function  of  the 
velocity  (changing  appreciably  only  over  ranges  - 1;  I/fct).  On  substituting  (I)  in  (41. 12),  we  need 
retain  in  the  integrand  only  the  term 

-  ~  (i/m )ktfi/(p)/n(p'); 

the  remaining  terms  make  only  a  small  contribution,  either  because  the  integral  is  made  small  by  the 
rapidly  oscillating  factor  exp(  -  ik  .  v't)  or  because  they  do  not  contain  the  factor  kt  l/e.  For  the  latter 
reason,  too,  only  the  exponential  factor  need  be  differentiated  in  the  calculation  of  divps.  The  transport 
equation  then  gives 

Hal Ht  =  ~  kukpbapt* a, 

where  in  order  of  magnitude  the  coefficients  bup  —  T1  v,  with  v  the  collision  frequency  Hence 

«(I,  v)  -  au(v)  exp{  -  3fcr.fcpb^1pt,},  (2) 

and  so  the  damping  time  of  the  oscillations  is 

Td-^ll\kv)V\ 

Since  the  whole  theory  of  Landau  damping  is  valid  only  if  kv  v,  we  have  tj  I/i».  The  result  (2)  is 
correct  if  the  exponent  in  it  is  small  compared  with  the  exponent  kvt  in  (I);  for  this  to  be  so,  we  must 
have  t  <£(vkv)  l,\  In  this  time,  the  oscillations  are  damped  by  a  factor  exp[  —  V(kf/i/)l- 
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The  large  difference  between  the  electron  mass  rn  and  the  ion  mass  M  impedes 
the  transfer  of  energy  between  electrons  and  ions:  when  a  heavy  and  a  light 
particle  collide,  the  energy  of  each  is  almost  unchanged.  The  establishment  of 
equilibrium  among  the  electrons  alone  and  the  ions  alone  therefore  takes  place 
considerably  more  quickly  than  that  between  electrons  and  ions.  This  may  easily 
give  rise  to  a  situation  where  the  electron  and  ion  components  of  the  plasma  each 
have  a  Maxwellian  distribution  but  with  different  temperatures  Te  and  Tit  of  which 
Te  is  usually  the  greater. 

The  difference  between  the  electron  and  ion  temperatures  causes  an  energy 
transfer  between  the  two  components  of  the  plasma,  which  may  be  determined  as 
follows  (L.  D.  Landau  1936). 

We  shall  temporarily  denote  by  a  prime  the  quantities  pertaining  to  electrons, 
leaving  unmarked  those  pertaining  to  ions.  The  change  in  the  ion  energy  per  unit 
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volume  and  unit  time  is  given  by  the  integral 


dEldt  =  f  eC(f)  d3D  =  —  f  e  div^s  d3p. 

J  ■  J  r 

or,  integrating  by  parts, 

dEfdt  =  J  s .  (del dp)  d3p  =  J  s .  v  d3p ;  (42. 1) 

the  integral  over  an  infinite  surface  in  momentum  space  is,  as  usual,  zero. 

In  the  sums  (41.3)  which  determine  the  electron  and  ion  fluxes  in  momentum 
space,  the  only  terms  remaining  are  those  which  correspond  to  electron-ion 
collisions;  the  electron-electron  and  ion-ion  terms  are  zero  for  Maxwellian  dis¬ 
tributions.  Substituting  in  these  remaining  terms  the  Maxwellian  distributions  with 
temperatures  T'  and  T,  we  obtain  for  the  ion  flux 

From  (41.5),  BapVp  —  Bap vp\  making  this  change  and  substituting  the  flux  in  (42.1), 
we  find 


(42.2) 


Since  the  electrons  have  small  masses,  their  mean  speeds  are  large  compared 
with  those  of  the  ions.  We  can  therefore  put  i*' —  na  ^  v'a  in  B„p.  Then  the  quantities 
Bap  no  longer  depend  on  the  va,  and  in  (42.2)  we  can  carry  out  the  integration  over 
d3p: 

J  fvavp  d3p  =  \8apNir  =  8apNT/M. 

Thus 


dE 

dt 


NT 

M 


(t  r)/'B rfJp  ■ 


(42.3) 


Finally,  substituting  here  from  (41.8)  B  =  4ire4z2Llv'  (where  ze  is  the  ion  charge), 
and  noting  that  for  a  Maxwellian  distribution 


J  /'  dV/t/=  N'VdmlirT'), 

we  obtain 


dE  4NN'z2eW(2irm)L  „ 
dt  MT'3'2  (J  J) 


(42  4) 
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( 


The  same  expression,  with  the  opposite  sign,  gives  the  decrease  in  the  energy  of 
the  electron  component  of  the  plasma,  —  dE'fdt •  Expressing  the  electron  energy  per 
unit  volume  in  terms  of  the  electron  temperature  by  E'  =  3NT72  and  resuming  the 
use  of  the  suffixes  e  and  i  for  electron  and  ion  quantities,  we  can  write  the 
following  final  expression  for  the  rate  of  change  of  the  electron  temperature: 


dTe  =  Te-Tt  c  =  TemM 

dt  Tgi  ’  Td  8N,zVL,(2irm)‘J2' 


The  Coulomb  logarithm  here  is 


r  i - /  _t'  I _ 2\ 

T  =  ]  ^ 

€  Uog[V(mTe)a/ft] 


for 

for 


^  i  'i 

ck  i  nvje  **  i,  I 

ze2lhvTc  <  1 .  j 


(42.5) 


(42.6) 


The  quantity  T€ei  is  the  relaxation  time  for  the  establishment  of  electron-ion 
equilibrium. 


§43.  Mean  Free  Path  of  Plasma  Particles 

We  have  seen  from  the  derivation  in  §41  that  the  transport  cross-section  or,  (41.7) 
serves  as  a  collision  parameter  in  the  transport  equation.  It  must  therefore  also 
occur  in  the  definition  of  the  mean  free  path. 

For  electron-electron  (ee)  and  electron-ion  (ei)  collisions,  the  reduced  mass 
/ji '  m,  and,  since  the  speeds  of  the  electrons  are  much  greater  than  those  of  the 
ions,  we  have 


Mv,,  -  v,)2  -  mv\e  -  Te. 


n  „ „  f ^ i i . u  ~  ^ c 

nciiLC  lunuwi  nit:  c^uuicuc  ui  mt-  ^iti-iiuii  mctiu  n^c  jjciui 


le  ~  Te2l47re4NLc, 


(43.1) 


with  Le  from  (42.6).  The  factors  z  are  omitted  from  the  estimates,  it  being  assumed 
that  Zf  —  1-  The  electron  mean  free  time  re  (or  its  reciprocal,  the  collision  frequency 
ve )  is 


t€  -  1  ive  -  Uv Te  -  Te3!2mml47re4NLe. 


(43.2) 


Note  that 


leiae  ~(ULe)(TelNmey2, 

and  le  >  ae  by  virtue  of  the  condition  (27.1)  for  the  plasma  to  be  rarefied.  Accord¬ 
ingly,  the  collision  frequency  is  small  in  comparison  with  the  electron  plasma 
frequency: 


<  vTJae  =  Lle. 


(43.3) 
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Similarly,  the  ton  mean  free  path  with  regard  to  ion-ion  collisions  is 

/f  ~  Trf4-e*NL i,  Lt  =  lo&aTJe 2).  (43.4) 

where  Li  is  the  Coulomb  logarithm  with  ion  quantities  in  place  of  electron  ones. 
The  corresponding  mean  free  time  is 

Ti,  ~  1  h-„  ~  T,V2M,,2/47re4NLi.  (43.5) 


The  cfuantity  t,  determines  the  order  of  magnitude  of  the  relaxation  time  for  the 
establishment  of  local  thermal  equilibrium  of  the  electron  component  of  the 
plasma,  and  tm  the  corresponding  time  for  the  ion  component.  Since  the  frequen¬ 
cies  vef  and  V'i  for  ee  and  ei  collisions  are  of  the  same  order,  rf  is  not  the  relaxation 
time  for  the  establishment  of  equilibrium  between  the  electrons  and  the  ions;  it 
describes  only  the  rate  of  momentum  transfer  from  the  electrons  to  the  ions,  not 
the  rate  of  energy  exchange  between  them.  The  relaxation  time  for  electron-ion 
equilibrium  is  given  by  the  quantity  r«  determined  in  §42.  A  comparison  of  these 
various  times  shows  that 


t„  :  t„  :  ~  1 :  (M/m  )W2:  (M/m ).  (43.6) 

The  mean  free  path  can  be  used  to  estimate  the  transport  coefficients  of  the  plasma. 
To  estimate  the  electrical  conductivity  cr,  we  use  the  familiar  elementary  “kinetic 
theory  of  gases”  formula.  The  particles  (carriers)  with  charge  e  and  mass  m,  in  free 
motion  during  a  time  t,  acquire  from  the  electric  field  E  an  “ordered”  speed 
V  ~  t eElm.  The  electric  current  density  created  by  this  motion  is  j  ~  eNV.  The 
conductivity,  which  is  the  proportionality  factor  between  j  and  E,  is  therefore 

cr  —  e2NTim  ~  e2NllmvTy  (43.7) 

where  1,  m  and  vT  are  to  be  taken  as  the  quantities  pertaining  to  the  lighter 
particles,  i.e.  the  electrons.  An  estimate  using  this  formula  gives 

cr~T?l2le2mu2Le.  (43.8) 

The  thermal  conductivity  is  estimated  similarly  with  the  elementary  formula 
(7.10).  Electrons  play  the  main  part,  and  we  have  k  ~  NelevTece  (where  ct~  1  is  the 
electronic  specific  heat),  whence 


Te5,2le4m',2Le. 


(43.9) 


Ttip  r\f  llio  nlicrriQ  nnlil-p  I  Ki r*  olpptrir'al  anH  rh  prm  al  rnnHiiftn/ttlpc  Je 

I  Iiv  VAOVVJl^j  V*  lllV  piUJllIU,  UllillW  vi  wtl  IVU*  14-11U  ‘V'I  111  LAI  Xr\ynuuvt.f  ¥ 

due  mainly  to  the  movement  of  the  ions,  since  most  of  the  momentum  of  the 
plasma  is  concentrated  in  the  ion  component.  Moreover,  the  momentum  of  an  ion 
is  not  much  changed  by  collisions  with  electrons,  and  for  this  reason  it  is  sufficient 
to  consider  ii  collisions  oniy.  From  (8. 11),  the  viscosity  is  estimated  as  tj  ~  NiMUvn, 
whence 


7j  ~  M1,2Ti5,2le4Li. 


(43.10) 
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The  calculation  of  the  coefficients  for  the  expressions  (43-8)— (43- 10)  requires  the 
solution  of  the  linearized  transport  equation  with  the  Landau  collision  integral, 
which  can  be  done  only  by  approximate  numerical  methods.  As  an  example,  in  a 
hydrogen  plasma  (z  =  1)  the  coefficients  in  the  expressions  for  <r,  k  and  tj  are 
respectively  0.6,  0.9  and  0.4. 


§44.  Lorentzian  plasmas 

In  calculating  the  electron  contribution  to  the  transport  coefficients  in  a  plasma,  it  is 
in  general  necessary  to  take  account  of  both  ei  and  ee  collisions.  However,  if  the 
ion  charge  is  sufficiently  large,  ei  collisions  may  have  a  predominant  effect:  the  ee 
collision  cross-section  is  proportional  to  (e1)1  and  the  frequency  vee  of  such 
collisions  is  proportional  also  to  the  electron  density  Ne ;  similarly,  the  frequency  of 
ei  collisions  is  proportional  to  (ze2fN,  =  e4ztNe,  so  that  v«  vee  if  z  £>  1.  A  plasma  in 
which  ee  collisions  may  be  neglected  in  comparison  with  ei  collisions  is  called  a 
Lorentzian  plasma.  Although  this  is  not  a  very  realistic  case,  it  is  interesting  both 
methodologically  and  for  possible  application  to  other  system s.t 

Since  the  ion  speeds  are  small  compared  with  the  electron  speeds,  they  may  be 
neglected  in  the  first  approximation,  i.e.  the  ions  may  be  regarded  as  at  rest  with  a 
given  distribution.  In  the  problem  of  the  behaviour  of  the  plasma  in  an  external 
electric  field  there  is  a  preferred  direction,  that  of  the  field  E.  If  the  electron 
distribution  function  differs  only  slightly  from  the  equilibrium  form,  f  ~-=  fo(p)  +  8f, 
the  small  correction  8f  is  linear  in  the  field,  i.e.  has  the  form  8/  =  p  •  Eg(p).  Under 
these  conditions,  the  electron-ion  collision  integral  has  the  same  form  as  that  of  the 
collision  integral  in  §  1 1  for  the  problem  of  diffusion  of  a  light  gas  in  a  heavy  gas: 


C{J)  =  ~nei(v)8f,  (44.1) 

with  the  speed-dependent  effective  collision  frequency 

ifctu)  =  NiVo-\a\  (44.2) 

and  cr1,*0  the  transport  cross-section  for  scattering  of  electrons  by  ions.  With  this 
quantity  given  by  (41.7),  and  zM  =  N€,  we  find 

vei{v)  =  4irze4NeLlm2v:i.  (44.3) 


In  the  rest  of  this  section  we  shall  write  r(u)  simply,  omitting  the  suffixes  ei. 

Let  us  now  calculate  the  permittivity  of  a  Lorentzian  plasma  in  a  spatially 
uniform  (wave  vector  k  =  0)  but  periodically  varying  (<*  e'1”1)  electric  field.  The 
correction  8f  to  the  equilibrium  distribution  depends  on  the  time  in  the  same 
manner,  and  the  transport  equation  for  it  is 


-  f  — 


n  +  =  n 

'J  ui  >'  i'  ■  -  \“  /*'] 


(44.4) 


+For  example,  a  weakly  ionized  gas,  where  ei  collisions  are  replaced  by  collisions  between  electrons 
and  neutral  atoms. 
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Noting  also  that  dfjdp  =  -  v/0/T,  we  therefore  have 

Sf  =  -  (elT)E  .  vfj[v(v)  -  m}.  (44.5) 

The  permittivity  is  found  by  means  of  the  relation  (29.4):  —  iwP  —  j,  or 


icj  (c  1)E/47T  =  —  e  J  vS/d3p. 


(44.6) 


Substitution  of  (44.5)  and  averaging  over  the  directions  of  v  (with  (nai'P)  =  j5„pt;2). 


Y*  V  W  I 


■<•>-'-8?  I 

In  the  limit  co  S>  y,t  this  gives 


Aire2  f  t2/o  d3p 


a)  +  ii/(u)' 


(44.7) 


,  „  ,  47re2Nc  ,  .47re2Ne/  2  /  « 


(44.8) 


where  the  averaging  is  over  the  Maxwellian  electron  distribution.  Calculating  the 
mean  value  for  r(u)  as  in  (44.3),  we  obtain 


,  .  .  n,2  ,  .  4V(2t r)  ze4LN€  Ji/  ,  ^  , 


(44.9) 


However,  the  range  of  validity  of  this  formula  also  has  an  upper  limit  given  by  the 
general  condition  (41.4)  for  the  logarithmic  approximation  in  the  collision  integral 
to  be  applicable,  oj  <  VTelne  =  Cle  (the  frequency  must  be  small  in  comparison  with 
the  electron  plasma  frequency). t 

Formula  (44.9)  has  a  special  significance,  since  it  is  valid  for  any  (not  only  large) 
values  of  z.  When  m  ^  vy  the  collisions  cause  only  small  corrections,  and  so  the  ei 
and  ee  collisions  may  be  treated  independently.  In  the  absence  of  ions,  a  uniform 
electric  field  would  cause  only  a  shift  of  the  electrons  as  a  whole,  and  collisions  in 
such  a  system  could  not  cause  dissipation  (represented  by  the  imaginary  part  e"  of 
the  permittivity);  under  such  conditions,  the  dissipation  is  due  only  to  the  ei 
collisions  taken  into  account  in  (44.9).  / 


in  mw  miming 


thin  narmitlit/itl) 

nit, 


€  =  i .  Airoloi,  a  =  (e2N€l3 T)(v2lv(v)). 


(44.10) 


The  quantity  cr  in  this  limiting  expression  is  the  static  conductivity  of  the  plasma; 
see  ECM,  §58.  The  calculation  with  p(t;)  from  (44.3)  gives 


(T 


4V2  Tm 
tt^2  ze2Tml/5‘ 


(44.11) 


+The  symbol  v  (without  argument)  means  the  value  of  v(v)  for  t  =  vt.  In  the  present  case, 
v  —  4TTze4NtLlm  ,f2T ,  . 

$The  calculation  of  c"  for  m  ?>fle  is  discussed  in  §48. 
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The  same  result  could,  of  course,  also  be  reached  by  a  direct  calculation  of  the 
electric  current  density 


j  = 


with  8/  from  (44.5)  (with  to  =  0). 

We  shall  also  calculate  the  other  transport  coefficients  for  a  Lorentzian  plasma, 
which  are  related  to  its  behaviour  in  a  constant  (w  =  0)  electric  fieid  and  a 
temperature  gradient.  Let  us  first  recall  the  definition  of  these  coefficients  (see 
ECM,  §25). 

The  conditions  of  thermal  equilibrium  require,  as  we  know,  not  only  the  constancy 
of  temperature  but  also  that  of  p,  +  U  throughout  the  medium,  where  p,  is  the  chemical 
potential  of  the  particles  and  U  their  energy  in  the  external  field.  In  the  present  case, 
we  are  concerned  with  equilibrium  with  respect  to  the  electrons,  so  that  p,  is  to  be 


ic  thp  plprtrir  fiplH  nntpntml 

»i ....... 


taken  as  their  chemical  potential,  and  U  =  —  £9,  where 
Accordingly,  the  electric  current  j  and  the  dissipative  energy  flux  q'  are  simultaneously 
zero  only  if  T  =  constant  and  p,  —  etp  =  constant,  i.e.  VT  =  0,  Vp,  +  cE  =  0.  The 
expressions  for  j  and  q'  are  written  as  follows,  satisfying  the  condition  stated: 


E+i  Vp,  =^j  +  aVT, 


(44.12) 


q'  =  q-(<P  =  a  t  j  -  kV  I  . 


(44.13) 


Here  a  is  the  electrical  conductivity  of  the  medium,  k  the  thermal  conductivity,  a  the 
thermoelectric  coefficient;  the  relation  between  the  coefficients  of  VT  in  (44. 12)  and  j 
in  (44.13)  follows  from  Onsager’s  principle.  The  quantity  (9  —  p,/e)j  which  is 
subtracted  from  the  total  energy  flux  is  the  convective  energy  flux.t 
To  calculate  the  transport  coefficients,  we  start  from  the  transport  equation 


XT'  3/o  ,  df  0  .  f 

-  eh  •  —  +  v  •  — —  =  -  itu)5/. 

dp  dr 

Substituting  the  equilibrium  distribution  in  the  form$ 

/o  =  exp[(p,  —  €)/T], 


we  nna 


Sf  =  ~ 


ffcj(eE+v^-v+/“^jv-VT- 


(44.14) 


(44.15) 

(44.16) 


The  thermoelectric  coefficient  is  calculated  from  the  coefficient  in  the  equation 

tThe  relations  (44.12)  and  (44.13)  are  written  with  a  different  notation  in  ECM,  §25.  where  <p  and  Estood 
for  <p~p/e  and  E+Vp/c.  That  definition  is  permissible  in  the  phenomenological  approach,  but  not 
appropriate  in  the  kinetic  theory,  where  —  cE  must  be  the  force  acting  on  the  electron. 

tThe  use  of  the  same  letter  e  to  denote  both  the  permittivity  and  the  electron  energy  \mv2  is  unlikely  to 
cause  any  misunderstanding. 
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j  =  —  atrVT  with  E  +  Vfxje  =  0.  We  write 


j  =  ~e  J  vS/d3p 

=-M;"^v(vVT)d3p’ 

and  find  after  the  averaging  over  directions 


_  N,e  /v2(ij.-e)\_  1  f  <d2</„(«)>1 

Q  JSt’N  »(b)  /  eTT  <b*Mb))  J 

Calculation  with  v(v)  from  (44.3)  givest 


(44. 17) 


1 


a  ~  — 

e 


(44.18) 


To  calculate  the  thermal  conductivity  we  note  that  for  j  =  0  we  must  have 
E  +  VfjJe  -  aVT.  Substituting  this  value  in  (44.16),  with  a  from  (44.18),  gives 


s^ffc(4-f>VT- 

With  this  function,  the  calculation  of  the  energy  flux 


leads  to 


and  finally 


q  =  J  \eSf  d3p 
=  Ne  /v2e(4 T~e)\ 

yr*\  viv)  / 

_  16V2  t5/? 

K~V»  zTLm'* 


(44.19) 

(44.20) 


PROBLEM 

Find  the  collisions!  part  of  the  damping  of  electron  plasma  waves. 

Solution.  If  the  imaginary  part  of  the  permittivity  is  small,  the  contributions  to  it  from  Landau 
damping  and  from  collisions  are  additive.  Then  c  is  given  by  (44.9).  and  equating  it  to  zero  gives  w  =  fle  —  iy, 
where  the  damping  ratio  is 


./ft  2V(2 it)  ze*LN€ 
y  ""  3 V(2ir) ""  3 

*In  classical  statistical  physics,  the  chemical  potential  contains  a  term  of  the  form  £T  with  an  indefinite 
constant  £  (corresponding  to  the  indefinite  additive  constant  in  the  entropy).  This  in  turn  gives  an  indefinite 
constant  tje  in  a.  The  indefiniteness  does  not,  however,  influence  any  observable  effects,  since  such  terms 
(£/e)VT  cancel  on  the  two  sides  of  (44.12).  If  /o  is  written  in  the  form  (44.15),  this  fixes  the  choice  of  the 
constant  p,  =  T  log[Nr/(2 irmT)3f2]. 
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The  ratio 

y/ilr  =  (V2zL/3)(e2N,rn/T^y'2  I 
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§45.  Runaway  electrons 

The  rapid  decrease  of  the  Coulomb  cross-section  with  increasing  speed  of  the 
colliding  particles  has  the  result,  as  we  shall  see,  that  in  an  electric  field,  however 
weak,  the  distribution  function  of  sufficiently  fast  electrons  in  a  plasma  is  highly 
distorted. 

An  electron  moving  at  the  thermal  speed  i'  in  an  electric  field  E  acquires  during  its 
mean  free  time  a  directed  speed 

V  ~  e Ell rnv  ~  eElmvNevt(v)  ~  v'mEl47Te*LNe, 

with  the  cross-section  rr,  from  (41.7).  For  v  ot,  where 

i\  =(4? TNce3LlmE)u\  (45.1) 

we  have  V  —  u,  and  for  a  >  t>(  the  mean  free  path  and  time  are  governed  by  the  speed 
V.  The  momentum  acquired  by  the  electron  in  the  mean  free  time  is  then 

eEUV  ~eElVNfcrt(V)  -  V1m2E/47rc3LNe  -  mV(V/iV)\ 

The  momentum  transferred  by  the  electron  at  the  end  of  its  free  path  is  ~  m  V.  Hence 
we  see  that  electrons  with  sufficiently  high  speeds  will  be  accelerated  without  limit; 
these  are  called  runaway  electrons.  If  uc  ^  {Telm)l!2y  the  phenomenon  will  be  observed 
only  in  the  tail  of  the  Maxwellian  distribution;  the  electric  field  must  then  satisfy  the 
condition 

E  Ec  ~  4ir e^LNJTe.  (45.2) 

Under  these  circumstances  the  problem  of  runaway  electrons  may  be  solved  as  a 
stationary  one.  The  majority  of  the  electrons,  whose  distribution  is  Maxwellian,  act  as 
a  large  reservoir  from  which  a  small  steady  flux  moves  towards  high  energies. t 

It  is  evident,  from  the  fact  that  the  runaway  electrons  result  from  directed 
acceleration  by  the  electric  field,  that  they  move  chiefly  at  small  angles  0  to  the 
direction  of  the  field.  If,  however,  we  seek  to  calculate  only  the  flux  of  runaway 
electrons,  their  distribution  function  need  not  be  determined  completely;  it  is 
sufficient  to  find  the  energy  distribution  /  averaged  over  angles. 

The  transport  equation  for  the  electron  momentum  distribution  in  the  electric  field  is 

eE  ‘jf~  +  diVpS  =  0,  (45.3) 

at  dp 

tThe  phenomenon  of  runaway  electrons  was  pointed  out  by  H.  Dreicer  f  1958);  the  quantity  tive  theory 
given  here  is  due  to  A.  V.  Gurevich  (I960). 
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where  s  is  the  collisional  flux  in  momentum  space.  In  spherical  polar  coordinates  p,  0,  <p 
in  momentum  space,  with  the  polar  axis  along  the  force  —  cE,  we  have 


-  cE .  3//3p  -  cE[cos  0  dfldp  -  (sin  0/p)3//30] 


:=  gFf.C0S  & JL  („2f\ - ! - —  (f  cin*-  fl* 

Pl  3p  VK  J '  p  sin  0  30  ^ 


The  divergence  of  the  flux  is 


div^ = p  h  (p’Sp) + Fib  it (Se  sin  e)- 


XkJ  P  QVPTQOP  ^  C\\J  or  Qrnlpc  i  A  mi  l  lti  nh/  Ki/  9/rr  cin  QsJQfA*rv  onH  in  tonrof  o  All 
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terms  containing  3/30  disappear,  and  the  factor  cos  0  may  in  the  first  approximation  be 
replaced  by  unity.  We  thus  obtain  for  the  averaged  function  /  the  equation 


3/ 

3f 


.  e  t  d  .  2  r  \  I  I  3  /  2  'i  a 

V^F(p/)  ?iF(p  Sp)  =  a 


(45.4) 


This  contains  only  the  radial  component  of  the  flux  in  momentum  space,  which  is 
related  to  the  energy  transfer  in  collisions.  The  contribution  to  it  from  ei  collisions  is 
evidently  small  in  comparison  with  that  from  ee  collisions. 

Since  the  runaway  electrons  are  only  a  very  small  fraction  of  the  total,  in  calculating 
the  flux  we  need  consider  only  their  collisions  with  the  main  mass  of  Maxwellian 
electrons  (not  with  one  another),  whose  speeds  are  much  less  than  those  of  the 
runaway  electrons.  Under  these  conditions  there  is  no  need  to  calculate  sp  afresh;  we 
can  write  by  direct  analogy  with  (22.5) 


*p  =  -T.M»)m[J£  +  ^/_. 


(45.5) 


where  pf€(u)  =  47Te4NeLim2v3  is  the  frequency  of  Coulomb  collisions  between  fast  and 
slow  electrons  (cf.  (44. 3)). t  Since  the  expression  (45.5)  refers  to  electrons  with  speeds 
v  ~~  vc ,  we  have  for  the  Coulomb  logarithm 


The  quantity 


L  =  log (mvc2ale2). 


Sp  =  sp  +  eEf 


(45.6) 

(45.7) 


is  seen  from  the  form  of  (45.4)  to  be  the  total  radial  flux  (from  collisions  and  from  the 
action  of  the  field)  in  momentum  space.  According  to  the  foregoing  discussion,  the 


distribution  of  runaway  electrons  may  be  sought  in 


et*atirvn*ar\/  f^rm 

OLUL1VUUI  j  1VI  lit; 


tin  deriving  (22.5),  we  used  only  the  smallness  of  the  energy  transfer  in  collisions,  and  thal  of  the  target 
particle  speed  relative  to  the  incident  electron  speed.  To  change  to  the  present  case,  we  need  only  replace  M 
in  (22.5)  by  m  and  take  as  the  mean  free  path  1  that  for  ee  collisions. 
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derivative  in  the  transport  equation  (45.4)  may  be  neglected.  Then 
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47rp2Sp  =  constant  =  nmn.  (45.8) 

This  equation,  with  sp  given  by  (45.5),  is  a  differential  equation  determining  the 
distribution  function  /.  The  constant  rtrun  gives  the  required  total  number  of  runaway 
electrons  per  unit  time  and  volume. 

We  use  the  dimensionless  variable  u  and  constant  b  defined  by 

u  =  plpc ,  b  =  E/Ec,  pc  =  ( mTJb)m .  (45.9) 

Then  equation  (45.8)  becomes 

“V=c-  <«"» 

where  the  constant  C  differs  from  nrun  by  a  constant  factor.  Since  we  assume  the  field 
E  <  Ec,  the  parameter  b  <  1 ;  in  the  present  problem,  this  is  the  small  parameter  which 
gives  the  order  of  the  approximation.! 

The  solution  of  (45.10)  is 


/  =  F  — CfI"  ( u/F)  du,  (45.11) 

Jo 

where 

F=(w^expti(V“u2)}  (45-,2) 

is  the  solution  of  the  homogeneous  equation.  The  normalization  factor  in  F  is 
determined  from  the  condition  that  as  «->0  the  function  /  should  become  the 
Maxwellian  distribution 


/"  =  (2rf1)*ap(“"2/2t)' 

As  u  ->cc7  the  function  F  increases  without  limit,  whereas  /(u)  must  remain  finite. 
Hence  we  have  the  condition  //F  ->  0  as  u  -*  =*=,  from  which  the  constant  C  is  found:! 

c  =  (l£f^  [Jo  exp{-^(^4-«5)}«d«]  (45.13) 

The  integral  is  calculated  by  the  saddle-point  method,  the  exponent  being  expanded 
near  its  maximum  at  u  —  1.  This  yields  the  following  dependence  of  the  number  of 
runaway  electrons  per  unit  time  and  volume  on  the  field  E: 

nIW  -  NcMur*)  exp(  -  EJ4E).  (45. 14) 

tin  particular,  analysis  of  the  angular  pari  of  the  transport  equation  shows  that  the  directions  of  motion  of 
the  runaway  electrons  lie  in  the  range  of  angles  6  —  b  . 

tThe  formulation  of  the  boundary  conditions  here  is  analogous  to  that  in  §  24. 


184 


Collisions  in  Plasmas 


The  coefficient  of  the  exponential  here  is  only  dimensionally  correct;  a  more  accurate 
calculation  would  go  beyond  the  approximation  being  used  and  call  for  a  more 
accurate  solution  of  the  transport  equation  from  the  start. 


§46.  Con\crgent  collision  integrals 

Tfye  transport  equation  with  the  Landau  collision  integral  allows  problems  of 
plasma  physics  to  be  solved  only  with  logarithmic  accuracy:  the  large  argument  of  the 
Coulomb  logarithm  is  not  fully  determined.  This  uncertainty  is  due  to  the  divergence 
of  the  integrals  at  large  and  small  scattering  angles.  As  already  mentioned,  the 
divergence  at  large  angles  has  no  fundamental  significance:  it  results  only  from  the 
expansion  in  powers  of  the  momentum  transfer  q,  and  does  not  occur  in  the 
Boltzmann  collision  integral  itself.  The  divergence  at  small  angles  is  due  to  neglecting 
the  screening  effect  of  the  plasma  on  the  scattering  of  particles  by  one  another  in  it.  To 
calculate  the  collision  integral  to  a  higher  than  logarithmic  accuracy,  we  must 
consistently  take  account  of  screeningthroughout,  and  not  only  when  determining  the 
range  of  integration  in  the  Coulomb  logarithm. 

It  has  been  noted  in  §  41  that  the  conditions  for  the  collision  integral  with  screened 
interaction  between  charged  particles  to  be  applicable  require  that  the  distribution 
functions  should  not  vary  greatly  in  times  —  a/vrci  and  over  distances  —  a.  These  same 
conditions  enable  us  to  treat  the  screening  of  the  charges  macroscopically  as  the  result 
of  dielectric  polarization  of  the  plasma. 

We  shall  consider  the  problem  in  two  limiting  cases:  (1)  when  the  Born  ap¬ 
proximation  of  quantum  mechanics  can  be  applied  to  particle  collisions,  (2)  when  the 
collision  process  is  quasi-classical. 

The  Born  case 

The  first  case  occurs  when 


ee'\lhvre\  <  1. 


(46.1) 


The  influence  of  the  dielectric  medium  on  particle  scattering  is  most  clearly 
expressed  in  the  language  of  the  diagram  technique.  In  the  Born  approximation,  the 
scattering  of  two  particles  is  described  (in  the  non-relativistic  case)  by  the  diagramt 


(46.2) 


in  §41.  the  unprimed  and  primed  quantities  refer  to  the  two  colliding  particles  (which  may  be  of  the 
same  or  different  types). 
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in  which  thebroken  line  corresponds  to  the  function  4  7r/q2,  the  Fourier  component  of  the 
Coulomb  potential  of  a  unit  charge  (q  being  the  momentum  transferred  in  scattering). 
The  only  effect  of  the  medium  is  to  replace  this  function  by  the  potential  component  in 
the  medium,  47r/qaqp€np,  where  eap(oj,  q/fi)  is  the  permittivity  tensor  of  the  medium, 
and  fiat  is  the  energy  transferred;  cf.  SP  2,  §85.  The  scattering  amplitude  correspond¬ 
ingly  contains  an  extra  factor  q2lqnqp€nji,  and  the  cross-section  contains  the  squared 
modulus  of  this.  Thus 


do  =  doRuq4l\€atiqftqfi\2.  (46.3) 

For  simplicity,  we  shall  henceforward  assume  the  plasma  to  be  isotropic.  Then  the 
tensor  €a(i  reduces  to  two  scalars  et  and  and  the  product  €a{iqaqp  =  etq2  involves  only 
one  of  these;  we  shall  omit  the  suffix  /,  and  denote  by  e  the  longitudinal  permittivity. 
Thus  the  scattering  cross-section  becomes 

do  -  doRJ\€(oj ,  qlh) |2,  (46.4) 

where  doRu  is  the  ordinary  Rutherford  cross-section  for  scattering  in  a  vacuum.!  Note 
also  that  the  energy  transferred  in  a  collision  is  related  to  the  momentum  transfer  by 

tioj  =  q .  V,  (46.5) 

where  V  is  the  velocity  of  the  centre  of  mass  of  the  colliding  particles.!  The  magnitude 
of  the  vector  q  is  related  to  the  scattering  angie  x  in  the  centre-of-mass  system  by  the 
usual  formula 

q  =  2jll|v  -  v'|  sin  ?x>  (46.6) 


where  fj,  —  mm'Krn  +  tn'). 

The  collision  integral  which  automatically  gives  a  correct  treatment  of  large  and 
small  scattering  angles,  and  is  free  from  divergence,  is  obtained  by  substituting  (46.4) 
in  the  usual  Boltzmann  integral  (cf.  (3.9)): 

C(f) = I  {  {/(P + q)/'(p'  -  q)  -  /(p)/'(p')}  «*V ;  H6.7) 

the  summation  is  over  all  types  of  particle  to  which  the  primed  quantities  refer. 

The  transport  equation  with  the  collision  integral  (46.7)  is  very  complicated,  not 
only  because  the  integrand  cannot  be  expanded  in  powers  of  q,  but  because  the 
permittivity  of  the  plasma  is  itself  defined  in  terms  of  the  distribution  functions  sought. 
An  important  simplification  is  attainable  only  in  the  case  of  a  slight  departure  from 
equilibrium,  when  the  transport  equation  can  be  linearized.  Then  the  permittivity  is  to 
be  calculated  with  the  equilibrium  distribution  functions,  and  so  is  independent  of  the 
corrections  sought. 

fin  the  scattering  of  identical  particles  (through  angles  that  are  not  small),  dtruu  is  to  be  taken  as  the 
Coulomb  scattering  cross-section  with  exchange  effects  (see  (QM,  §  137). 

tThis  is  easily  shown  by  expressing  the  velocities  v  and  v'  of  the  particles  in  terms  of  V  and  the  velocity 
v~v*  of  their  relative  motion,  and  using  the  fact  that  V  and  |v-  v'|  are  unchanged  in  scattering. 
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The  quasi  classical  case 

Let  us  now  go  to  the  opposite  limiting  case,  where 

\eef\lhvTtl>  1 


(46.8) 


and  the  quasi-classical  approximation  is  applicable  to  the  scattering  of  particles.  In 

1 1%  m  r  4nlr  a  ml  rt  n  a/^ai  i  n  4  /\  f  4  1^  a  #Vi  A#1ii  I  i-rt  H  4  li  O  An44At*I  n  n  I  n  4L  A 

u  wt  lauiiut  imu  aLvuum  iiil,  tiitLi  ui  it  it,  ui^uitani  uu  liil,  mg  in  Lite 

same  manner  for  small  and  large  scattering  angles  (as  was  possible  in  the  Born  case);  it 
k  necessary  to  consider  these  two  ranges  separately  and  then  join  the  results  at 
intermediate  angles. 

The  field  of  a  charge  e  moving  with  velocity  v  in  a  dielectric  medium  is  given  by  the 
equation 


div  D  ~  47re8(r—  vf). 

In  Fourier  components,  this  gives  for  the  field  potential! 


<Pk  = 


47TC 


k2e( k.  v,  k) 


-ik.vt 


(46.9) 


For  small  scattering  angles,  the  change  in  the  momentum  of  the  particle  is  given  (see 
Mechanics,  §20)  by  the  classical  formula 


q  —  —  J  ( dUldr)dt , 


(46.10) 


where  U  is  the  interaction  energy  of  the  two  particles,  and  the  integration  is  taken 
along  the  straight  path  r  =  p  +  v'f  (p  being  the  impact  parameter  vector)-!  Expressing 
the  energy  U  =  e'tp  as  a  Fourier  integral: 


U  =  47 Tee 


c,,k  r  ^  d3k 
k2€(oj,k)(  27t)3’ 


(46.11) 


with  o)  =  k  *  v,  and  substituting  in  (46.10),  we  obtain 


q  = 


—  47rice 


,  f  d*k  f  ke'k  p  (” 

J  (2ir)3  IfcMw,  fc)  J_; 


,-ik.(v-v')t 


The  inner  integral  gives  27rS(kB)/|v  -  v'|,  where  ki  is  the  component  of  the  vector  k  in  the 


+The  derivation  of  (46.9)  assumes  a  linear  relation  between  D  and  E,  and  therefore  a  sufficiently  weak 
field.  This  condition  is  certainly  satisfied  (in  a  slightly  nonTdeaIgas)at  distances  r  >  a.  from  which  arises  the 
divergence  that  is  to  be  eliminated  by  the  use  of  formula  (46.9).  These  distances  correspond  to  values  of 
k  <  I/a.  for  which  the  permittivity  is  considerably  different  from  unity. 

tit  does  not  matter  whether  q  is  calculated  as  the  change  in  momentum  of  each  of  the  colliding  particles, 
or  as  the  change  in  momentum  of  their  relative  motion. 
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direction  of  v  —  v\  Then,  eliminating  the  delta  function  by  integration  over  dk|,  we  find 


477-111'  f  k±eik*'p  d2kL 
q  |v  -  v'|  J  k±2e(to,  k±)  (27 r)2’ 


(46.12) 


where  k^,  like  p,  is  a  two-dimensional  vector  in  the  plane  perpendicular  to  v  —  \\  The 
frequency  is 


(o  =  kj. .  v  =  k± .  V.  (46.13) 

In  the  rest  of  this  section  we  shall  omit  the  suffix  X  and  denote  by  k  this 

tu;A-Himpncif\ml  vpr-tnr 

L\I  V  UIHI  VllJIVliMl  *  V”fcr«.V«* 

We  now  calculate  from  (46.12)  the  quantities 

Bob  =  2  I  I V  -  v'l  d 2p,  (46.1 4) 

J 

which  appear  in  the  collision  integral  when  it  is  expanded  in  powers  of  the  small 
quantity  q;  the  cross-section  do-  in  (41.4)  is  here  written  as  the  impact  area  d2p.  Writing 
the  product  of  two  integrals  (46. 12)  as  a  double  integral  over  d2k  d2k\  we  carry  out  the 
integration  over  d2p  by  means  of  the  formula 

J  e*>-<kkk'>  d2p  =  (2Tr)26(k  +  k'). 


The  integration  over  d2k ‘  then  simply  removes  the  delta  function,  leaving 


,  2c V2  f  kakBd2k 

|v  -  v'l  J  fc4|e(k .  V.  k)|2’ 


(46.15) 


where  we  have  also  used  the  fact  that  e(  —  m,  k)  =  e*(oi,  k)  by  (28.9).  These  integrals 
converge  for  small  /c,  since  |e|  2->0  as  w,  k  ->0.t 

Equation  (46.15)  involves  the  permittivity  at  the  non-zero  frequency  oj  =  k .  V;  it  is 
therefore  sometimes  said  to  take  account  of  dynamic  scrmiing.  The  integrand  in 
(46. 15)  depends  on  the  direction  of  V  through  the  argument  k  *  V  of  the  function  e.  This 
dependence  disappears  when  the  integral  is  calculated  in  the  logarithmic  ap¬ 
proximation,  in  which  the  integration  is  limited  to  the  range  from  k  —  1/a  to 
k  —  jLLtr/|ee/|.  The  most  important  values  of  k  in  the  integral  are  those  far  from  both 
these  limits;  in  that  range,  |c|2  =  1,  and  the  integral  reduces  to  /  kQkp  d2klk4.  Averaging 
the  integrand  over  all  directions  of  k  in  the  plane  perpendicular  to  v  —  v',  we  return  to 
the  previous  expression  (41.8)  with  L  =  f  dklk. 

To  eliminate  the  divergence  at  large  momentum  transfers  we  must,  as  already 
mentioned,  join  the  collision  integral  expanded  in  powers  of  q  to  the  unexpanded 
integral  (J.  Hubbard  1961,  O.  Aono  1962). 

+The  elimination  of  the  divergence  due  to  Coulomb  field  screening  in  the  Landau  collision  integral  is  due 
loR.  Bale.scu  (I960)  and  A.  Lcnard  ( I960).  The  completely  convergent  expression  (46.7)  was  given  by  A.  A. 
Rukhadze  and  V.  P.  Silin  (1961). 
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Let  us  consider  the  difference 


CM)-  cB(f ), 


(46.16) 


where  Cj  is  the  required  convergent  culiisiun  integral,  and  C b  i;>  given  by  (46.7),  which 
in  the  Born  case  is  the  correct  collision  integral,  but  here  has  only  an  auxiliary  role. 


We  divide  the  range  of  variation  of  the  scattering  angle  into  two  parts:  (I)  x  <  *i.  (ID 
X  >  x\*  where  x\  is  chosen  so  that 


|ee'|//juiu„i<?  x\  ^  L  (46.17) 

1  n  classical  scattering  through  small  angles  in  a  Coulomb  field,  the  scattering  angle  x 
is  related  to  the  impact  parameter  p  by 

_ oi 

\J  -  \IIJL\V  —  V  J 

Hence  the  value  x  ~  Xi  corresponds,  with  the  condition  (46. 17),  to  p  =  pj  a,  so  that 
the  screening  at  this  distance  is  unimportant  and  the  scattering  may  in  fact  be  regarded 
as  purely  Coulomb  scattering.  The  same  applies  to  the  whole  of  the  range  p  <  pi,  i.e. 
X  >  xi‘  ^he  scattering  cross-section  in  this  range  consequently  has  the  Rutherford 
form,  and  the  corresponding  contribution  to  the  collision  integral  is 

CU(/)  =2  [  [f  (P  +  q)/’(p'  -  q)  -  /(p)/'(p')]|v  -  V|  dcrIIM. 

The  contribution  from  the  range  x  >  Xi  to  the  integral  (46.7)  is  exactly  similar:  in  that 
range,  q>qu  and  by  the  condition  (46.8) 

q,/fi  ~p,fireixi/fi  f>\ee'\fhvKla  ^  1/a, 

so  that  we  may  put  |e|2  =  1  in  (46.7).  Thus  a  contribution  to  the  difference  (46. 16)  arises 
only  from  the  range  x^Xi  (p  >Pi)»  which  remains  to  be  considered. 

Throughout  this  range,  the  momentum  transfer  is  small,  and  so  the  collision  integral 
may  be  expanded  in  powers  of  q.  The  quantities  which  appear  in  the  expanded  Ccj 
are  calculated  as  the  integrals  (46.14)  with  q  from  (46.12).  The  contribution  to  these 
integrals  from  the  range  p  >p,  is 


(f>  =  )_ _ p 

2tT2\\  —  v'| 


= 


ikeeik' 
k2 


(46.18) 


where  the  limits  in  the  double  integrals  (over  d2p  and  d2k )  are  conventionally  shown 
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by  the  limits  for  p  and  k,  We  can  rewrite  the  FttP  identically  as 


J’p i  /  r \  /  r ‘hi*  \ 

.ML  -MM.  -M, 

+  f'cr-p(f...<i2k)  (f‘  ...<i2k) 

J/’i  VJO  r  a  \Jq\lti  /  fi 

+  [  d2p(j  ■••d20  (I  ..d-k). 

J Pl  'J(j|  ft  / 1 1  / 0 


(46.19) 


The  first  term  here,  when  transformed  as  in  the  derivation  of  (46.15),  gives  a 
contribution  to  (46.18) 


2(ee'f  r,lh  kjti 

|v- v'l  Jo  PkP 


d2k. 


This  expression  is  the  same  as  would  be  obtained  by  an  expansion  of  the  integral  (46.7) 
taken  over  the  range  **  therefore  makes  no  contribution  to  the  difference 

(46.16). 

To  transform  the  remaining  terms  in  (46. 19),  we  note  that  we  may  put  €  =  1  in  their 
integrands:  the  integrals  then  remain  convergent,  and  their  values  are  determined  by 
the  range  k  ~  qj/fi,  in  which  ka  1  and  therefore  \e\  —  1.  It  is  also  important  that,  by 
virtue  of  the  condition  (46.8), 

chpilh  =  2\ee'\ lhvrel  $>  1 ;  (46.20) 


we  need  therefore  retain  only  the  terms  that  remain  finite  as  c/ipi/ft  ->0.  In  this  limit, 
the  third  and  fourth  terms  in  (46.19)  vanish.  Thus  there  remains  only 


( ee fPl 


/  f 


=-^7r^jo  d-Pyo 


ikne‘ 


. d2k 
¥  __ 

IF 


mQlI* 

ikpi 

Jo 


d2i\ 


*)■ 


(46.21) 


where  the  suffixes  cl  and  B  signify  that  the  values  of  BaP  relate  to  the  expansions  of  the 
integrals  Ccl  and  CB  respectively. 

Each  of  the  two  integrals  over  d2k  is  parallel  to  the  vector  p;  after  integration  over 
these  directions  (in  the  plane  perpendicular  to  v  —  v'),  we  obtain  for  the  difference 
(46.21)  the  expression  (41.8)  with  the  opposite  sign  and 


+The  Rutherford  cross-section  for  scattering  through  small  angles,  expressed  in  terms  of  q.  is 


dtTftu  = 


if  we  use  the  formulae  q  ~  /x|v-  v'l*,  do  ~  d'q/^2(v  — v')2. 
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Using  the  familiar  integral  representation  of  the  Bessel  functions,  and  the  equation 
-U(x)=  “  JiCx),  we  can  rewrite  this  integral  as 


or,  integrating  by  parts, 

J i(x)[J0(x)-  H  log  x  dx. 


L  =  Iog(qipi/fi)  +  2  J 


Here  we  have  used  the  fact  that  the  parameter  piqjh  (which  does  not  involve  the 
auxiliary  quantity  *,)  is  large;  accordingly,  the  upper  limit  is  replaced  by  infinity  in  the 
remaining  integral,  and  in  the  first  term  we  put  Jo(q\pilh)~0.  With  the  values 


where  C  =  0.577. . 
finally 


f  ij(x)  log*  dx  =  -  C  +  log 2, 

Jo 

f  J0(x)J|(x)  tog  X  dx  =  i(log  2  -  C), 

Jo 

is  Euler’s  constant  (y  =  ec  =  1.78. . .),  and  with  (46.20),  we  have 


r  =  L 


'Vice' 


(AA 

V-rv 


The  total  result  of  these  calculations  is  that  in  the  quasi-classical  case  the 
collision  integral  without  divergence  may  be  expressed  as 


Ctl(/)=CB(/)-CzX/), 


(46.23) 


l  C"  ni«7^n  hi/  (Af* 


unu 


l^aiiuau  vutii>9iuii 


intAnml  tiftik  thn 

nuw^i  at  wiui  mi. 


Coulomb  logarithm  (46.22).  It  must  be  emphasized  that,  in  the  latter,  |v-v'|  is  the 
exact  variable,  not  the  mean  value  urd. 

Because  of  the  approximations  made  in  the  derivation,  this  result  is  of  course 
valid  only  with  “improved  logarithmic”  accuracy:  the  transport  equation  with  the 
collision  integral  (46.23)  enables  us  to  improve  the  accuracy  of  the  calculations  only 
as  regards  determining  the  exact  coefficient  in  the  argument  of  the  large  logarithm. 
To  this  accuracy,  the  quantity  h  naturally  drops  out  of  all  the  results;  in  (46.23)  it 
acts  only  as  an  auxiliary  parameter. 


PROBLEMS 

Problem  I.  In  the  Born  case  with  improved  logarithmic  accuracy,  calculate  the  imaginary  part  of 
the  permittivity  of  a  singly  charged  (z  =  I)  equilibrium  (7i  =  Tf)  plasma  for  frequencies  w  v„. 
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SOLUTION.  In  calculating  e"  when  to  ^  v,  we  need  consider  only  ei  collisions,  as  explained  in 
connection  with  the  derivation  of  (44.8).  Since  the  collision  integral  (46.7)  differs  from  the  usual 
Boltzmann  integral  only  by  the  factor  |e|-2  in  front  of  dcjRU,  the  required  c"  can  be  calculated  by  means 
of  the  same  formula  (44.8): 


,  47re2NiNe  ,  3,  v  4 

*  (w)  =  — yfw2 —  ^Ve 


0) 


where  (. .  .),  and  (. . .),  denote  averaging  over  the  equilibrium  distribution  of  electron  velocities  v,  and 
ion  velocities  vi  respectively.  The  only  difference  from  the  calculations  in  §44  is  that  tr,  is  now  defined 

aAK 


=  J  (I  -  COS  x)|e(q.  v,/ ft,  qlh) \  2  dfjRu, 


(2) 


and  that  m  has  to  be  averaged  over  the  ion  velocities  (which  of  course  are  not  negligible  here);  in  the 
argument  w  =  q .  V/fi  of  the  function  e,  the  velocity  of  the  centre  of  mass  of  the  electron  and  the  ion  has 
been  replaced,  as  an  approximation,  by  the  velocity  of  the  ion.  The  Rutherford  cross-section  is  written 
as 


where 


_  (ze2) m'  27r  sin  x  8 7r(ze2)2m 2 

dtJRu  —  — ; — z —  * - m - f — t —  da. 

4p,  sin  2X  pe~q' 


q  =  2pt  sin  1  -  cos  x  =  <32/2p,2,  0  <  q  ^  2p,. 


n\ 


and  Dr  =  mve  is  the  electron  momentum. 

The  function  t(w,  qlh)  -  I  is  determined  by  (31. 1 1),  and  consists  of  electronic  and  ionic  parts.  Since  its 
argument  in  (2)  hio  =  q  .  v(  <5  qve,  the  electronic  part  may  be  taken  with  to  =  0.  Then 


e(q  •  Vi/fi,  qlh)  -  1  =  (fi2/q W){ 2  +  F(d1(J/V 2uri)}, 

where  is  the  component  of  vt  along  q,  and  we  have  used  the  fact  that  a,  =  ae  if  z  =  I. 
Substitution  of  (3)  and  (4)  in  (2)  and  an  obvious  change  of  variables  gives 

2Vttc4  C  le  i2  dgd£ 


(4) 


,  ,  2V  7tc  rw,hi  r 

<‘T,)| = ~pT~  Jo  J.  ipr 


2^F'(^)r  +  [FTO]J' 


where  F  =  F'  +  iF".  The  integration- over  dt  is  elementary;  in  substituting  the  limits,  we  must  note  that 
h~lp2ae 2<®  I,  and  reject  all  terms  ~  fi'/p,'o,2  and  those  of  higher  orders.  The  result  is 


where 


(t7i)i  =  (4ire4/m2i;,4)[Iog(2mivfl,/fi  +  A)], 

A  =  v^i  [,an”  -  S’7]  -  s  l0«f(2  +  Ff  +  P,3|}  dt 


(5) 


Here  we  have  used  the  fact  that  Fr  and  F"  are  respectively  even  and  odd  functions.  A  numerical 
calculation  gives  A  =  —0.69. 

The  averaging  in  (I)  is  carried  out  by  means  of  the  formulae 

(v  l)  =  (2mf ttT)112, 

(D-G&r  h£-4 

C  being  Euler’s  constant.  The  final  result  is 

„  4V(2t t)  e4N<  ft,2  r  r  ,  afl(mT),/2ci, 
e  =  3  rm,n,r‘17 Uh  Lb“,0b ft • 


log  ae  —  2  log  2  —  2  C  +  A  —  log  1.06 


(V.  I.  PereF  and  G.  M.  Eliashberg  1961). 

Problem  2.  The  same  as  Problem  I,  but  in  the  quasi-classical  case. 
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Soi  ution.  From  (46.23)  the  expression  for  <r,  in  the  quasi-classic al  case  is  found  by  subtracting 
Iog(yf:/fci)  from  the  logariihm  in  (5): 


(CTi)i  = 


27tc  t  2 mvr  a,  ,  , 

— •— a  loc — — — +  A  . 
ftriv  ~  y€~ 


(7) 


For  e*.  Ae  get  formula  (6),  wiih  ihe  logarithm  Lb  replaced  by 

Lu  =  Iog(  ftirao/e2).  log  =  2  log  2  —  2C  +  A  =  log  0.63.  (8) 

Problem  3.  Determine  with  improved  logarithmic  accuracy  the  rateof  energy  transfer  from  electrons  to 
ions  in  a  singly  charged  (z  =  I)  plasma,  assuming  the  temperature  difference  between  the  electrons  and  the 
ions  to  be  small  {ST  -  TV  —  T,  T,).t 

Soi  ution  Since  the  ratio  m/M  is  small  (and  therefore  so  is  the  energy  transfer  per  event),  it  is  clear  from 
the  stan  that  the  equation  for  the  c  Icctron  distribution  function  reduces  to  one  of  the  Fokker-Planck  type.  It  is 
(see  §21) 


fit  P/  flpr 


fife  tV 

dpr  r, 


We  multiply  by  p,"/2m  and  integrate  over  4i t,2  dpe.  After  integrating  by  parts,  we  find  as  the  rate  of  change  of 
the  electron  energy 


dE' 

di 


Assuming  the  electron  distribution  function  Maxwellian,  and  the  temperature  difference  small,  we  have 


dEr 

di 


-  (8TlT7)Nt(Bvr2)*. 


(9) 


The  coefficient  B.  as  in  (21.1 1),  is  exprcsccd  in  terms  of  the  mean  square  of  the  change  in  the  electron 
momentum  in  a  collision  with  an  ion: 


B  = 


S(A  Pr)2 
26] 


=  {  N.Vr 


(10) 


The  value  of  Ap,  is  given  by  (46.5): 


Ap,  ~  -  V  .  q It,  ~  -  v, ,  q/iv  =  vtqqlvt. 


Substituting  in  (10)  and  thence  in  (9),  and  using  the  relation  between  q  and  the  scattering  angle  x  from 
Problem  I ,  we  get 


dEJdt  =  -  (5T/T:)Nm2(iv3(ci2qc7r).}r  (1ST,  =  Nt  =  N). 


(ID 


intilfMtiSiir  f  I  ^  in  Dr#- 

MlCilU^UUO  IU  \»J  All  l  »K 


I  onr?  t ci ihrt>ni ipnt  r^Irnlittinnc  nrp  fhprpfnrp 


practically  identical.  In  the  Born  case. 


(U|qCTr)l 


=  Wr  r 

TtCMv?  [ 


t  2nwrcif 
log — i —  +  Ai 


]• 


where  A i  is  an  integral  which  differs  from  A  in  Problem  I  by  having  an  additional  factor  2£z  in  the 
integrand,  a  numerical  calculation  gives  Ai  =  -0.52.  The  averaging  over  electron  velocities  is  as  in 
Problem  1.  The  final  result  is 


a  c 

u  m 

~dt 


t  v  jiv  < 


MT 


TIT 


LB  ST, 


Lb  =  logics  (mT)mOe/ti), 


(12) 


+This  problem  was  discussed  by  R.  R.  Ramazashvili,  A.  A.  Rukhadze  and  V.  P.  Silin  (1962). 
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where 


log  /3b  =  2  log 2  -  ic  +  At  =  log  1.26. 

Similarly,  in  the  quasi-classioil  case,  we  obtain  an  expression  in  the  same  form  (12)  but  with  Lb 
replaced  by 


La  =  Iog(Tu(/3Li/e2),  log  /3a  =  2  log  2  -  2C  +  A  i  =  log  0.75.  ( 13) 

Formulae  (12)  and  (13)  refine  the  results  of  §42  by  determining  (for  the  case  of  a  small  temperature 
difference)  the  numerical  factor  in  the  argument  of  the  logarithm  in  (42,6). 


§47.  Interaction  via  plasma  waves 


In  some  cases,  the  inclusion  of  dynamic  screening  of  the  Coulomb  interaction  of 
particles  in  a  plasma  not  only  refines  the  argument  of  the  Coulomb  logarithm,  but 
also  leads  to  qualitatively  new  efTects.  To  investigate  these,  we  can  ptti  the  collision 
integral  in  a  form  that  gives  the  exact  contribulion  from  small-angle  scattering,  but 
only  wilh  logarithmic  accuracy  the  contribution  from  large-angle  .scattering. 

In  the  quasi-classical  case,  ihe  large  scattering  angles  —  I)  arise  from  small 
impact  parameters: 

p<\ee'\lfjiv;cl. 


The  required  collision  integral  has  the  Landau  form,  with  the  B„p  from  (46.15): 


„  7{ee'f  f  kak0d2k 

a"P_|v-v'|J  k4|£(k.v,fc)|2’ 

where  the  integration  is  taken  over  the  range  up  to 

k„uX '  P'V Ttil\ee  |. 


(47.1) 


(47.2) 


In  the  opposite  (Born)  case,  the  required  form  of  the  collision  integral  is  found 
by  expanding  the  integrand  in  (46.7)  in  powers  of  q.  The  result  is  ag,.in  a  I  t.tulau 
integral,  with  the  B(lP  given  by  the  same  formula  (47.1),  except  that 


b  ~  ..  r  it,  ■ 
^max  ,l  » 


(An 

V-t  /  .  J) 


the  value  of  k  is  qlh  for  a  momentum  transfer  q  ~  /ll urej.  Let  us  mention  once  more 
that  the  physical  significance  of  the  cut-off  at  large  k  is  the  same  in  the  classical 
and  Born  cases:  it  takes  place  at  scattering  angles  1.  The  different  relations 
between  k  and  x  *n  the  two  cases  lead,  however,  to  different  expressions  for 
The  Landau  collision  integral  with  the  Ba0  from  (47.1)  is  called  the  Balescu - 
Lenard  integral, t  We  can  rewrite  (47.1)  in  a  form  more  convenient  for  the 
subsequent  analysis: 


-  2(ee’)2 


r  L 


o  /  a  \  o  /  ■  kakfj  d  kdw 

8(o.-k.v)8(»-k.v) 


(47.4) 


AThe  formal  derivation  of  this  integral  will  be  given  at  the  end  of  §  51. 
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where  the  integration  is  now  over  three-dimensional  (instead  of  two-dimensional) 
vectors  k.  The  two  delta  functions  in  the  integrand  ensure  the  equality  k .  v  =  k .  v', 
i.e.  that  k  is  transverse  to  v  — v'.  The  integration  over  w  replaces  the  argument  w  in 
e(w,  fc)  by  the  necessary  value  w  =  k  .  v  =  k .  v'  =  k .  V. 

Note  that  the  factor  |e(w,  k)|“2  in  the  integrand  in  (47.4)  becomes  infinite  for 
values  of  w  =  k  .  V  and  k  such  that  e(w,  k )  =  0,  i.e.  for  values  corresponding  to  the 
dispersion  relation  for  longitudinal  plasma  waves.  These  values  of  k  may  make  a 
large  contribution  to  the  collision  integral.  This  contribution  may  be  physically 
described  as  the  result  of  interaction  between  particles  by  their  emission  and 
absorption  of  plasma  waves.  The  effect  will  be  considerable,  however,  only  if  the 
plasma  contains  sufficiently  many  particles  whose  speeds  are  comparable  with  or 
greater  than  the  phase  velocity  uph  =  w/k  of  the  waves,  since  only  such  particles  can 


Cntief  i;  tko  nOOOC'C'  j  ralntiATl  * —  Lr  A/ 

jaiui  y  itjv  iilvwjoui  y  i  Liauu^  u;  —  rv  •  t  • 


Let  us  consider  a  plasma  in  which  the  electrons  and  ions  have  different 
temperatures  Te  and  T;.  When  Te  T,  only  electron  plasma  waves  with  phase 
velocity  uph>UTe  can  propagate  in  the  plasma  without  appreciable  damping;  the 
number  of  electrons  that  can  “exchange”  waves  in  this  case  is  therefore  exponen¬ 
tially  small. 

If  Te  >  Tf,  however,  ion-sound  waves  also  are  able  to  propagate  in  the  plasma; 
their  phase  velocity  satisfies  the  inequalities 


Vn  w/fc  VTe- 


(47.5) 


These  waves  can  make  an  important  contribution  to  the  collision  integral  between 
elections  (V.  P.  Silin  1962). 

Let  denote  the  part  due  to  this  effect  in  the  electron-electron  quantities 
It  arises  from  the  range  of  integration  in  (47.4)  that  lies  near  the  root  of  e(w,  k)  =  0 
corresponding  to  the  dispersion  relation  for  ion-sound  waves.  This  root  o(k)  has  a 
small  imaginary  part  (the  damping  ratio  of  the  wave);  when  to  has  real  values  in  the 
range  of  integration,  the  real  part  of  the  function  e  =  e'  +  fe"  passes  through  zero, 
while  the  imaginary  part  remains  small.  Using  formula  (30.9),  we  write  the  factor 
|e|-2  in  the  integrand  in  (47.4)  as 


€,2+€"2  |£”|S(e)- 


For  the  electron-electron  collision  integral,  the  velocities  v  and  v'  in  (47.4)  relate  to 
electrons,  and  because  of  the  inequality  w  <1  kvTe  the  terms  cu  may  be  omitted  from 
the  arguments  of  the  two  delta  functions.  Thus  the  relevant  part  of  B is 

B$  =  2ireA  £  j  8(k .  v)6(k .  v')S(t')  (47.6) 

the  integration  over  t/3k  being  over  the  range  (47.5)  for  a  given  w. 

We  can  transform  the  integral  over  d3k  to  new  variables 


k  =  k .  n,  ki  =  k.v,  Jc2  “  k  .  v\ 


§47 


Interaction  via  Plasma  Waves 


19  5 


where  n  is  a  unit  vector  along  vXv'.  Direct  calculation  of  the  Jacobian  of  the 
transformation  shows  that  d3k  is  replaced  by  dki  dk2j\v  x  v'|.  The  integration 
over  dkt  dk2  removes  the  delta  functions  (which  make  kt  ~  k2  —  0),  and  then  k  =  «n. 
The  variable  k  takes  both  positive  and  negative  values;  with  integration  over 
positive  values  only,  we  write 


a  _  4 


jg  (pi)  __  nunp  ^ 

v  X  v' 


r»  or  //  \i 

o  ie\(o,K)\ 

2|  TT  UW  UK. 

=  K  |f"(w,  *)| 


(47.7) 


The  permittivity  of  a  two-temperature  plasma  in  the  ion-sound  wave  region  (47.5) 
is  given  byt 


€'=l-fii2/w2+l/fcV, 


€ 


n _ 


I—— 

V2PU 


+  ^T'exp(-  oj2i2k2v 2Ti 

Vji 


>)• 


(47.8) 


The  main  contribution  to  the  integral  over  dK  in  (47.7)  comes  (as  will  be  confirmed 
by  the  subsequent  calculation)  from  the  range  aen  >1;  the  last  term  in  e'(w,  k)  is 
therefore  negligible.  Since 

5(1  —  H  2/w2)  =  |f)j[5(w  —  fh)  +  6(w  +  D,)], 


the  integration  over  dw  in  (47.7)  gives 

R<pi>=„„  4iTe4n,  f  dK 

af>  u  fi  |v  x  v'|  J  K2f''(Ji„  k)’ 

or,  substituting  the  expression  for  e"  and  using  the  variable  K2a2, 


where 


2\,(2TT)eiv-irae2 


I 


d£ 


|v  x  v'|a 2  J  1  +  exp(  —  I/2£  4-  2Lt)’ 


(47.9) 


L,  =  \og(n?v\<ttleiv«)  =  log  (^MT.’/mT’). 


(47.10) 


Because  of  the  conditions  (47.5),  the  integration  in  (47.9)  must  be  taken  over  the 
range  (QiailQeae)2  1.  Since  the  integral  converges  for  small  £,  the  lower  limit 
may  be  taken  as  zero. 

As  L,->oo,  the  integral  in  (47.9)  tends  to  zero;  assuming  that  L,  is  fairly  large,  we 
shall  calculate  it  in  the  logarithmic  approximation,  i.e.  take  only  the  first  term  in 
the  expansion  in  powers  of  1/L,.  The  main  contribution  to  the  integral  comes  from 
the  range  where  the  exponential  term  in  the  denominator  is  negligible.  For  this,  we 
must  have—  l/2£  +  2Li  >  1 » i-e-  the  integral  is  to  be  taken  from  0  to  l/(Lj  -  1)  =  1/Lj, 


tSee  (33.3V  The  ionic  contribution  to  £w  is  _ _ _ _ v . .  .^ 

region  (47.5),  it  determines  the  range  of  integration  in  (47.9)  below. 


so  included  in  (47.8).  Although  it  is  exponentially  small  in  the 
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which  gives  simply  1/L,.t  The  final  result  is  therefore 

2V(27r)e4zvTeTe 


(47.11) 


The  total  value  of  the  in  the  electron-electron  collision  integral  is  found  by 
adding  (47. 1 1)  to  the  ordinary  Coulomb  expression  (41.8),  with  the  Debye  length 


a  =  (a<2+  a[2) 


-2^—  m 


a, 


in  the  argument  of  the  Coulomb  logarithm  L.  The  contribution  (47. 1 1)  of  the  plasma 
waves  becomes  predominant  when 


zT(/TjLL|  1, 


(47.12) 


§48.  Plasma  absorption  in  the  high-frequency  limit 

The  frequency  range  in  which  the  formula  (44.9)  is  valid  for  the  imaginary  part  pf 
the  plasma  permittivity  is  limited  by  the  inequalities  The  first  in¬ 

equality  is  the  general  condition  for  the  collision  integral  with  screened  Coulomb 
interaction  to  be  applicable.  Let  us  now  consider  the  limit  opposite  to  this,  for 
which 


(48.1) 

We  can  note  immediately  that  here  the  real  part  €r  of  the  permittivity  is  certainly 
close  to  unity,  and  the  imaginary  part  e"  is  small. 

Dissipation  of  the  energy  of  the  variable  external  field  is  caused  by  ei  collisions, 
whose  duration  is  of  the  order  of,  or  less  than,  the  period  of  the  field.  This  means 
that,  for  collisions  will  be  important  which  occur  at  distances  —  vTr/w  < 

rr*/Df  =  ae.  At  such  distances  the  Coulomb  field  of  the  ions  is  not  screened,  and  the 
collisions  are  therefore  purely  two-particle  ones,  not  multi-particle  as  they  essen¬ 
tially  are  when  the  interaction  is  screened.  Under  these  conditions,  the  individual 
field  energy  absorption  events  become  processes  inverse  to  bremsstrahlung  in  pair 
collisions  of  charged  particles.  This  enables  us  to  use  the  principle  of  detailed 
balancing  to  express  e"  in  terms  of  the  bremsstrahlung  cross-section  (V.  L. 
Ginzburg  1949). 

The  dissipation  Q  of  the  electromagnetic  field  energy  per  unit  volume  of  the 
medium  and  per  unit  time  is  expressed  in  terms  of  c"  by  (30.5).  In  order  to  relate 
this  quantity  to  the  bremsstrahlung  cross-section,  we  assume  that  the  field  is 
created  by  a  monochromatic  plane  wave  in  which  the  energy  density  is 

*  =  (E1  +  fP)/87r  =  |E|2/87r; 

*In  the  range  that  is  important  in  the  integral,  ^~I/Li,  i.e.  k  ~  I/n(L|/2.  Then  ko,  — 

(Tc/TXi)  I.  in  accordance  with  the  assumption  made  above. 
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in  the  latter  expression,  it  is  assumed  that  E  is  expressed  as  a  complex  quantity  (cf. 
the  third  footnote  to  §30).  Since  the  permittivity  is  nearly  unity,  we  put  here  e  =  1. 
Then  formula  (30.5)  may  be  written 


Q  =  we"^.  (48.2) 

On  the  other  hand,  the  dissipation  is  equal  to  the  difference  between  the  energy 
Qlbs  absorbed  in  electron-ion  collisions  and  the  energy  radiated  in  these  collisions. 
That  is,  the  energy  Qyt  of  the  stimulated  (not  the  spontaneous)  emission,  which 
generates  photons  coherent  with  the  original  field  and  in  that  sense  indistinguishable 
from  it. 

The  cross-section  for  spontaneous  emission  of  a  photon,  i.e.  the  ordinary 
bremsstrahlung,  may  be  written  as 

d.rv  =  -(p^}  g(e  -  e'  -  M  0?  d'p',  (48.3) 

where  k  is  the  photon  wave  vector,  p  and  p'  the  initial  and  final  mumenta  of  the 
electron.  The  product  NjV  do\p,  where  N;  is  the  number  density  of  ions,  is  the 
probability  per  unit  time  for  the  electron  to  undergo  emission  of  a  photon;  the 
function  w(r>'.  d)  depends  also  on  the  polarization  of  the  photon  emitted.  Inteerat- 

-'*****-  a  *  1 

ing  over  the  directions  of  p'  and  k,  and  summing  over  the  polarizations  of  the 
photon,  we  obtain  the  frequency-differential  bremsstrahlung  cross-section  the 
delta  function  in  (48.3)  is  removed  by  integration  with  respect  to  e'  =  p'2/2m.  Thus 

dcr(„  —  (4 m2v'lirvcy)wo)2  do), 

where  vv(p,  p')  is  the  value  of  w(p,  p')  averaged  over  the  directions  of  n  and  p';  this 
value  is  independent  of  the  polarization  of  the  photon,  and  hence  the  summation 
over  the  latter  amounts  to  multiplication  by  2.  With  the  “effective  emission"  kw 
defined  by 


hco  do,tl  =  kw  dco. 


we  can  then  write 


w  —  (7Tvcil4m2v,ho)3)Ktl).  (48.4) 

The  stimulated  emission  cross-section  differs  from  (48.3)  only  by  the  factor  Nke» 
the  number  of  photons  in  the  quantum  state  with  wave  vector  k,  and  polarization  e 
parallel  to  E  (see  RQT ,  §44).  Hence  the  total  energy  of  the  stimulated  emission  is 

Qst=  Ni  2  J  Nkefiww(p',  p)/(p)6  (c  -  e'  ~  tuo)  d3p  d3p', 

where  /(p)  is  the  electron  distribution  function.  We  shall  take  this  function  to  be 
Maxwellian,  depending  only  on  the  magnitude  p.  Averaging  over  the  directions  of  p 


10  . 
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and  p',  and  noting  that  from  the  monochromaticity  of  the  field 


we  can  write 


d' 
ke  (2t r)1 


QS|  =  W  J  H’/( p)S(e  -  e'  -  ftco)  d3p  d3p'. 


(48.5) 


The  energy  absorbed  in  the  inverse  transitions  with  change  of  electron  momen¬ 
tum  p'-»p  (inelastic  electron  scattering  in  the  electromagnetic  field)  is  calculated 
similarly.  According  to  the  principle  of  detailed  balancing,  the  probability  functions 
w  which  determine  the  cross-sections  for  the  direct  and  reverse  processes  are 
equal.  We  therefore  get  an  expression  for  Qabs  that  differs  from  (48.5)  only  in  that 
the  distribution  function  /(p)  is  replaced  by  /(p').  The  dissipation  Q  =  Qabs-  Qsii  a 
comparison  with  (48.2)  shows  that 

(Wcu)  j  w[/(p')-/(p)]fi(€  -  M  d3p  d3p'.  (48.6) 


We  shall  consider  only  frequencies  such  that 

hcj  <  T.  (48.7) 

Then  the  difference  p'  —  p  is  small,  and  we  can  pul 

/(P')~/(P)  =  ~  (dflde)hu)  =  (fux)IT)f(p), 

and  in  the  remaining  factors  p  =  n\  Substituting  this  in  (48.6)  and  expressing  w  in 
terms  of  ku  by  (48.4),  we  finally  obtain  the  following  expression  for  the  imaginary 
part  of  the  permittivity: 


e"(o>)  =  N,N,(7r2c3/Toj3)(t)K„),  (48.8) 

where  the  angle  brackets  denote  averaging  over  the  Maxwellian  distribution  of 
electrons. 

Let  us  apply  this  formula  in  two  limiting  cases:  the  quasi-classical  case  and  the 
Born  case.  In  the  first  of  these,  i.e.  when 

ze2jtiv>U  (48.9) 

the  frequency  range  w  >  £le  can  be  reduced  further  to 

mvTtlze 2  >wHlr  (48  10) 

The  quantity  on  the  left  is  the  reciprocal  of  the  electron  time  of  flight  at  a  distance 
from  the  ion  such  that  the  scattering  angle  is  of  the  order  of  unity.  It  is  easily  seen 
that  (48.7)  necessarily  follows  from  the  conditions  (48.9)  and  (48.10).  In  the 
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quasi-classical  case  the  effective  emission  at  the  frequencies  (48.10)  in  a  collision 
between  an  electron  and  an  ion  at  rest  is  given  by 


ku  =  (l6z2e6/3 n2c3m2)  log  ( 2mv3lyu)ze 2), 


(48.11) 


where  y  =  ec  =  1.78  . . .,  and  C  is  Euler’s  constant;  see  Fields  (70.21).  Substituting 
in  (48.8)  and  carrying  out  the  averaging  we  obtaint 


„_4V(2tt)  ze4Nt  nc2,__  2 5/2T3/2 

€  —  -!  ^3/2  TT>  T  log  575  =5  m. 

3  T  ‘  m  u  a)  y  1  a )Ze~m  1 


(48.12) 


In  the  Born  case,  i.e.  when  ze2lhv  <  1,  the  effective  emission  at  frequencies 
hoj  <  T  is  given  by£ 


kw  =  (16zVY3u2c*rti2)  log  (2mu2/liw). 
A  calculation  with  (48.8)  gives 


„  4V(2t r)  ze4Nc  H2  4T 

€  =  3 


which  differs  from  (44.9)  only  in  the  argument  of  the  logarithm. 


(48.13) 


(48. 14) 


§49.  Quasi-Iinear  theory  of  Landau  damping 

The  theory  of  plasma  oscillations  in  §§29-32  is  based  on  solving  the  transport 
equation  in  the  linear  approximation  of  perturbation  theory.  The  condition  for  its 
validity  is  that  the  correction  6/  (29.2)  to  the  distribution  function  be  small  in 
comparison  with  the  unperturbed  function  /0: 


eE 

|k  .  v  —  w 


dp<^' 


(49.1) 


For  only  slightly  damped  plasma  oscillations  with  frequency  and  wave 

number  k  it  is  thus  necessary  that 


(eElllc)dfoldp  <  /o. 

For  a  Maxwellian  plasma,  this  condition  (with  both  sides  squared)  can  be  written 

E2/4tt  <  N€Te.  (49.2) 

+Using  the  result  that 

r  , .  . ,  ^ 

j  e  log  a  u.\  —  —  \^. 

Jo 

$See  RQT  (92.16).  In  going  from  this  formula  to  (48.14),  we  have  also  used  the  fact  that  when 
fiat  <s  T  =  tnvT*  the  electron  loses  only  a  small  part  of  its  energy  by  radiation. 
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This  form  has  a  simple  physical  significance:  the  wave-field  energy  density  must  be 
much  less  than  the  kinetic  energy  density  of  the  plasma  electrons. 

The  condition  (49.2)  ensures  that  the  correction  8f  is  small  for  most  of  the 
electrons.  However,  even  if  it  is  satisfied,  there  are  a  relatively  small  number  of 
resonant  particles  for  which  (49. 1)  may  not  be  satisfied,  which  are  moving  almost  in 
phase  with  the  wave  (k  .  v  ^  co)  and  thus  take  part  in  Landau  damping;  their 
distribution  function  may  be  considerably  altered  by  even  a  weak  field.  This  change 
is  a  non-linear  effect,  and  its  nature  therefore  depends  greatly  on  the  spectrum  (in  to 
and  k)  of  the  wave  field,  since  it  is  only  in  the  linear  approximation  that  the  various 
Fourier  components  of  the  field  act  independently  on  the  particles. 

Here  we  shah  consider  electromagnetic  perturbations  in  a  plasma  that  are  an 
assembly  of  plasma  waves  with  wave  vectors  taking  a  continuous  range  of  values 
in  some  interval  Ak. 

If  the  initial  perturbation  includes  a  wide  range  of  wave  numbers  k  ~  fL/urc,  the 
Landau  damping  extends  to  a  large  number  of  electrons  that  are  in  the  same 
conditions  as  regards  the  efTect  of  the  field  on  them.  In  consequence,  the  distortion 
of  the  distribution  function  is  relatively  small  at  all  speeds;  the  linear  theory,  with 
the  condition  (49.2),  is  therefore  valid  throughout  the  development  of  the  pertur¬ 
bation. 

On  the  other  hand,  if  the  perturbation  contains  wave  vectors  in  only  a  narrow 
range  Ak  near  a  value  then  the  resonance  range  of  electron  velocities. 


|Av|  -  A(ne/k)  -  (t*o/ko)|Ak|,  v0  =  (a/kJWJco, 


(49.3) 


is  also  small  and  lies  near  Thus  only  a  comparatively  small  number  of 

electrons  participate  in  Landau  damping,  and  the  electron  distribution  function  may 
be  greatly  changed. 

The  quantitative  theory  of  this  phenomenon  will  be  given  here  for  the  case  where 
the  perturbation  is  an  almost  monochromatic  wave  whose  amplitude  and  phase  are 
modulated  in  space  according  to  some  statistical  law.  The  spectrum  of  k  values  for 
the  initial  perturbation  is  narrow: 


|Ak|Mo<Sl,  (49.4) 

but  at  the  same  time 

|Ak|/(c  >  (l/u0)(e|<Po|/m)1'2,  (49.5) 

where  <p0  is  the  order  of  magnitude  of  the  wave  electric  field  potential  amplitude 
(the  significance  of  this  condition  will  be  explained  below).  By  (49.2)  (where 
E  —  k(p0)  the  expression  on  the  right  of  the  inequality  (49.5)  is  small,  e\(p0\lmvQ2<  I. 
We  shall  also  assume  the  field  to  be  uniform  on  average  throughout  the  plasma;  this 
means  that  E2  averaged  over  the  statistical  distribution  of  wave  phases  and  am¬ 
plitudes  is  independent  of  the  coordinates.  Such  an  averaging  is  equivalent  to  one 
over  regions  of  space  with  dimensions  Ax  >  l/|Ak|. 

The  field  E  at  the  initial  instant  is  expressed  as  a  Fourier  integral: 

E  =  [  Ekeik  ’r  dJlc/(27r)\  (49.6) 


l 
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where  E^k=E£  since  E  is  real.  The  hypothesis  (49.4)  as  to  the  nature  of  the  initial 
perturbation  signifies  that  the  integration  in  (49.6)  is  in  practice  taken  only  over  the 
neighbourhoods  of  the  points  k  =  ±k0.  The  condition  of  spatial  uniformity  of  the 
perturbation  is  easily  formulated  by  writing  the  quadratic  tensor  EaEp  as  a  double 
integral: 


EUE*  = 


Fka  Ek-p  e 


i(k  He  ) .  r 


d*k  d3k' 
(27 r)6  * 


After  averaging  over  the  statistical  distribution,  this  expression  should  be  in¬ 
dependent  of  r.t  For  this  to  be  so,  the  mean  value  <Ek„Ek-p)  must  contain  the  delta 
function  S(k  +  k').  Since  the  plasma  waves  are  longitudinal,  we  then  write 

fo„Ekfi>  =  (2tt)'  ^  (E\  S(k  +  k‘).  (49.7) 


This  relation  is  to  be  regarded  as  a  definition  of  the  quantities  symbolically  denoted 
by  (E2)k.  These  are  real  quantities.  The  expression  (49.7)  is  zero  except  when 
k=-k\  and  is  symmetrical  with  respect  to  the  interchange  of  k  and  k\  Hence 
(E2)k  =  (E2)-k;  and  a  change  in  the  sign  of  k  is  equivalent  to  taking  the  complex 
conjugate.  The  mean  square  (E2)  is  expressed  in  terms  of  these  quantities  by 

<E2)  =  |(E2)kd,fc/(27r)5.  (49.8) 


The  integration  in  (49.6),  and  therefore  in  (49.8),  is  (as  already  mentioned)  taken 
over  the  neighbourhoods  of  the  points  k0  and  —  k0.  It  is,  however,  more  convenient 
to  eliminate  -  k0  by  putting  (49.6)  in  the  form 

_  f  d3k  _ 

E=|  Eke"'~3  +  c.c.,  (49.9) 

Jk-ko  (2tt) 

where  the  integration  is  taken  Only  over  the  neighbourhood  of  the  point  k  =  ko,  and 
c.c.  denotes  the  complex  conjugate.  Accordingly,  (49.8)  is  written  as 

(E2)  =  2  [  (E2)k  d3k/(2ir)3,  (49.10) 

J  k-ko 


and  the  relations  (49.7)  as 


k  k 

<EkaEtv)  =  (27r)3(E:)k  ^  8(k  -  k'), 

(EkaEkp)  =  0. 


(49.11) 


tFor  perturbations  of  the  type  under  consideration,  the  integrals  Eh  =  /  E(r)e_'kr  d3.v  in  fact  diverge, 
since  E(r)  is  not  zero  at  infinity.  This,  however,  is  not  important  in  the  formal  derivations,  which  involve 
mean  squares  that  are  certainly  finite. 


I 


202 


Collisions  in  Plasmas 


i 


The  time  variation  of  the  perturbation  (49.9)  is  represented  by 

E  =  Jk  WO  +  c.c.,  (49. 12) 

where  co(k)~0€  is  the  plasma  wave  frequency,  and  the  coefficients  Ek(t)  vary 
slowly  on  account  of  Landau  damping.  The  electron  distribution  function  is 
expressed  similarly: 

f  =  m .  P)  +  [[  fv(t,  p)e,lk  '-“" +  c.c.J.  (49. 13) 

The  expression  in  the  braces  is  the  “random'’  part  of  the  variation  of  the 
distribution  function,  oscillating  rapidly  in  space  and  time;  it  vanishes  on  statistical 
averaging  of  the  waves.  The  term  /0(f,  p)  is  the  slowly  varying  averaged  dis¬ 
tribution. t 

Our  object  is  to  derive  a  set  of  equations  to  determine  the  time  variation  of 
averaged  characteristics  of  the  state  of  the  plasma,  namely  the  functions  (E2)k  and 
/o(f,  p)-  For  such  a  set  of  Equations  to  be  closed,  these  characteristics  must  embrace 
all  electrons  participating  in  the  non-linear  effects  concerned.  In  turn,  the  velocity 
range  (49.3)  corresponding  to  the  spread  of  wave  vectors  Ak  must  then  always 
widely  overlap  the  amplitude  of  the  electron  velocity  oscillations  due  to  the  field  of 
the  waves  in  resonance  with  the  electrons.  This  is  the  condition  expressed  by  the 
inequality  (49.5);  (e\(po\lm)112  is  the  order  of  magnitude  of  the  amplitude  in  question. 
For,  in  coordinates  moving  with  the  phase  velocity  of  the  wave,  the  wave  field  is 
static  and  consists  of  a  sequence  of  potential  humps  with  height  |(p0|.  In  these 
coordinates,  a  resonant  electron  oscillates  between  two  humps,  and  its  speed  varies 
in  the  range  between  ±(2e\(p0\lm)in. 

One  of  the  equations  relating  (I?)k  and  /0  expresses  the  Landau  damping  of  each 
Fourier  component  of  the  field: 

d(E2)Jdt  —  —  2yk(E2)k,  (49.14) 

where 

yk  =  2irVne  f  ■  7T  S(w  —  k .  v)  d3p  (49. 15) 

j  uy  ri 

is,  from  (32.6)  and  (30.1),  the  wave  amplitude  damping  ratio;  the  factor  2  on  the 
right  of  (49.14)  appears  because  (E^k  is  quadratic. 

The  second  equation  is  derived  from  the  transport  equation  for  a  collisionless 
plasma: 

|£  +  v.|£_eE|^  =  0.  (49.16) 

dt  dr  dp 

Let  us  first  apply  this  in  the  linear  approximation  to  an  individual  Fourier  com¬ 
ponent  of  the  perturbation.  In  the  last  term  in  the  equation,  which  already  contains 


tNot  to  be  confused  with  the  Maxwellian  equilibrium  distribution. 
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the  smaii  quantity  Eke,0t'r  we  put  /  — /o-  in  the  first  term,  we  neglect  the  siow 
variation  of  fk  with  f.  Then  we  get  for  fk  the  usual  expression 


__  igEk  _  afo 
w  — k  ■  v  3p’ 


(49.17) 


where,  in  the  subsequent  integrations,  w  is  to  be  taken  to  have  the  customary 
meaning  a)  +  iO. 

Next,  we  substitute  in  (49.16)  the  complete  expressions  (49.12)  and  (49.13)  for  E 
and  /,  with  fk  from  (49.17),  and  average  over  the  statistical  distribution  of  waves  by 
means  of  (49.11).  All  terms  linear  in  the  perturbation  drop  out;  the  quadratic  terms 
determine  the  derivative  dfjdt  as 

a/o _  3  a  r  a/p  f  kak@  r _ i _ i _ 1  d3k  ) 

dt  apal^ppJk^  k2  Hw-k.v  +  iO  to  —  k  .  v  —  iOj  (2it)3 J 


Replacing  the  difference  in  the  square  brackets  by  2itS(co  —  k  ■  v)  according  to 
(29.8),  we  have  finally 


Ms  =  J-(D^^h.\  (49.18) 

dt  dpQ  v  dpp/ 

where 

D‘"b’(p)  =  2ne2  f  (E%  ^S(co-k.v)  (49. 1 9) 

Equations  (49.14)  and  (49.18)  constitute  the  required  complete  set.  The  theory  of 
plasma  waves  based  on  them  is  called  the  quasi-linear  theory  A 

Equation  (49.18)  has  the  form  of  a  diffusion  equation  in  velocity  space,  with 
as  the  diffusion  coefficient  tensor;  the  superscript  nl  indicates  that  this  “diffusion” 
is  due  to  non-linearity  effects.  The  coefficients  as  functions  of  the  electron  velocity 
are  zero  except  in  a  range  Av  near  vo,  which  is  related  to  the  spread  Ak  by  (49.3).  In 
this  velocity  range,  diffusion  occurs  and  there  is  a  corresponding  distortion  of  the 
distribution  function  (which  remains  Maxwellian  for  the  bulk  of  the  electrons).  The 
nature  of  the  distortion  is  evident  from  the  general  properties  of  diffusion  proces¬ 
ses:  diffusion  causes  a  smoothing,  or  in  this  case  a  plateau  of  width  ~  Au  on  the 
tail  of  the  function  /o(p)  at  u  »  vo>  Ur?,  as  shown  diagrammatically  in  Fig.  13.  With 
this  type  of  distortion,  the  principal  change  is  in  the  derivative  dfjd p,  while  /0  itself 
remains  close  to  the  Maxwellian  value. 

Let  us  estimate  the  relaxation  time  t„i  for  this  process.  Since  the  equalization  is 
to  take  place  over  a  range  Ap  =  m Av,  we  have 

tvu  ~  m2(Au)2/D(nl>.  (49.20) 

To  estimate  the  diffusion  coefficient,  we  note  that  from  (49.10)  (E2)k(Afc/2?r)3  ~  (E2). 
The  presence  of  the  delta  function  in  (49.19)  is  equivalent,  in  order  of  magnitude,  to 

tit  was  developed  by  A,  A.  VedenOv,  E.  P.  Velikhov  and  R.  Z.  Sagdeev  (1961).  Equations  (49.14)  and 
(49.18)  were  independently  derived  by  Yu.  A.  Romanov  and  G.  F.  Filippov  (1961)  and  by  W.  E. 
Drummond  and  D.  Pines  (1961). 
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multiplying  the  integral  by  1  /t)0A#c.  Thus 

Dm>  ~  e2(E2)lv0Ak  ~  e2(E2)fkoAv.  (49.2 1 ) 

Lastly,  expressing  (E2)  in  terms  of  the  amplitude  (p0  of  the  potential  oscillations 
(~  ic2|(po|2),  and  substituting  (49.21)  in  (49.20),  we  findt 

t„i  -  (Avflk0(e\<p0\lmf.  (49.22) 

In  the  above  discussion,  it  is  assumed  of  course  that  t„i  is  much  less  than  the 
Landau  damping  time  I/7;  otherwise,  the  waves  are  damped  before  non-linearity 
effects  can  appear.  The  applicability  of  (49.14),  however,  presupposes  that  1/y  is 
much  less  than  the  electron  mean  free  time:  l/y^l/^,,  where  ve  is  the  mean 
collision  frequency.  The  latter  condition  does  not  guarantee  the  legitimacy  of 
neglecting  collisions  in  the  phenomenon  considered,  i.e.  of  using  the  transport 
equation  in  the  form  (49.16):  what  is  significant  as  regards  the  competition  with 
non-linear  effects  is  not  the  total  collisional  relaxation  time  but  only  the  time  for 
colli sional  relaxation  in  the  range  Au,  which  we  denote  by  tcou. 

For  relaxation  in  the  range  At;  near  u0>ut«  which  contains  only  a  relatively 
small  fraction  of  all  the  electrons,  the  position  is  similar  to  that  in  the  problem  of 
runaway  electrons.  The  process  is  a  diffusion  in  momentum  space,  the  diffusion 
coefficient 


D(coll)  =  m2Pee(v)v2Te  =  477 C4LNeTe/mtl3  -  m2Vee(VTe)VTelv*,  (49.23) 

i.e.  the  coefficient  of  dfjdp  in  the  flux  (45.5)  in  momentum  space. 

tWhen  Au  ~  (e|<po|/m)l/2  and  the  theory  given  here  is,  strictly  speaking,  inapplicable  (the  sign  ^in 
(49.5)  becoming  ~ ),  this  estimate  gives  r„t  ~  fcot(r>i/c'|<po|)l/2.  This  result  was  to  be  expected  when  the 
spread  Au  of  resonant  speeds  coincides  with  the  speed  amplitude  of  the  electrons  oscillating  in  the  wave 
field:  t„ i  has  the  same  order  of  magnitude  as  the  period  of  these  oscillations. 
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The  required  collision^  relaxation  time  in  the  range  Au  differs  from  (49.20)  in 
that  D(nl>  is  replaced  by  D(coll): 


When 


Tcon  ~  m  2( A  u  ) J/D<co11’  ~ 


(A«)2 

VTeVee(VTe) 


(49.24) 


/  a  r\  r\ 


i.e.  D('in  <  D(coll),  the  non-linear  effects  play  no  part:  the  collisions  are  able  to 
maintain  the  Maxwellian  distribution  near  v0  despite  the  perturbation  from  the 
wave  field,  and  accordingly  the  Landau  damping  ratio  is  given  by  the  usual 
expression  corresponding  to  the  Maxwellian  value  of  the  derivative  dfjd p  in  the 
neighbourhood  of  v0.  Thus  the  inequality  (49.25)  is  the  condition  for  the  strictly 
linear  theory  of  Landau  damping  to  be  applicable.  The  quasi-linear  theory  given 
here  is  valid  with  the  much  weaker  condition  (49.2).  The  condition  (49.25)  may  be 
written 

E2/4ir  <S  NrT,  [  V(4ir)  Lr]>l2(vrJ  d(,)'A  t)/  (49.26) 


where  7)  =  e2N 112  IT  is  the  gaseousness  parameter.  The  smallness  of  the  factor  in 
the  brackets  shows  that  the  condition  (49.2)  is  weak  in  comparison  with  (49.25),t 
In  the  opposite  limiting  case  where  t„i  *^tcou»  the  non-linear  effects  cause  a  great 
decrease  of  the  derivative  d/o/dp  in  the  range  concerned,  roughly  in  the  ratio 
D(CoU)/D(..i)  Landau  damping  ratio  is  correspondingly  reduced. 


§50.  The  transport  equation  for  a  relativistic  plasma 

If  the  velocities  of  the  particles  (electrons)  in  a  plasma  are  not  small  compared 
with  that  of  light,  the  transport  equation  has  to  take  account  of  relativistic  effects 
(S.  T.  Belyaev  and  G.  I.  Budker  1956). 

We  shall  first  show  that  the  distribution  function  in  phase  space,  /(f,  r,  p),  is  a 
relativistic  invariant.  This  is  shown  by  noting  that  the  spatial  density  and  the  flux  of 
particles,  i.e,  the  integrals 

N  =  jfd1p,  i  —  j  vf  d3p> 

must  form  the  4-vector  ik  =  (cN,  i);  cf.  Fields ,  §  28. t  Since  in  relativistic  mechanics 
the  velocity  of  a  particle  with  momentum  p  and  energy  e  is  v  =  pc2/e,  we  can  write 
this  4- vector  as 

ik  =  c2  j  ( pkfle )  d3p,  (50.1) 

tit  has  already  been  mentioned  that  a  strictly  linear  theory  is  inapplicable  if  Tnj  ily.  This  may  be 
rewritten  as 

E2/4tt  NeT'[{bvlvTe)\&vlv0)ylile\, 

which  may  prove  to  be  a  weaker  condition  than  (49.26). 

tin  this  section,  the  Latin  letters  k  and  l  denote  four-dimensional  vector  indices.  The  scalar  product 
of  two  4-vectors  a  and  b  is  denoted  by  (ab)^  a^b*. 
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where  pk  =  (e/c,  p)  is  the  4-momentum,  The  expression  d3p/e  is  a  4-scalar  (see 
Fields,  §  10),  It  is  therefore  clear,  since  the  integral  (50.1)  is  a  4-vector,  that  /  is  a 
4-scalar,t 

Going  on  now  to  derive  the  transport  equation,  we  note  that  the  calculations  in 
§41  remain  valid  in  the  relativistic  case  as  far  as  the  expression  (41,3),  (41.4)  for  the 
flux  in  momentum  space.  We  need  only  recalculate  the  quantities 

Bap  =  \  j  QaQpv rei  da.  (50.2) 

The  quantity  vrei  is,  as  before,  the  relative  velocity  of  the  two  particles.  In 
relativistic  mechanics,  however,  it  is  defined  as  the  velocity  of  one  particle  in  the 
rest  frame  of  the  other,  and  does  not  in  general  reduce  to  the  difference  v  — v'  (see 
Fields ,  §  12). 

Let  us  first  ascertain  the  transformation  properties  of  these  quantities.  The 
product 

urei  do .  //'  d3p  d3p '  d3x  dt 

is  the  number  of  scattering  events  in  the  volume  d3x  and  the  time  df,  between  two 
particles  with  momenta  in  given  ranges  d3p  and  d3p';  this  number  is,  by  definition, 
invariant.  Writing  it  in  the  form 

ee'Urei  dor ,  / .  /' .  (d3p/e) .  (d3p'/e') ,  d3x  df 

and  noting  that  the  last  five  factors  (between  points)  are  invariant,  we  conclude  that 
the  first  factor  €€'urei  do  is  also  invariant.  Hence  it  follows  in  turn  that  the  integrals 

Wu=Ue' \  dWvnda  (50.3) 

form  a  symmetric  4-tensor.  The  quantities  (50.2)  are  related  to  the  space  com¬ 
ponents  of  this  4-tensor  by 


Bap  =  VTp/€€\  (50.4) 

We  first  calculate  the  4-tensor  (50.3)  in  a  frame  of  reference  where  one  particle, 
say  e,  is  at  rest.  The  relativistic  cross-section  for  Rutherford  scattering  of  particles 
er  by  particles  e  at  rest  (before  the  collision)  with  small  scattering  angles  x  is^ 

Afee'^e’2 

da  =  2*x  dx.  (50.5) 

tThe  distribution  function  with  respect  to  momenta  only,  i.e.  /( f,  p)  =  /  Jfi.r,  p)  d3x.  is  not  a  4-scalar, 
however;  such  a  function  is  discussed  in  Fields^  §  10. 

IThis  expression  applies  to  the  scattering  of  electrons  by  either  electrons  or  ions.  In  the  first  case  it 
follows  from  RQT  (81. 7);  in  the  second  case,  from  the  cross-section  for  scattering  by  a  fixed  Coulomb 
centre,  RQT  (80.7). 
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A  calculation  similar  to  the  derivation  of  (41.8)  gives  the  following  expression  for 
the  space  components  of  the  tensor  (50.3): 

W“p  =  2'n-(ee')2L(t>'28a/J  —  VaVfim^e'lv'3.  (50.6) 

The  remaining  components  are  to  be  taken  as  zero: 

W°°=W0a  =  0,  (50.7) 

since  the  change  in  the  particle  energy  in  the  collision  (q°)  in  this  frame  of 
reference  is  of  the  second  order  with  respect  to  the  small  scattering  angle,  and  so 
and  W00  would  be  of  the  third  or  fourth  order,  whereas  the  whole  calculation 
of  the  collision  integral  is  accurate  only  as  far  as  second-order  quantities. 

From  (50,6)  and  (50.7), 

Wkk  =  -  Waa  =  -  4'rr(ee'fLmc1€’lv'. 

This  4-scalar  may  be  written  in  an  invariant  form  by  noting  that  in  the  rest  frame  of 
the  particle  e  we  have 


/  ^  ,,  ,  ■>  [( uu )  - 1]  ,, 

(uu  )  =  e  m  c  ,  - - =  v  /c, 

uu 

where  uk  =  pkfmcf  urk  =  pkftn,c  are  the  4-velocities  of  the  two  particles..  Hence 

(hh')2 


Wj*  =  —  4'n-(ee')2Lm/?Tci 


C[(«H')2-  l]175' 


(50.8) 


From  (50.6)  and  (50,7)  we  also  find  that 

W“u,  =  WV,=  0,  (50.9) 

and,  since  these  equations  are  relativistically  invariant  in  form,  they  are  valid  in 
any  frame  of  reference. 

The  expression  for  the  4-tensor  Wkl  valid  in  any  frame  of  reference  must 
evidently  be  symmetrical  in  the  two  particles.  The  general  form  of  such  a  4-tensor 
depending  only  on  the  4-vectors  h*  and  u,k  is 

Wu  =  agkl  +  p(n  V  +  u'V)  +  8(n  V1  +  n'V), 

where  a,  /3  and  8  are  scalars.  Determining  these  from  the  conditions  (50,8)  and 
(50.9),  we  obtain 


Wkl  =  2  7r(ee')2L 


mm’cXuu')2 
c((uu')2-  I]3'2* 


x  {-  [(uu')2  -  l]gM  -(uV  +  uV)  +(uu')(u  V  +  m'Sj1)}. 


(50. 10) 
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Lastly,  taking  the  space  part  of  this  4-tensor  in  an  arbitrary  frame  of  reference, 
we  have  the  following  final  expression  for  the  quantities  Bap  in  the  collision 
integral: 


where 


n  -9  yy(l-v.v7 c~) 

B„„  2ir(ee  )  L  c[yy'(i  -  v.  y’jc2)2-  1]J/1 

X  {('y2'y'2(I  "  ,]fi*  v'”v» 


y  =  e/»nc2=  (1  ~  v2lc2)  lf2, 

y^e'/m'c^d-D'Vr® 


(50.11) 


are  the  Lorentz  factors  for  the  two  particles.  Despite  its  more  complex  form  in 
comparison  with  the  non-relativistic  case,  the  three-dimensional  tensor  (50.11) 
again  satisfies  the  relations 

B,tpvp  ~  Bapvp-  (50.12) 

To  estimate  the  Coulomb  logarithm,  we  note  that  in  the  relativistic  case  the  Born 
situation  occurs:  ze2lfiv  —  ze2lhc  <  1.  Hence,  for  ee  and  ei  collisions. 


L  ~  log(pa/h)  *  log  (Traffic). 


(50.13) 


For  ii  collisions,  Tf  must  be  replaced  by  T,  (if  the  ions  too  are  relativistic),  or  else 
the  ordinary  non-relativistic  expressions  should  be  used. 

The  transport  equation  with  the  Coulomb  collision  integral  is  valid  so  long  as 
Rutherford  scattering  is  the  principal  cause  of  variation  of  the  electron  momentum 
and  energy.  The  competing  process  here  is  bremsstrahlung  (and  also  the  Compton 
effect,  if  the  plasma  contains  an  appreciable  number  of  photons).  The  Rutherford 
scattering  (transport)  cross-section  is  in  order  of  magnitude 

ctru  -  z2(e2lmc2)2(mc2l€)2L  ~  z\e2lmc2)2{mc2ITe)2L .  (50.14) 


The  cross-section  for  bremsstrahlung  emission  of  a  photon  with  energy  fuu  ~  Tf  is 

ow  -  (z2/137)(e2/mc2)2  log(T,/mc2);  (50. 15) 

cf.  RQT  (93.17).  These  cross-sections  are  comparable  if 

T  /..... 2  _  1 1  in T  /1^„  1  7-7  r  \ll- 

j£|mi  -  (U/L»|IUg 


PROBLEMS 

Problem  1.  Find  the  rate  of  energy  transfer  from  electrons  with  lemperature  T,  me 2  to  ions  with 
temperature 
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Solution.  The  calculations  in  §42  remain  valid  as  far  as  (42.3).  We  take  the  B($  from  (50.4)  and 
(50.6)  with  i/  =  c: 


R  =  iire4  z~  L!  c. 

The  result  is 

<f£,  =  dE,  =  /  T‘\ 4t rzVlV.-ML 

dt  dt  V  rj  Me 

Expressing  the  energy  of  ultra-relalivistic  electrons  in  terms  of  their  temperature  by  Fe  =  3 TtNe  (sec  SP 
I,  §44.  Problem),  we  obtain 


dTe  4-n-zVN.L 

dl  U'  3McTe  ' 

Probi.km  2.  Find  the  elcclrical  conductivity  of  a  relativistic  Lorentzian  plasma. 

Soi.ution.  When  we  neglect  ee  collisions  and  go  to  the  limit  the  piocess  of  solution  in  the 

relativistic  case  is  the  same  as  for  the  non-rclativistic  problem  in  §44.  The  correction  to  the  distribution 
function  in  a  conMant  (a*  —  0)  electric  field  is  again 

«/=-  [eE.v/WpH/o 

(cf.  (44.5)),  the  only  difference  being  that  the  collision  frequency  is  now  determined  by  the  relativistic 
Rutherford  scattering  cross-section: 

»Vi(p)  =  Ntv<ru  =  j  ix2dir  =  47T22t'4L/i;2p2. 

Calculating  the  current  as'  the  integral  —  e  f  vfi/  d%p,  we  find  as  the  conductivity 

a  =  (v'p2)l\2Trze~TeL. 

In  the  ultra-relativistic  case,  v  =“  c,  (p2)  =  I2(T,/e)2.  and  so 

cr  —  cTelirze2  L. 


§51.  Fluctuations  in  plasmas 

The  theory  of  fluctuations  in  plasmas  is  in  principle  constructed  in  the  same  way 
as  for  an  ordinary  gas  (§§  19  and  20).  The  different-time  correlation  functions  such 
as 


n,  p,)S fb(t2,  r2,  P2)>,  <Mfi>  r,)S/fl(r2,  r2,  p2)), 

where  9  is  the  electric  field  potential  and  ay  b  distinguish  the  types  of  particle, 
satisfy  (when  f  =  fi— f2>0)  the  same  equations,  namely  the  linearized  transport 
equation  and  the  linearized  Poisson’s  equation,  as  the  distribution  functions  fa  and 
the  potential  9.  To  solve  these  equations,  the  corresponding  single-time  correlation 
functions  are  needed  as  an  initial  condition.  But,  in  contrast  to  an  equilibrium  gas 
of  neutral  particles,  there  is  in  a  plasma  a  single-time  correlation  between  the 
positions  of  different  particles  due  to  their  Coulomb  interaction  and  extending  to  a 
large  distance  (—  a).  In  the  equilibrium  case,  this  correlation  is  described  by  the 
density  correlation  functions  calculated  in  SP  1,  §79.  In  non-equilibrium  cases,  the 
determination  of  the  single-time  correlation  functions  is  a  difficult  problem. 
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I  K 1 1  mn\/  kAtifAirAr  />  1 1  *  tn  n  nAnArol  monnflr  f^r  lb,. 

i  iiiis  u  iitiwuiL  j  ilia  j  ,  iiuvvL/Vwi)  l;w  u  VL/iwi;niL/  hi  a  ^wiiw  ui  iitunnwi  u/i  ui^  vuow  v/i  a 

collisionless  plasma.  For  such  a  plasma,  the  problem  of  fluctuations  in  a  stationary 
non-equilibrium  state  has  a  particularly  natural  formulation,  since  in  the  absence  of 
an  external  field  any  distribution  functions  /fl(p)  depending  only  on  the  particle 
momenta  are  a  stationary  solution  of  the  transport  equation.  The  correlation 
function  of  fluctuations  relative  to  such  a  distribution  will  depend,  as  in  the 
equilibrium  case,  on  the  coordinates  of  the  two  points  and  on  the  two  times  Only 
through  the  differences  r=  n  —  r2,  t  =  f|  —  f2.  If  the  plasma  is  collisionless,  the  times 
t  considered  are  much  less  than  1  fv,  where  v  is  the  effective  collision  frequency. 
The  method  given  below  is  applicable  in  just  these  conditions;  the  plasma  is 
throughout  treated  as  collisionless.  The  method  is  based  on  a  direct  averaging  of 
the  products  of  the  exact  fluctuating  distribution  functions  /a(f,  r,  p).i 
These  functions  satisfy  the  equations 

%  =  ^  +  *,^-^=0,  (51.1) 

in  oi  or  or  op 

where  <p  is  the  exact  electric  field  potential,  which  satisfies  the  equation 

&<P  =  -  4rr  2  ea  f  fa  d3p.  (51.2) 

a  J 


Equations  (51.1)  are  the  analogue  of  Liouville's  theorem.  In  these  exact  equations, 
collisions  have  not  yet  been  neglected.  The  exact  distribution  functions 


fuiU  r,  p)  =  2  Sfr— ra(f)]S[p—  pfl(f)] 


(51.3) 


(with  summation  over  all  particles  of  type  a)  take  account  of  particle  motion  along 
paths  r  =  rfl(f)  that  are  exact  solutions  of  the  equations  of  motion  for  interacting 
particles.  Equations  (51.1)  are  easily  verified  by  direct  differentiation  of  the 
expressions  (51.3),  using  the  equations  of  motion  of  particles  in  a  self-consistent 
field. 

Equations  (51.1)  and  (51.2)  themselves  are  not  very  useful;  to  apply  the  dis¬ 
tribution  functions  in  the  form  (51.3)  would  mean  following  the  motion  of  each 
particle  separately.  However,  if  they  are  averaged  over  physically  infinitesimal 
volumes,*  the  ordinary  transport  equations  are  obtained.  Putting  fa  =  fa  +  5/a, 
ip  =  <p  +  Sip,  and  averaging  the  equations  (without  any  approximation),  we  obtain 


J.  .  dfa  =  „  /d&p  d8fa\ 

dt  ~r ¥  dr  C<J  dr  3p  dr  3p  /’ 

A<p  =  -  4tt  2  ea  \  Ja  d3p. 

a  J 


/ci 

w  »■**/ 


(51.5) 


The  right-hand  side  of  (51.4)  is  the  collision  integrals 


tit  is  due  to  N.  Rostoker  (1961)  and  to  Yu.  L.  Klimontovich  and  V.  P.  SHin  (1962) 
tOr,  equivalently,  over  the  initial  conditions  of  the  exact  mechanical  problem,  corresponding  to  a 
specified  macroscopic  state. 

§We  shall  return  to  this  expression  at  the  end  of  the  section,  and  meanwhile  note  only  that  it 
corresponds  to  the  right-hand  side  of  (16.7)  in  the  case  where  the  particles  have  a  Coulomb  interaction 
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Subtracting  (51.4)  and  (51.5)  from  the  exact  equations  (51.1)  and  (51.2),  we  obtain 
equations  for  the  fluctuating  parts  of  the  distribution  functions  and  the  potential. 
The  terms  in  the  transport  equation  that  are  quadratic  in  5<p  and  8fa  describe  the 
influence  of  collisions  on  the  fluctuations.  Neglecting  these  terms  and  considering 
the  case  of  spatial  homogeneity,  i.e.  putting 


f„  =  LfoL  w  =  0. 


wq  obtain  the  equations 


dSfa  ,  v  dS/a  .  3&P 
dt  dr  a  dr 


A  dap  =  -  47t  2  ea  [  S/fl  d3p. 

u  J 


(51.6) 


(51-7) 

(51.8) 


These  equations  enable  us  to  express  the  functions  S/a(f,  r,  p)  at  any  instant  t  in 
terms  of  their  values  at  some  initial  instant  t  =  0,  and  hence  to  express  the 
correlation  function 


<8/«0i,  r„  pi)5/b(f2,  r2,  p2))  (51.9) 

in  terms  of  its  value  for  fi=f2  =  0.  This  initial  value  of  the  correlation  function, 
which  we  denote  by  gfl(,(ri-  r2»  pi,  p2),  is  a  largely  (see  below)  arbitrary  function.  It 
must  be  emphasized  immediately  that  this  is  not  the  single-time  correlation  func¬ 
tion  which  (together  with  the  complete  different-time  correlation  function)  we  are 
trying  to  find.  The  central  point  which  ensures  the  effectiveness  of  the  method 
under  discussion  is  that  with  an  arbitrary  choice  of  the  function  g  the  correlation 
function  (51.9)  thus  calculated  reduces  in  the  course  of  time  (when  t|  and  t2  are  of 
the  order  of  the  Landau  damping  time)  to  a  function  oniy  of  the  difference 
t  —  ti  —  ti,  independent  of  the  choice  of  g.  The  problem  is  thereby  solved:  this 
limiting  function  is  the  required  different-time  correlation  function,  and  its  value 
for  f|—  f2  =  0  is  the  single-time  correlation  function. 

To  carry  out  the  above  programme,  we  use  the  components  of  a  Fourier 
expansion  with  respect  to  the  coordinates  and  a  one-sided  Fourier  expansion  with 
respect  to  the  time: 


SCUp)  =  j  d'x  J  dt  e-!,k  r-*>8fa(t,  r,  p),  (5 1. 10) 

and  similarly  for  (p{*£.  Multiplying  equations  (51.7)  and  (51.8)  by  and 

integrating  over  dt  from  0  to  &  and  over  d3x,  we  obtain 


!/l_ 

UK  •  V 


x  e-  rf+1 


-k2&p 


(+» 

uk 


iea k .  (d/fl/dp)8y£k  = 

=  4ir  2  ea  f  5/atfk  d3 
u  J 


8/flk(0,  p), 

P- 


(51  11) 
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Similar  equations  have  already  been  encountered  several  times  (cf.  (34.10),  (34.1 1)); 
they  lead  to  the  result 


&p!X  = 


4 77  Y  «  f  S/gfc(Q>  p) 

1,2-/..  f.\  Zu  I  :/i.  \ 

IV  tlVW,  K)  a  J  1  flC  .  V  W) 


d3p. 


(51.12) 


where  is  the  permittivity  of  a  plasma  with  distribution  /(p).t  Multiplication  of 
two  such  expressions,  followed  by  statistical  averaging,  gives 


16-3T2 

fc4C.(w,  fc)€l(co',  k') 


X 


(8/flh(0,  p)8/fch(0,  pO)  ,, 
/(k.v-w)i(k'.v'-co')  P  P 


(51.13) 


The  mean  value  in  the  numerator  of  the  integrand  is  related  to  the  Fourier 
component  guj,k(p),  p2)  of  the  ‘"initial”  correlation  function  guf)(ri  —  r2,  pi,  p2)  by 

(5/ak(0,  p)S/„k(0,  p')>  =  (27i)15(k  +  k'^^fp,,  p2); 

cf.  (19.13).  Like  any  single-time  correlation  function,  the  initial  correlation  function 
must  contain  a  delta-function  term  expressing  the  cases  where  there  is  only  one 
particle  in  coinciding  elements  of  phase  space: 

5Iifc/(p)S(r1  -  r>)S(p|  -  p& 

see  (19.6).  The  Fourier  transform  of  this  term  is  8u(,/(p)8(pi  —  p2).  Thus  we  must  put 
in  (51.13) 


(5/ak(0,  p)8/blt*(0,  p1)) 


/o _ \3  c/i. 

fz.'nj  otiv 


\>) 


..  _'\1 


rc  i  ia\ 
y.’  t.i-r/ 


where  p,k(p,  p')  is  an  arbitrary  smooth  (non-singular  for  real  p  and  p')  function,  the 
Fourier  transform  of  some  function  p,(r,  -r2,  p,,  p2)  which  tends  to  zero  as 
In  —  r2|  -*«. 

On  substitution  in  (51.13),  the  term  containing  this  arbitrary  function  in  (51.14) 
gives 


4(2ir)s5(k  +  k')  y  f  MP,P')  d3p  d3p'  f5,  15) 

fc4e,(w,  k)e,(a>',  k')  £(  J  i(k.  v- aj)i(k.  v'- to')' 

We  shall  show  that  this  expression  corresponds  to  a  function  in  the  time  represen¬ 
tation  that  decreases  rapidly  with  increasing  t  or  F. 

The  change  from  the  Laplace  transform  (see  the  first  footnote  to 


'We  shall  assume,  merely  to  simplify  the  subsequent  formulae,  that  the  function  /(p)  is  istropic,  so 
that  the  corresponding  permittivity  tensor  €ap  reduces  to  scalars  ti  and  et. 
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§34)  to  a  function  of  the  times  t2  and  fi=  t2  +  t  is  made  by  means  of  the  formula 
<S«f,k(t,)8.MO)  =  [  doj  dco'/(2n)2,  (51.16) 

where  the  integration  is  taken  along  contours  in  the  complex  co  and  to'  planes  which 
pass  above  all  singularities  of  the  integrand.  We  are  interested  in  the  asymptotic 
form  of  (51.16)  as  tu  t2^^.  To  find  this,  we  must  lower  the  contours  of  integration 
until  they  “catch”  on  the  singularities;  for  instance,  a  singularity  at  co  =  cot  gives  an 
asymptotic  time  dependence  e xp(  —  ico^t )  of  the  integral  with  respect  to  to.  It  is  easy 
to  see  that  (51.15)  has  singularities  only  in  the  lower  half-planes  of  co  and  to'  (and 
not  on  the  real  axes),  and  therefore  the  asymptotic  form  of  the  integral  (51.16),  with 
(51.15)  as  (fi(p!,?kS<pLv)»  contains  only  damped  terms. 

Let  us  consider,  for  example,  the  integral  with  respect  to  to.  The  factor  l/€i(to,  k) 
in  (51.15)  has  poles  itt  the  zeros  of  ei(to,  fc),  which  are  all  in  the  lower  half  of  the 
co-plane. t  The  integral  over  d*p  in  (51.15)  has  a  similar  property;  it  has  the  form 

f  *p(z)  dz 
J  z  —  to/fc  —  iO 


with  z  =  vx  the  component  of  v  along  k,  and  the  factor  \p(z)  can  (according  to  the 
assumed  properties  of  p,k(p,  pO)  have  singularities  only  for  complex  z\  an  integral 
of  this  form  has  already  been  discussed  at  the  end  of  §29,  and  shown  to  have  poles 
only  in  the  lower  half  of  the  to-plane. 

Thus  the  undamped  part  of  the  correlation  function,  which  we  wish  to  determine, 
arises  only  from  the  contribution  of  the  first  term  in  (5L14)  to  the  ir'egral  (51,13); 


<8<pLV8  (pK-> 


4(27r)55(k  +  k')  y  i  f _ fJp)  dyp _ 

fc4e,(w,  k)e,(w\  fc)  4*  °  J  (w  -  k .  v  +  iO)(w'  +  k  .  v  +  i0)‘ 


(51.17) 


The  integrand  is  transformed  by  putting 


.  v  +  iOj' 

On  the  further  integration  with  respect  to  a/  in  (51.16),  a  contribution  not  damped 
as  t  comes  from  the  residue  at  the  pole  to'  =  —  to  —  iO,  which  is  avoided  by  the 
contour  of  integration  in  the  way  shown  in  Fig.  14,  In  this  sense,  the  factor 
l/(to  4-  to')  is  to  be  interpreted  as  —  27n'S(cu  +  to').  The  significance  of  the  factors 
l/(w±k.v)  in  the  subsequent  integration  with  respect  to  w  is  given  by  (29.8), 
according  to  which 


1 


(to  —  k  .  v  +  iO)(to'  +  k  .  v  +  iO)  to  +  co 


L__ _ 1 

/  +  iO  Ito  —  k . 


+ 


V  +  tO  to'  +  k 


- 1 - - i  rt\ - r~ - it;  =  —  2in‘5(to  —  k  .  v); 

to-k.v  +  iO  to—  k.v-iO  v  ' 

tit  is  assumed  that  the  distribution  /(p)  corresponds  to  a  stable  state  of  the  plasma,  so  that  the  plasma 
waves  are  damped.  It  is  evident  that  only  in  this  case  is  there  any  meaning  in  the  problem  of  staiionary 
fluctuations. 
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Fig.  14. 


this  notation  implies  that  the  integrations  with  respect  to  w  and  w'  are  taken  along 
the  real  axis. 

Thus,  to  calculate  the  correlation  function  in  the  asymptotic  limit  of  long  times  1, 
we  must  make  in  the  integral  (51.17)  the  substitution 

[(w  —  k .  v  +  iO)(w'  +  k  .  v  +  iO)]-1^—  (2it)28(w  +  w^Sfco  —  k  .  v).  (51.18) 

The  result  ist 

(8<pL+k8<pLv>  =  (2ir)4S(cu  +  to')S(k  +  k')(8<p2)„i.  (51.19) 

where 

(5<p2 Lk  -  k4\e^(o  k) p  ^  € *  /  -  k .  v)  <Pp.  (51.20) 


It  is  seen  from  the  definition  (51.19)  (cf.  (19.13))  that  the  (8(p\k  are  the  required 
Fourier  transform  of  the  correlation  function — the  frequency  correlation  function. 
Thus  formula  (51,20)  gives  the  solution  of  the  problem  stated  for  fluctuations  of  the 
potential. 

The  other  correlation  functions  are  determined  similarly.  For  example,  express¬ 
ing  S/!,LV  in  terms  of  8<pL+v  from  (51.11),  multiplying  by  S(pL+i!  from  (51.12),  and 
averaging,  we  obtain  the  correlation  function  for  the  potential  and  the  distribution 
function;:!: 


(8<p  Sfa)wk  = 


enk 


k .  v  —  oj  +  iO 


ap(89%k  +  fc2e|(a)jk) 


/u(p)S(w  —  k  .  v),  (51.21) 


The  order  of  8(p  and  8fa  in  (StpS/u)^  is  significant*,  by  definition  (cf.  SP  1  (122.11)), 
(51,21)  is  the  Fourier  transform  of  the  space-time  correlation  function 

tTo  avoid  misunderstanding,  it  may  be  mentioned  that  this  is  not  the  complete  expression,  but  only  the 
part  with  the  singularity  in  w  +  w',  which  governs  the  asymptotic  form  of  the  Correlation  function.  In  the 
complete  expression,  not  all  terms  contain  5(w  +  w'),  since  the  corresponding  function  of  Ii  and  h  depends 
on  the  difference  I  =  Ii  —  12  only  asymptotically  for  large  ti  and  h. 

tNote  that  the  avoidance  rule  for  the  conlour  is  opposite  in  the  first  term  (w  -  iO  instead  of  to  +  iO). 
This  is  because,  for  w  =  -  w',  k=  -k\  we  have  (k*.  v—  io‘  —  i'0)_l  =  -(k.  v-  w  +  JO)-1. 
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(8tp(t,  r)S/fl(0, 0)).  If,  however,  the  correlation  function  is  defined  as 
<8/fl(t.r)M0,0))#  then  we  have 

(SfaScpU  =  (8tp8fa).^k  =  (8<p8fa)*k;  (51 .22) 


cf.  SP  1  (122.13). 

Lastly,  the  frequency  correlation  function  of  the  distribution  function  is 


( 8fa  S/f,)^ k  =  27r8ah8(pl  -  p2)/a(pi)S(w  -  k  .  Vi) 

, _ g«g/>(&P  2Lk _ /.  dfa\(*  dfb\ 

(w  -  k  .  Vi  +  i0)(w  -  k  .  v2~  i0)\  dpi)\  dp2) 

_  f  /k  ,  MA  7  5(oj  ~k  .  v2) 

k 2  l\  dpi/J h  ci(w,  fc)(w  -  k  .  vi  +  iO) 

+  /k  .  *k\f  S(cu-k.v2)  ) 

\  d p2)* a  e f(w,  #c)(w  -  k  .  v2  -  iO) J  ‘ 


(51.23) 


This  is  the  Fourier  transform  of  the  correlation  function 


<S/0(t,  r,  pi)S/*,(0, 0,  p2)). 

If  the  Ja  in  (5 1 .20)— (5 1 .23)  are  taken  to  be  the  Maxwellian  functions  /o0,  we  obtain 
the  correlation  functions  of  fluctuations  in  an  equilibrium  collisionless  plasma. 

Let  us  consider,  for  example,  fluctuations  of  the  potential.  For  a  Maxwellian 
plasma,  the  imaginary  part  of  the  longitudinal  permittivity  may  be  expressed  as 

€i'(w,  k )  =  2  g«2  j  /ou(p)S(w  -k  .  v)  d3p  (51.24) 


(cf.  (30.1));  the  generalization  to  particles  of  several  types  is  obvious.  Substituting 
this  expression  in  (51.20),  we  obtain 


(VU  -  8ttTcT(w,  k)/wk2|ti(w,  k)|2. 


(51.25) 


TLa  rr£l  lo  tl  An  fllnAftAn  A  f*  t  1a  nHl  tl  1/1  In  nl  aIa  ^ 

1  UL/  WUI  I  1UIIWUU1I  U1  LtiL/  IUU5UUU 1IIC1I  1L  Ill/fU  I  ^ 


(E^Ep)uk  =  k0kfi(8<p\k. 


(51.26) 


This  result  could,  of  course,  also  be  derived  from  the  general  macroscopic  theory 
of  equilibrium  electromagnetic  fluctuations  given  in  SP  2,  §§ 75-77. t  According  to 
that  theory,  the  frequency  correlation  function  of  the  electric  field  is  expressed  in 
terms  of  the  retarded  Green’s  function  by  a  formula  which  in  the  classical  limit 


*The  self-consistent  field  in  a  plasma  is  a  macroscopic  quantity,  and  the  macroscopic  theory  of 
fluctuations  is  therefore  applicable  to  it.  The  distribution  function,  however,  is  not  a  macroscopic 
quantity,  and  its  fluctuations  always  require  kinetic  treatment. 
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(ha)  <  T )  becomes 


(CaEp)ll}k  =  —  (2wT/ftc2)  im  D*p(w,k);  (51.27) 

see  SP  2  (76.3),  (77.2).  In  a  medium  with  spatial  dispersion,  the  Green's  function  is+ 

r\R  /  47rft  k,ke\  ,  4nhc2  kuke  ,m 

Dop(fc>,k) -  wt  /<;1  _ k2  +  VT“fc^-  (5ll28) 


Substitution  of  the  longitudinal  part  of  this  function  (the  second  term)  in  (51.27) 
gives  (51.25)  and  (51.26). 

Lastly,  let  us  return  to  (5 1 .4)  and  show  that  the  expression 


£°^‘C§iPir’~8/"(l’r’p))  (51’29) 

on  the  right-hand  side  is  in  fact  the  same  as  the  familiar  expression  for  the  collision 
integral  in  a  plasma.  The^quantity  (51.29)  is  obtained  from  the  correlation  function 
(Scp(f,  r)S/u(0, 0))  by  differentiation  with  respect  to  r  followed  by  putting  r  =  0. 
Thus  we  find 

{if  Sfa)  =  /  S^)"t  d3fc/(2lT)4  =  -  J  k  im  (&p  S/„U  do  iPkli 2ir)4,  (51 .30) 


the  latter  expression  being  derived  by  means  of  (51.22).  From  (51.21),  with  (51.20)  and 
(51.24),  we  have 


c 

im  (5<p  8fa)uk  =  | 


irk 


af 

uju 

3p„ 


(5<p2X 


o  2  tf 

v  n  - 


k2|e 


qy  fa  jea 


8{oj  —  k  -  vfl) 


x  8(to  —  k .  Vj,)  d3pb .  S(w  —  k .  vfl). 


Substitution  of  this  in  (51.30)  easily  converts  (51.29)  to  the  Balescu-Lenard 
collision  integral  (§47). 

In  this  proof,  it  may  appear  strange  that,  to  calculate  the  collision  integral,  it  was 
sufficient  to  consider  fluctuations  in  a  collisionless  plasma.  This  occurs  because  the 
important  Fourier  components  of  the  electric  field  in  collisions  in  plasmas  are  those 
with  k  S:  1/a  >  1/1,  so  that  collisions  may  be  neglected.  The  situation  here  is  exactly 
similar  to  that  in  the  derivation  of  the  Boltzmann  transport  equation  (§  16):  equation 
(16.10)  signifies  the  neglect  of  the  influence  of  collisions  on  the  pair  correlation 
function. 


tThis  is  obtained  from  SP  2  (75.20),  by  dividing  that  expression  into  transverse  and  longitudinal  parts, 
and  replacing  e  in  the  two  parts  by  €i(w,  k )  and  ti(w,  ft)  respectively. 


CHAPTER  V 


PLASMAS  IN  MAGNETIC  FIELDS 


§52.  Permittivity  of  a  collisionless  cold  plasma 

This  chapter  deals  with  the  properties  of  plasmas  in  an  external  magnetic  field, 
which  are  said  to  be  magnetoactive.  By  forcing  the  charged  particles  to  move  in 
helical  paths  along  the  lines  of  force,  the  magnetic  field  exerts  a  profound  influence 
on  the  behaviour  of  the  plasma.  In  particular,  it  affects  the  dielectric  properties. 

Let  us  first  recall  some  general  properties  of  the  permittivity  tensor  in  the 
presence  of  a  magnetic  field  with  induction  B  (see  ECM,  §82).  As  when  the  field  is 
absent,  equation  (28.6)  is  valid: 

eup(-w,  -k;  B)-  e£p(w,k;  B).  (52.1) 

According  to  On sager’s  principle,  this  tensor  is  symmetrical  when  the  signs  of  the 
field  and  the  wave  vector  are  simultaneously  changed: 

€ap(w,  k;  B)  =  epa(co,  -  k;  -  B).  (52.2) 

If  the  medium  is  invariant  under  spatial  inversion  (as  is  an  equilibrium  plasma),  the  e„p 
are  even  functions  of  k,  and  (52.2)  becomes 


eap(w,  k;  B)  =  ePa(co,  k;  -B). 


(52.2a) 


It  must  be  emphasized,  however,  that  this  property  occurs  only  in  a  medium  in 
thermodynamic  equilibrium,  unlike  (52.1),  which  follows  from  the  definition  of  eap. 

In  the  general  case,  the  tensor  eap  may  be  divided  into  an  Hermitian  part 
2(eap  +  €pQ)  and  an  anti-Hermitian  part  \ (e0p“€pa).  The  latter  determines  the 
dissipation  of  the  field  energy  in  the  medium;  cf.  (30.3). 

We  shall  begin  the  study  of  magnetoactive  plasmas  with  the  simple  case  of  a 
“cold”  collisionless  plasma.  The  temperature  of  such  a  plasma  is  assumed  to  be  so 
low  that  the  thermal  motion  of  the  particles  is  negligible;  the  conditions  for  this  will 
be  formulated  below.  In  this  approximation,  there  is  no  spatial  dispersion,  and  the 
permittivity  depends  only  on  the  frequency  of  the  electric  field.  There  is  also  no 


1  C  rt  A.  n  u  ,#-1  t  L  A  t  rt  M  /,  1  f  A  m  A  f  MA  T  T  a***.. 

uio:*ip<lLlUIJ,  tlliu  U1G  Ltsli  SUI  tap  13  UlCIt'lUlC  1  i  Cl  ill  lUclIi . 


«*-«„ _ _ 


eap(w;  B)  =  e*a(w;  B). 


(52.3) 


From  this  and  (52.1),  it  follows  that 


tap  (w ,  B)  fpa(  w ,  B). 
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(52.4) 
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f 


Separating  the  Hermltlan  tensor  into  iCm  anu  iinaginai  y  parts,  eap  —  t ap 


we 


have  from  (52.2)  and  (52.3) 


e’aP(o) ;  B)  =  €pc(w;  B)  =  e'p(w;  -B),  ] 

e"p(co;B)=  -cpa(co;B)=  -e^(w;-B).J  '  y 

Thus,  in  a  non-dissipative  medium,  the  are  even  functions  of  the  field,  and  the 
e”ap  are  odd  functions. 

We  shall  suppose  that  the  anisotropy  of  the  plasma  is  due  Only  to  the  presence  of 
a  constant  and  uniform  magnetic  field,  whose  induction  within  the  plasma  is 
denoted  by  B0.  In  such  a  case,  the  general  linear  relation  between  the  induction  and 
strength  of  a  weak  monochromatic  electric  field  is 


D  =  exE  +  (cj—  €x)b(b  .  E)  +  igE  x  b,  (52.6) 

where  b  =  B0/Bo;  eg  and  g  are  functions  of  oj  and  B0.  This  relation  is  written  in 
tensor  form  as  Da  =  eaPEp,  where 


Cap  (^||  ^x)hcihp  T  ifj^apyby- 


If  the  z-axis  is  taken  along  Bo,  the  components  of  this  tensor  are 

€XX  —  Cyj.  —  Cl,  c|[>  | 

e.xy  =  -€„  =  ig,  ex:  =  €yZ  =  0. 1 


(52.7) 


(52.8) 


From  the  condition  for  the  tensor  (52.7)  to  be  Hermitian,  it  follows  that  eg  and  g 
are  real,  and  from  (52.4)  it  follows  that  e_  and  eg  are  even  functions  of  the 
frequency,  g  an  odd  function.  The  expression  (52.7)  necessarily  satisfies  Onsager’s 
principle. 

In  weak  fields  the  tensor  eap  must  be  expandable  in  integral  powers  of  the  vector 
B0.  Hence,  as  B0-»0,  the  coefficient  tends  to  a  finite  limit,  the  permittivity  in  the 


absence  of  the  magnetic  field.  The  difference  c  — 


R-2  VSnA 


_  it  rr  R, 

"U  ,  “HU  -- 


The  calculation  of  in  this  approximation  can  be  made  directly  from  the 
equations  of  motion  of  particles  in  a  variable  field  E  and  a  constant  field  Bo,  as  in 
the  derivation  of  (31,9).  For  example,  for  electrons 


m  dvfdt  =  -  eE  -  ey  x  B 0/c.  (52.9) 

The  velocity  v  varies  with  time  in  the  same  way  ( «  e ~twt)  as  the  field  E.  Neglecting 
the  spatial  variation  of  E  in  the  region  of  motion  of  the  particle,  we  have  from 
(52.9) 


fwv  =  eE jm  +  ev  x  B0/mc. 


The  solution  of  this  algebraic  vector  equation  contains  terms  parallel  to  E,  b  and 
E  x  b;  if  the  coefficients  in  these  terms  are  apppropriately  chosen,  we  obtain 


v  = 


(52.10) 
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where  coBe  =  eBJmc.  The  polarization  P  due  to  the  motion  of  the  electrons,  and 
therefore  the  induction  D,  are  related  to  the  electron  velocity  by  (29.4): 

-  n  .  D  E  .  x  r 

—  itoP  =  ico  — , - =  1  =  —eNev- 

4 77  j 


The  ionic  contribution  to  the  polarization  is  calculated  in  the  same  way,  and  the 
two  contributions  are  additive.  The  result  is 


e±~  I 


a 


a*2 


2  , .2  2  2  ■ 
CO  ~~  CO  Be  OJ  ~~  CO  Bi 


€l  ®  1 
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(I.2  +  n,2 


lx) 


f^Be^e2  _ 

W(O)2—  C0Be )  Oj(c 02—(x)Bi) 


C0B;  Pit 

.2  ,2  \  T  77 T 


(52.11) 


Here 


co  Be  =  eBolmc ,  coBi  =  zeBolMc 


(52.12) 


are  the  electron  and  ion  Larmor  frequencies; t  the  values  of  these  parameters  are 
an  important  characteristic  of  a  magnetoactive  plasma  (they  are  the  frequencies  of 
rotation  of  charged  particles  in  circular  orbits  in  the  magnetic  field). 

The  ratios 


(x)i rJ(x)Be  =  zmfM,  ililCle  =  (zm/M)1'2  (52. 13) 

are  small  quantities.  The  ratio  of  the  frequencies  Cle  and  coBe,  or  Cl;  and  toBj)  which 
depend  on  entirely  different  parameters  (the  plasma  density,  and  the  field  B0),  may 
vary  over  a  very  wide  range. 

The  ion  contribution  to  the  permittivity  of  a  magnetoactive  plasma  may,  despite 
the  large  mass  of  the  ions,  be  comparable  with  or  even  greater  than  the  electron 
contribution  at  sufficiently  low  frequencies  co.  As  oj-*0,  the  two  terms  in  g  cancel, 
and  g  — > 0,  as  is  easily  seen  by  noting  that 


Cle2l(x)Be  —  ClffoiBi  (52. 14) 

because  of  the  electrical  neutrality  of  the  plasma  (Ne  ~  zNt).  The  two  terms  in  g 
remain  of  the  same  order  of  magnitude  when  co  ~  wBi,  and  the  ion  part  of  g  is 
negligible  when  co  >  coBi.  In  the  transverse  permittivity  ex,  the  two  terms  are 
comparable  only  in  the  range 

co  ~  wBi(M/m)l/2~  (wBiOjBc)l/2. 


tAIso  called  cyclotron  frequencies  or  gyro -frequencies. 
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The  ion  contribution  is  negligible  here  Only  if 

W  P"  (lOBitOfie)^2  -  (52. 15) 

Lastly,  in  the  longitudinal  permittivity  ej  (which  contains  the  sum  of  fle~  and  fi;2) 
the  ion  part  is  always  negligible.  Incidentally,  en  is  independent  of  B0  because  the 
field  E  has  been  assumed  uniform:  in  crossed  uniform  fields,  the  magnetic  field 
does  not  affect  the  motion  of  particles  parallel  to  B0. 

Let  us  finally  consider  the  conditions  for  the  above  formulae  to  be  applicable.  In 
applying  equation  (52.9)  to  the  motion  of  particles,  we  have  neglected  the  spatial 
variation  of  E  in  the  region  where  the  particles  are.  The  size  of  this  region  in  the 
direction  of  the  constant  field  B0  is  given  by  the  distance  vT/w  traversed  by  a 
particle  moving  with  the  mean  thermal  speed  vT  during  the  period  of  the  variable 
field.  In  the  directions  perpendicular  to  B0,  the  size  of  the  region  when  w  <  coB  is 
determined  by 

f d  vtIwb*  (52. 16) 

the  radius  of  the  circular  orbits  of  particles  moving  with  speed  vT  in  the  magnetic 
field  B0,  called  the  Ltirmor  radius  of  the  particles.  The  approximation  described 
above  requires  that  these  distances  be  small  in  comparison  with  those  over  which 
the  field  E  varies  in  the  relevant  directions: 

vT\k:\la)  <€  I,  vikjois  ^  1 ,  (52. 17) 

where  k.  =  k<,  and  kj.,  are  the  components  of  the  wave  vector  along  and  across  the 
field  B0.  These  inequalities  must  be  satisfied  for  each  type  of  particle  in  the  plasma. 

We  shall  see  below  that  the  frequency  co  must  also  not  be  too  close  to  u)Be,  (*>Di  or 
a  multiple  of  these  (the  conditions  (53.17)).  Near  such  frequencies,  the  spatial 
dispersion  has  to  be  taken  into  account  even  if  the  conditions  (52.17)  are  satisfied. 
As  we  shall  see  in  §55,  this  eliminates  the  poles  of  the  expressions  (52.11)  at 

2  i  ■> 

W"  =  w  Be,  Bi* 


§53.  The  distribution  function  in  a  magnetic  field 


The  permittivity  tensor  in  a  collisionless  magnetoactive  plasma,  with  allowance 
for  spatial  dispersion,  is  calculated  from  the  electron  and  ion  distribution  functions 
which  are  determined  by  the  transport  equation. 

All  formulae  will  be  written  for  the  particular  case  of  electrons.  The  transport 
equations  for  a  collisionless  plasma  have  been  given  in  §27.  For  electrons,  the 
equation  is 


M  +  v.|£_£(E  +  vxB/c)-|i  =  0. 
at  dr  dp 


(53.1) 


Let  the  plasma  be  in  a  constant  and  uniform  magnetic  field  B0  of  any  strength. 
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and  a  weak  variable  electromagnetic  field  in  which 

EtB' &  e1*-'-"0.  (53.2) 

From  Maxwell’s  equations, 

coB'fc  =  k  x  E.  (53.3) 

We  substitute  in  (53.1)  B  =  Bo  +  B',  and  express  the  distribution  function  as 
f  =  fo+8f,  where  /0  is  the  stationary  uniform  distribution  in  the  absence  of  the 
variable  field;  the  small  correction  8/  depends  On  t  and  r  in  the  same  way  (53.2)  as 
the  fields  E  and  B'  to  which  it  is  proportional.  Separating  the  zero-order  and 
first-order  terms  (relative  to  the  weak  field)  in  the  equation,  we  obtain! 

^•vxB0  =  0,  (53.4) 

oy 

i(k.  v- vxB„-^£=e^5-}E  +  -vx(kxE)}.  (53.5) 

C  tip  dp  (  CO  ) 

Let  vz  and  kz  denote  the  components  of  the  vectors  v  and  k  along  the  field  B0;  Vi 
and  kjt,  the  components  in  the  plane  perpendicular  to  B0;  tp,  the  angle  between  Vi 
and  the  plane  of  kL  and  B0,  measured  in  the  direction  of  rotation  of  a  coikscrew 
driven  along  Bc.  The  variables  v±  and  c p  are  cylindrical  polar  coordinates  in 
v-space.  In  these  variables,  (53.5)  becomes 


i(kzu,  +  k±v±  cos  c p  ~  w)8j  +  o)Bed8fjd(p  -  e  jii  +  ^vx(kx  t)|  *  d/0/dp.  (53.6) 

From  (53.4)  it  follows  that  dfofdtp  =0,  i.e.  /o  can  be  any  function  of  p,  and  pL  only: 

/o  =  /o(p»  P±),  (53.7) 

a  result  that  is  obvious  for  a  collisionless  plasma,  since  p2  and  p±  are  the  variables 

-i  u. .  „  _ _ _ c ^i.i 

nui  tiuccicu  uy  me  uicigiieiie  neiu. 

To  simplify  the  formulae,  we  use  the  notation 


a  ~  (kzVz  ~  (t))l  L t)Be,  /3  —  k±vJ(x)Be,  (53.8) 

Q(v,,  ».,v)  =  —  ~  ■  f  E  + -  v  X  (k  X  E)1 .  (53.9) 

WUe  dp  t  CU  J 

If  /o  depends  only  on  the  electron  energy  e  =  p2/2m,  the  derivative  d/o/dp  = 
vdfofde,  and  its  product  with  the  second  term  in  the  braces  is  zero,  so  that 


e  dfq 


a>Be  de 


v .  E. 


(53. 10) 


tin  a  cold  plasma,  there  was  no  need  to  take  account  of  the  Lorentz  force  exerted  by  the  weak  field 
B\  since  it  is  of  the  second  order  of  smallness  when  the  intrinsic  movement  of  the  particles  (in  the 
absence  of  the  field)  is  neglected. 
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With  this  notation,  (53.6)  becomes 

08// dtp  +  i (a  +  p  cos  <p)8/  =  Q(<p) ;  (53. 1 1) 

the  arguments  vz  and  vx  of  Q  are  omitted.  The  solution  is 

6/  =  f-'W+ps-nV)  e'W+pSin^Q^/)  d(pf, 

or,  with  the  change  of  variable  of  integration  tp'  =  <p  -  t, 

8/  =  e~i(isia,p  \C  *  -  t)  dr. 

Jo 

The  constant  C  is  determined  by  the  condition  that  the  function  8/  be  periodic  in 
tp  with  the  period  2ir.  Since  the  integrand  and  the  coefficient  of  the  integral  are 
periodic  in  <p,  this  condition  is  satisfied  if  the  limits  of  integration  are  independent 
of  <p ,  for  which  we  must  take  C  =  «  or  C  =  —  °o.  The  choice  between  these  two 
possibilities  is  decided  by  the  Landau  contour  rule  (29.6):  the  integration  is  to  be 
taken  with  cu-^co  +  iO,  i.e.  a~*a~  iO.  Such  an  integral  is  convergent  only  with 
C  =  oof.  The  final  result  is 

M  =  e-ifixn*  [  piP«ri9~r)-iarn(  _  dT 

■  Jo  "  ' 


=  I  exp{—  iar  —  2i(3  cos (tp  —  {?)  sin  *t}Q((p  —  t)  dr. 
Jc 


(53.12) 


In  the  limit  B0->0,  this  should  become  (29.2).  To  take  the  limit,  we  note  that  for 
a  t>  1  the  important  range  in  the  integral  is  r  <  1.  Then  sin ((p  -  t)  sin  <p  —  t  cos  <p, 
and  the  integral  becomes 


8/=Q(<p)  f 

Jo 


e~i{a+^  dr 


=  Q(<p) 


V  —  (x) 

0)tie 


1 


dr. 


Taking  the  integral  with  co  ->  w  4-  iO,  we  obtain 

8/  =  QwBeli(k  .  v-  to), 


(53.13) 


the  required  result. 

If  the  field  frequency  is  equal  to  the  Larmor  frequency  cobc  or  a  multiple  of  it,  we 
have  simple  or  multiple  cyclotron  resonance  (of  the  electrons).  To  study  the 
dielectric  properties  of  the  plasma  near  such  resonances,  a  different  method  of 

tThis  conclusion  depends  on  the  sign  of  w  in  lhe  exponent.  For  ions,  the  charge  ~e  is  replaced  by  re, 
so  that  ojBe  — ojBi-  Then  a  -*a  +  i'O  when  m  -*  oj  +  iO,  and  C  would  have  to  be  taken  as  — 
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Fourier  series  with  respect  to  the  variable  (p. 

With  the  substitution 

5/=  e-,psinvg  (53.14) 

in  (53.11),  we  obtain  for  g  the  equation 

dgld(p  +  iag  =  eipsinvQ( vZi  v±,(p). 

The  solution  is  sought  as  a  Fourier  series 

co 

g  =  X  Ui)  (53.15) 


and  the  coefficients  gs  are  found  to  be 

Qs/*(o!  T  s), 

Q.(i>z,  t>0  =  J-  re"Psu'r-r>Q(vz,v1,T)dT.  (5316) 

Jo 

The  expansion  (53.15)  automatically  makes  8/  a  periodic  function  of  <p. 

First  of  all,  the  expression  of  8/  as  the  series  (53.14),  (53.15)  allows  an 
immediate  formulation  of  the  conditions  for  spatial  dispersion  to  be  negligible.  The 
wave  number  appears  in  the  terms  of  the  series  through  the  parameters 


/ 3  =  kA  a  +  s  =  —(a)  —  so)i]  —  kzvz){u)D- 


The  permittivity  of  the  plasma  is  determined  by  the  distribution  function  at  speeds 
v  vj.  The  wave  number  does  not  appear  in  this  function  if 

k±v±  ojb,  |co  Swe  IHM  t;r-  (53.17) 

The  first  inequality  (53.17),  and  the  second  one  with  5=0,  are  the  same  as  the 
conditions  (52.17).  We  see  that,  as  well  as  these  conditions,  the  frequency  w  must 
not  be  too  close  to  any  of  the  cyclotron  resonances. 

In  the  neighbourhood  of  these  resonances,  the  distribution  function  can  be 
represented  by  a  single  term  of  the  Fourier  series  under  certain  conditions,  namely 

|kz|uT  <  toB,  |w  —  nwB|*^wB,  (53.18) 

where  n  is  any  of  the  numbers  0,  ±1,  ±2  ...  It  is  easily  seen  that  the  nth  term  in  the 
expansion  (53.15)  is  then  large  compared  with  the  others: 

gn  ~  QnWe/(|Mr|  +  \d)~  moB|)>  Qn, 

whereas  gs  ^  Qs  for  sn^n  (since  |5wB  —  w|  3:  wB).  Retaining  this  one  term,  we  find 
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for  the  electron  distribution  function 


__  n  (-Otic  exp[i{ny  -  sin  y}] 

1  i[kzvz  -  (a>  -  hm*)] 


I  f2w 

Qn  =  ^  J  exp[-  i{m  -  (k^vja)^)  sin  t}]Q(uz,  vl9  t)  dr. 


(53.19) 


The  dependence  of  the  distribution  function  on  the  angle  <p  is  given  explicitly  by 
this  formula.  In  particular,  when  n  =  0  and  the  distribution  is  independent  of 

<p.  The  source  of  this  property  is  evident  from  the  condition  to  i.e.  (53.18) 

with  n  -  0:  the  Larmor  rotation  frequency  is  much  greater  than  the  field  variation 
frequency,  and  this  “averages”  the  distribution  frequency  over  the  angle  of 
rotation. + 


§54.  Permittivity  of  a  magnetoactive  Maxwellian  plasma 

The  electron  contribution  to  the  permittivity  tensor  is  calculated  from  the 
distribution  function  by  means  of  the  formula 


__  €afi 


4tt 


(54.1) 


and  the  ion  contribution  is  similar  with  —ze  instead  of  e.  For  a  Maxwellian  plasma, 
the  integration  over  d3p  in  this  expression  can  be  carried  out  explicitly. 


Tk«  c-f  —  i _ _ t  /«  n\ _ i  * u „  ,i „ r: „ /si  i m 

i  tit-  luiiLiiuii  uj  given  uy  uic  nticgicit  tiuu  iium  uic  ueinnuun  ^  j.  iw; 


Q  =  -(eE.v/coecT)/0.  (54.2) 

We  can  rewrite  the  integral  more  compactly  by  using  instead  of  k  =  (#cz,  kx)  and 
E  =  (E-,  EJ  the  vectors 


K  -  (kzT,  2k±  sin  It),  E  =  (Ez,  Ex) ,  (54.3) 

where  kx  is  k±  turned  through  It  in  the  plane  perpendicular  to  B0,  and  Ex  is  Ex 
turned  through  t.  Then  5/  becomes 

5/  ~  In  CXp{ efr  _  K  '  '  v  dT’ 

where  /o(p)  is  the  Maxwellian  distribution  function. 


*The  relevant  arguments  are  given  more  fully  for  an  analogous  situation  in  §  I. 


§54 


Permittivity  of  a  Magnetoactive  Maxwellian  Plasma 


225 


This  expression  is  substituted  in  (54.1),  and  the  variable  of  integration  p=  mv  is 
changed  according  to 

v  =  u  —  iKTIma>Be- 

The  integration  over  d3u  is  elementary,  and  the  result  is 


ffltOOiBe 


- r(E  .  K)K 

rawifc 


)expR 


icoT  K  2T 

lO[)e  2niCO  Be 


(54.4) 


According  to  the  definition  (54.3), 


K2  =  kz2r2  +  4k±2  sin2  yt. 


By  writing  (54.4)  in  components,  we  find  the  components  of  the  tensor  cttp.  The 
coordinate  axes  are  chosen  as  follows:  z  along  B0,  x  along  kA,  and  y  along  B0  x  k 


lg.  U/.  n  MI1IJJIL  ^(ULUklllUll  glVL.1 


Cop  — 


where 


j  cxp^h^-^-^--2kz2r2BeT2 -2kL2r]ie  sinMrj  itr,  (54.5) 


Kxx  =  COS  T  “  (fcjTBe)2  sin2  T, 

Kyy  =  cos  t  +  4(k1/*Bf)2  sin4  Jt, 

Kzz  1  (kz/*Bc)  T” , 

Kjcy  =  —  sin  t  4-  2(fcj_rBe)2  sin  t  sin2  yr, 

=  Kzx  =  -k;k±rleT  sin  t, 

Kyz  =  -  Kzy  =  -2kzk±rzBeT  sin2 \j  ; 


(54.6) 


rBe  =  vTela)Be  is  the  electron  Larmor  radius. 


'A  D 


X 


Fig.  15. 
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The  equations 


=  —  € 


yxt 


txz  ~  e2 


€yZ  =  -e 


zy> 


(54.7) 


are  evident  as  follows:  with  fixed  coordinates,  Onsager’s  principle  gives  ea(3(B0)  = 
ep«(-B0),  and  with  the  above  choice  of  axes  tied  to  the  directions  of  B0  and  the 
y-and  z-axes  are  reversed  when  B0-»—  B0.  With  these  axes,  therefore, 


Cvy  (B())  Cyx  (  Bo), 

€«(Bo)=  ~€zx(-Bo), 


(54.8) 


Now  B0  (the  direction  of  the  z-axis)  is  a  pseudovector;  kx  and  B0xkj,  (the 
directions  of  the  x-  and  the  y-axis)  are  true  vectors.  Hence,  because  of  the 
requirement  of  invariance  under  inversion  of  the  coordinates,  the  components  ex-  and 
ev-,  which  contain  One  suffix  z,  must  be  odd  functions  of  B0,  and  all  other  components 
must  be  even  functions.  Hence  equations  (54.8)  imply  (54.7). 

Because  of  the  relations  (54.7),  the  Hermitian  and  anti-Hermitian  parts  of  the 
various  components  eap  =  +  ie"p  are  differently  expressed  in  terms  of  their  real 

and  imaginary  parts.  The  division  into  Hermitian  and  anti-Hermitian  parts  is 
expressed  by  the  sum 


j  exx  ie"y  exz 

I  Xy  €yy  iCyz 

\  €«  ~Uy  z  t'zz 


(It/  t  *  w 

l£x  £xy  l^xz 

Cxy  ieVy  €yz 

ie’xz  -Z.'yz  i€z  2 


(54.9) 


Although  all  the  calculations  have  been  made  for  the  electron  part  of  the 
permittivity,  exactly  similar  formulae  are  valid  for  the  ion  contribution.  The  change 
to  the  latter  is  made  by  putting  He,  Ur*  and  wb£-»~wb„  and  simultaneously 

changing  the  upper  limit  of  the  integral  in  (54.5)  to  -°c;  see  the  third  footnote  to 
§53.  Then,  with  the  change  of  the  variable  of  integration  t->  —  t,  we  return  to  the 
previous  expressions  (54.5),  (54.6)  with  ft,-,  u^,  toBi  instead  of  vre ,  coBf,  and  a 
change  in  sign  of  Kxy  and  kj;.  Thus  the  rule  for  going  from  the  electron  contribution 
to  the  ion  contribution  to  the  permittivity  is  to  replace  the  electron  parameters  by 
ion  parameters  and  at  the  same  time  to  change  the  sign  of  the  components  exy  and 


§55.  Landau  damping  in  magnetoactive  plasmas 

When  the  thermal  movement  of  plasma  particles  is  taken  into  account,  the  tensor 
acquires  an  anti-Hermitian  part.  In  a  collisionless  plasma,  since  there  is  no  true 
dissipation  of  energy,  this  part  of  the  tensor  is  due  to  Landau  damping. 

We  have  seen  in  §30  that  the  mechanism  of  Landau  damping  depends  on  the 
transfer  of  electromagnetic  field  energy  to  particles  moving  in  phase  with  the  wave: 
the  damping  involves  particles  for  which  w  =  k .  v,  i.e.  the  component  of  the 
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velocity  v  in  the  direction  of  k  is  equal  to  the  phase  velocity  wfk  of  the  wave.  In  a 
magnetoactive  plasma,  this  condition  is  somewhat  altered:  the  components  of  the 
particle  velocity  and  the  wave  phase  velocity  along  the  constant  field  Bo  must  be 
equal: 


vzkz  =  to. 


(55.1) 


This  is  because  the  motion  of  the  particle  transversely  to  B0  is  in  circles  and  cannot 
involve  any  systematic  transfer  of  energy  from  the  field  to  the  particle:  if  the 
particle  moves  in  phase  with  the  wave  and  gains  energy  from  it  in  one  part  of  the 
circle,  a  similar  amount  of  energy  will  be  transferred  from  the  particle  to  the  field  in 

A  Met  f  A  /II  ■■  A  I  A 

uic  uppusuL  jjfii  i  ui  uii  eneic. 

In  a  magnetoactive  plasma,  however,  there  is  a  further  mechanism  of  collision¬ 
less  dissipation,  due  to  the  Larmor  rotation  of  the  particles.  In  coordinates  moving 
with  the  particle  at  speed  vz  along  the  field  Bo,  the  particle  moves  in  a  circular  orbit 
with  frequency  a >B.  Such  a  particle  is  electrodynamically  an  oscillator  radiating  at 
frequency  coB  (synchrotron  radiation).  When  an  oscillator  is  placed  in  a  variable 
external  field,  it  absorbs  at  this  frequency.  The  electromagnetic  wave  frequency  in 
coordinates  moving  relative  to  the  plasma  is  modified  by  the  Doppler  effect  and  is 
to'  =  w  —  kzvz.  The  particles  concerned  in  the  absorption  are  therefore  those  for 
which 


to  —  kzvz  =  wB. 

If  ki  =  0,  the  wave  field  is  uniform  in  the  directions  transverse  to  B0,  i.e.  the 
stimulating  force  on  the  oscillator  is  independent  of  the  latter’s  coordinates.  Under 
these  conditions,  the  oscillator  absorbs  only  at  its  frequency  wB.  If,  however, 
kj^O,  the  stimulating  force  depends  on  the  coordinates  of  the  oscillator,  and  so 
there  is  absorption  at  multiple  frequencies  also,  i.e.  when 


ai  —  kzvz  —  ntoB,  (55.2) 

where  n  is  any  positive  or  negative  integer.  This  rfiechanism  of  dissipation  is  called 
Landau  cyclotron  damping;  the  cyclotron  resonance  is  simple  (n  =  ±1)  or  multiple, 
according  to  the  value  of  n. 

Thus  there  can  be  considerable  damping  in  frequency  ranges  for  which 

\co  -  nwB\ ^  n  -  0,  ±1,±2, . . .  ,  (55.3) 

the  value  n  =0  corresponding  to  the  condition  (55.1).  These  resonance  absorption 
lines  exist  at  the  electron  and  ion  frequencies  cone  and  wB,-. 

Mathematically,  the  conditions  (55.1)  and  (55.2)  correspond  to  the  poles,  at  these 
points,  of  the  various  terms  in  the  Fourier-series  expansion  (53. 1 4)— (53. 1 6)  of  the 
distribution  function.  The  anti-Hermitian  parts  of  the  tensor  eap  arise  from  the 
residues  when  the  poles  in  the  integral  (54. Dare  avoided  by  Landau’s  rule.  The  pass¬ 
age  to  the  limit  J30->0  is  mathematically  peculiar.  In  a  magnetic  field,  the  pole  values  vz 
(for  a  given  kz )  form  a  discrete  sequence  determined  by  equation  (55.2).  As  the  field 
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decreases,  the  poles  come  closer  together,  and  in  the  limit  Bo~0  the  pole  values  u. 
depend  not  on  a  discrete  number  n  but  on  the  continuous  parameter  ki-Vj.,  in 
accordance  with  the  condition 


w  =  k  .  v  =  kzvz  +ki .  vi. 


as  shown  in  going  from  (53.12)  to  (53.13). 

Let  us  calculate,  as  an  example,  the  permittivity  tensor  in  the  region  of  a  simple 
(n  =  1)  electron  cyclotron  resonance.  We  shall  also  suppose  that 

|^;|^re/Wf)e  1,  k^TtltoBt  1  -  (55-4) 

Then  it  is  sufficient  to  use  for  the  distribution  function  just  one  term  of  the  Fourier 
series — the  expression  (53.19),  corresponding  to  the  given  value  of  n.  Because  of 
the  second  condition  (55.4),  this  function  can  be  expanded  in  powers  of  k{.  When 
n  =  1,  only  the  zero-order  term  need  be  taken  in  such  an  expansion,  since  cyclotron 
absorption  at  the  frequency  does  not  require  the  external  field  to  be  non- 
uniform  in  the  xy -plane. 

Thus  we  write  the  distribution  function  as 


S/=Qi  7 


i[k7t^  —  (w  —  wBc)J  ’ 


with 


Writing 


efp  r- 

27rTa»Be 


Qi  =  ~  [  "  E  -  vc  iT  dr. 

Jo 


E  .  v  =  Exv±  cos  t  +  Evu_i_  sin  t  +  E2v2 


and  carrying  out  the  integration,  we  obtain 


p  tj 


(55.5) 


(55.6) 


With  this  distribution  function,  the  polarization  vector  (54.1)  has  only  x-  and 
y-components.  After  the  integration  over  t;x  dvL  dtp,  they  are 


n  -n  _/T7  T.  e2Ne  {  m  \U2  f“  (  mvz2\ 

P,  I Py  (E,  'Ex)2&)mk  (2l7T)  J.„exp(  2T  /  1). 


dvz 


(a»  ~  wBf)/fcz  — iO  sgn  k2 


An  integral  of  this  form  can  be  expressed  in  terms  of  the  function  F  defined  by 
(31.3).  We  obtain  finally  as  the  components  of  the  permittivity  tensorf 


Crr  1  CVV  1  t€XV 


n2 


=”  1  2w(w-wfc) 


p  (  \ 

W2vTe\k~\)  ’ 


71  1  Cl 2  Cv2  ■ 


(55.7) 


^The  pole  u*  =  (w  —  wb*)/^:  is  passed  below  or  above,  according  to  the  sign  of  k2 ;  this  is  the  reason  for 
the  presence  of  the  modulus  of  kz  in  the  argument  of  F. 
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The  anti-Hermitian  part  of  this  tensor,  which  describes  the  damping,  is 


irm£le*  _f  (to-toBc)2)  0x 

“  23,-a,|fcJt)r,  eXPl  2 vLk,2  }'  (5’  8) 


2J/"w|^z|t)re  ^Ay\  2v\ekz2 
The  Hermitian  part,  in  the  immediate  neighbourhood  of  to  =  toBc,  has  the  form 


e'xx  I  —  Cyy  1  —  e"y - ne-(a>  ~  toBe)/2tot> ‘rekz2, 

|co  -  a)Be\lvTe\kz\ <  1. 


(55.9) 


At  the  point  to  =  to«f  itself,  this  part  passes  through  zero  and  changes  sign.  We  see 
here  how  the  inclusion  of  spatial  dispersion  removes  the  poles  of  tne  permittivity 
(52.11)  of  a  cold  plasma:  the  discontinuous  variation  shown  by  the  broken  line  in 
Fig.  16  is  replaced  by  the  continuous  line.t 


In  the  limit  |k2|-*0,  the  expression  (55.8)  reduces  to  a  delta  function: 

e",  =  e"y  =  -^(7rnc2/2to)8(to  -  toBc):  (55.10) 

when  to  —  toBe?*  0,  (55.8)  is  zero  in  the  limit,  and  the  integral  of  this  function  over  c/to 
is  7rnc2/2to  for  any  value  of  kz.  The  significance  of  the  result  is  clear:  in  the  absence 
of  spatial  dispersion  (k-»0),  the  width  of  the  absorption  line  tends  to  zero,  and 
damping  occurs  only  when  to  coincides  exactly  with  toBe.  Formula  (55. 10)  may  be  used 
in  place  of  (55.8)  in  expressions  integrated  with  respect  to  to. 

The  formula  (55.10)  can  also  be  derived  directly  from  the  expressions  (52.1 1)  for 
the  permittivity  of  a  cold  plasma,  by  means  of  Landau’s  avoidance  rule,  according 

tThe  expression  (55.7)  does  not  have  the  property  (52.1),  of  course,  which  would  occur  only  if  the 
absorption  line  near  w  =  — o>Bf  were  considered  as  well  as  that  near  at  =  ojb t- 


pK  10  .  P 
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to  which  the  frequency  w  at  a  pole  is  to  be  taken  as  to  +  iO.  Thus  the  pole  factors  in 
(52. 1 1)  are  really  to  be  understood  as  follows: 

rJ-^— L-  [ _ ! - ; _ ! — -1 , 

OJ  OJ  Be  2tOBe  L&J  OJBe  +  i"0  0)  +  OJBe  +  / 0  J 


and  according  to  the  rule  (29.8) 


“3 - T 

OJ  ~  OJ  Be 


->  P 


ITT 


2  2 
0)  ~OJ  Be 


2d) 


Be 


[8(w  ~  OJBe)  -  8(0)  +  WBe)]- 


(55.11) 


Making  this  change  in  (52.11),  we  obtain  (55.10). 

When  kz  —  0  (i.e.  k  _L  B0),  there  is  no  Landau  damping  in  a  magnetoactive  plasma: 
the  speed  of  the  particles  no  longer  appears  in  (55.1)  and  (55.2),  and  these 
conditions  cannot  be  satisfied  except  when  cu  coincides  exactly  with  some  nwB.t 
This  property  is  due  to  the  non-relativistic  approximation;  in  a  relativistic  plasma, 
the  Landau  (cyclotron)  damping  can  occur  even  when  kz  =  0.  The  frequency  of 
rotation  round  the  direction  of  B0  for  a  relativistic  charged  particle  with  energy  e  is 

toBmclle  —  wBV(l  —  tr/c2). 


with  coB  defined  as  before.  This  value  is  to  be  used  in  place  of  wB  on  the  right-hand  side 
of  the  condition  (55.2).  In  particular,  for  kt  —  0  we  have 

w  =  nwBV(  1-tr/c2);  (55.12) 


to  allow  this  condition  to  be  satisfied,  it  is  necessary  only  that  w  <  nwB. 

Landau  damping  in  a  magnetoactive  relativistic  plasma  can  occur  even  in  the 
limit  k-^-0  (unlike  the  cases  of  a  magnetoactive  non-relativistic  plasma  and  a 
relativistic  plasma  with  no  magnetic  field).  It  is  due  to  particles  in  simple  cyclotron 

rpcnnQnPA  u/ith  q  i lnifnrm  i/qhqKIo  /'AnrlltiAn  1*J\  tiritk  »  _  i 

■  W^VlllliiWW  T»»U1  u  uim  vilil  TU1IUU1W  IIW1U -  VU1IU1L1V11  vv  1U1  It  ”  i - dllU 

therefore  exists  at  frequencies  w  <  wB;  see  Problem  2. 


PROBLEMS 

Problem  I.  Find  the  permittivity  tensor  for  a  magnetoactive  plasma  at  <u  £  |ICf|t>r«;  the  conditions 
(55.4)  also  are  assumed  satisfied. 

Solution.  In  the  zero-order  approximation  with  respect  to  the  small  parameter  the 

distribution  function  for  this  case  (the  s  =  0  term  in  the  Fourier  series  (53,14),  (53.15))  is 


6/  =  QooWKte  ~  oj), 


where 


Qo  =  — 


e/o  I 

ujitfT  2  7 r 


E .  v  dr  ~  ~ 


evzEz 

UiB'T 


/o. 


tin  the  limit  Bo-*0,  the  damping  of  course  reappears  because  of  electrons  that  satisfy  the  condition 
oj  =  k .  v  =  kj. .  Vi. 
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With  this  function  S/,  the  polarization  vector  P  is  in  the  z-direction,  and  the  only  non-zero  component  of 
the  tensor  eap  —  Sap  is 

A _ 2  c  t  2  j3 

_  1  =  ‘t7Jt:  j  IVWJVz  »  p 
"  wT  J  kzvx  —  w-iO' 


After  the  identical  transformation 


I,’; 


w)*5!  +T-  vz. 


the  integral  of  the  first  term  over  dpz  gives  zero,  and  the  second  term  yields  the  result 


C’Z-  I  =]tV[F(w/V 2|kz|i;T,)+  1], 

Kj  Vje 

The  imaginary  part  of  this  is 

1/2  ^  2 

t’„  =  iroiiT*.  exp(-tu2/2lc.VT.). 

2  |fcz|  t1  Tt 


Problem  2.  Find  the  anti-Hermitian  part  of  the  permittivity  tensor  for  an  ultra-relativistic  mag¬ 
netoactive  electron  plasma  in  the  limit  k-*0. 

Solution.  In  the  relativistic  case,  the  transport  equation  (53.5)  remains  unchanged,  but  in  the 
transformation  to  (53.6)  the  relativistic  relation  p  =  ev/c*  (where  e  is  the  electron  energy)  in  place  of 
p  =  mv  replaces  wBe  by  wB ,mc2/e;  the  subsequent  formulae  in  §53,  with  this  change,  then  remain  valid. 

When  k  =  0,  damping  arises  only  from  the  simple  cyclotron  resonance.  Hence,  to  calculate  the 
anti-Hermitian  part  of  e„p,  it  is  sufficient  to  take  the  term  with  s  =  I  in  (53.14)  and  (53.15).  Analogously  to 

fSS  S'i  unH  fSS  ii/p  finrl 

—  / - v-- — /,  - 


8/  =  " 


iePlc2e’  7o 


2Te(u  -  wnfmc‘/e) 


2.  y  (  Ex  i  Ey  ). 


The  ultra-relativistic  (T  5>mc2)  function  /o  ist 

/o  =  (N^,/87rT1)e"t/T. 

The  polarization  vector  is  calculated  as 

P-j||(p  c2le)Sfd'p, 

where  d3p  is  to  be  expressed  as  p2  dp  do  =  pede  do/c2.  The  integration  over  do,  with  cp  =  (e2- ni2c4)1/2, 
gives 

Cjtx  1  fyy  [  ’ —  I6^y 

ll/tnc1  r  (c2- m2cyy-!1  de 

I2ojzT4  Jmr3  €  —  iaISemc2lbt  +  iO 

The  integral  has  an  imaginary  part  if  the  pole  e  =  oi/i,mc2/ai  lies  in  the  range  of  integration,  i.e.  if  at  <  u)Be. 
In  this  case  the  final  result  is 

„  „  ,  Tril2Li]ie(.  cj2\in  (  mC2t(JB#\ 

e*p(— . 


§56.  Electromagnetic  waves  in  a  magnetoactive  cold  plasma 

We  can  derive  a  general  equation  giving  the  dependence  of  the  frequency  on  the 
wave  vector  (the  dispersion  relation )  for  free  monochromatic  waves  propagating  in 
a  medium  with  any  dielectric  tensor  euP(w,  k). 

tin  this  expression,  the  normalization  factor  is  written  with  ultra-relativistic  accuracy;  we  cannot  put 
€  ~  cp,  on  account  of  the  subsequent  integration  with  respect  to  p  from  0  to  °°. 
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For  an  electromagnetic  field  whose  dependence  on  the  time  and  coordinates  is 

nil/Pn  K\/  Pvn/ — .  fs.tf  -J-  il/  A  nVllfplPc  anllntlAnC  / OC  kdk/iArrt*+ 

bid'll  VJ  4U/I  1  Ir  rv  -  i  lUfiA  wwn  i  ^^uauuno  ULLUI1IV-  I 


kxE  =  wB/c,  kxB  =  -wD/c, 
k  .  B  =  0,  k  .  D  =  0. 

Substitution  of  the  first  equation  (56.1)  in  the  second  gives 

arD/c’  =  —  k  x  (k  x  E)  =  E#c“  —  k(k  .  E). 


(56.1) 

(56.2) 


or  in  components 

Enk2  -  knkpEp  =  o2DJc 2  =  w^pEp/c2.  (56.3) 

The  condition  for  these  linear  homogeneous  equations  to  be  compatible  is  the 
vanishing  of  the  determinant: 


|k2Srtp  -  kjkfi  -  *iVc=|  =  0.  (56.4) 

This  is  the  required  dispersion  relation.%  For  a  given  (real)  k,  it  determines  the 
frequencies  co(k)  (in  general  complex),  i.e.  the  eigen  vibration  spectrum  of  the 
medium.  In  the  general  case  where  frequency  dispersion  and  spatial  dispersion  are 
present,  equation  (56.4)  defines  an  infinity  of  branches  of  the  function  to  (10- 

Let  us  consider  electromagnetic  waves  in  a  magnetoactive  cold  plasma  whose 
permittivity  tensor  is  given  by  (52.7)  and  (52. 1 1  ).§  Since  this  tensor  is  Hermitian, 
the  values  of  k2c2/to:  determined  by  (56.4)  are  obviously  real. 

In  the  absence  of  spatial  dispersion,  en(3  depends  only  on  to,  and  the  dispersion 
relation  (56.4)  is  therefore  algebraic  with  respect  to  k.  Expansion  of  the  deter¬ 
minant  gives  by  a  simple  calculation! 

A(kcfu))4  +  B(kclw)2  +  C  =  0.  (56.5) 

where 

A  =  ea0kakplk2  -  ex  sin2  6  +  cos2  6  sa  q  „  (56.6) 

B  =  — €^€[(1  +  cos2  0)  — (tj.2  — g2)  sin2  6,  (56.7) 

C  =  cll(cJ2-g2),  (56.8) 

and  6  is  the  angle  between  k  and  B0.  For  given  values  of  to  and  6,  equation  (56.5) 


^The  variable  magnetic  field  B  of  the  wave  is  not  to  be  confused  with  the  constant  field  Bo 
tCalled  in  crystal  optics  the  Fresnel  equation. 

§  Electromagnetic  waves  in  a  magnetoactive  cold  plasma  were  first  studied  (the  role  of  ions  being 
neglected)  by  E.  V.  Appleton  (1928)  and  H.  Lassen  (1927). 

■[In  which  it  is  convenient  to  take  one  of  the  coordinate  planes,  say  xz.  to  pass  through  Bo  and  k. 
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yields  two  values  of  k 2,  so  that  in  general  two  types  of  wave  can  propagate  in  the 
plasma.t 

Let  us  first  consider  the  cases  of  wave  propagation  exactly  along  (0  =  0)  and 
exactly  across  (0  =  jir)  the  magnetic  field.  These  have  special  features. 

When  0  =  0,  the  roots  of  the  dispersion  relation  are 


kc\ 2  .  ae2  Cl2 

—  J  =6l±g  =  i - - - ^ - . 

O)  /  0)((0±0)De)  0)(0)  +  0)Hl) 


(56.9) 


It  is  easy  to  see  from  (56.3)  that  these  waves  are  transverse  (Ez  =0)  and  circularly 
polarized  ( EyIEx  =  +  t).  The  infinity  of  (56.9)  at  to  =  toBe  or  to  =  toBi  corresponds  to 
resonance:  the  frequency  and  direction  of  rotation  of  the  vector  E  coincide  with 
those  of  the  Larmor  rotation  of  the  electrons  or  ions.  Figure  17  shows,  as  an 


Fig.  17. 


illustration,  the  approximate  variation  of  n2  =  (cfc/to)2  with  to.  As  to— >0,  the  values 
of  n2  tend  to  the  limit  1  +  ff;2/toBi  =  1  +  c2/iia2,  where  toBi  is  neglected  in  comparison 
with  toBe;  is  defined  by  (56.18)  below.  The  propagation  of  undamped  waves 
corresponds,  of  course,  only  to  those  parts  of  the  curves  (shown  by  continuous 
lines  in  Fig.  17)  for  which  n2>0. 

When  0  =  0,  equation  (56.5)  is  satisfied  also  if  eg  =  0,  corresponding  to  ordinary 
longitudinal  plasma  waves  whose  frequency  to  fle  is  independent  of  k. 

When  0  =  the  two  roots  of  the  dispersion  relation  are 

(cfc/to)2  =  eg,  (ck/to)2=  e^~gr}eL.  (56.10) 


tThe  waves  concerned  are  usually  distinguished  as  ordinary  and  extraordinary.  These  terms  do  not, 
however,  mean  the  same  thing  here  as  in  the  optics  of  uniaxial  crystals;  neither  of  the  waves  behaves 
like  a  wave  in  an  isotropic  medium. 
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The  first  corresponds  to  a  wave  with  dispersion  relation  independent  of  Bo: 

co2 c2k2+ne2. 

This  is  a  transverse  wave  (E  _L  k)  and  is  linearly  polarized,  with  E  ||  Bo-  The  second 
root  (56.10)  corresponds  to  a  wave  with  E±B0  and  having  both  longitudinal  and 
transverse  components  relative  to  k.  If  the  frequency  is  so  high  that  the  ion 
contribution  to  is  negligible,  namely  co  >(coBfwBl)1/2,  the  condition  (52.15),  then  in 
this  wavef 


/ck\2  _  ,  a2(qj2~n2) 

\  oj  }  1  m2(co2  —  oj2B£  —  fle2) 


s  c  s'  i  i\ 

(JO.  1 1 ) 


In  the  general  Case  of  any  angle  0  (not  zero  or  jtt),  we  note  first  of  all  that  for 
each  value  there  exist  frequencies  for  which  the  coefficient  A  in  (56.5)  becomes 
zero: 


e,  =  ex  sin2  0  +  q  cos2  0 

ft2e  +  ft2  2  f 
=  1 - — —  cos  0  —  - 


n2 


Isin2  0  =  0. 


(56.12) 


If  the  frequencies  given  by  this  equation,  called  the  plasma  resonance  frequencies, 
are  such  as  to  satisfy  also  the  “slowness"  condition  co  <  kct  then  from  §  32  they 
correspond  to  longitudinal  characteristic  oscillations  of  the  plasma.  The  vanishing 
of  the  coefficient  of  k4  in  equation  (56.5),  which  is  quadratic  in  k2,  signifies  that  one 
of  its  roots  becomes  infinite;  as  A-*0,  the  roots  are  —  C/B  and  — BfA . 

Equation  (56.12)  is  cubic  in  co2  and  has  three  real  roots.  These  are  easily 
determined  by  using  the  fact  that  and  coBi/coBf  are  small.  Two  are  found  by 

neglecting  the  ion  contribution  in  (56.12): 

w  i.2  ^  2(f^e2  +  co  Bf)  ±  2[(Of2  +  co  Bf)2  —  4n,,2coBt,  cos‘  0]1/2.  (56. 13) 


The  ions  must,  however,  be  taken  into  account  in  the  range  co  **  co™  where  the  third 
root  lies;  for  this  root,  we  easily  find 


co32  «=  coBi(l  —  (zm/JVf)  tan2  0), 


(56.14) 


assuming  that  H^co™.  Formulae  (56,13)  and  (56,14)  for  co2(0)  and  co3(0)  are 
inapplicable  when  0  is  so  close  to  fir  that  cos  0  <  m/JVf.  In  this  range, 


C022  =  w2Ih  =  coL(Hi2  +  c 02Bl)l(fte2  +  coL), 
co32  =  a2co2Bl-  COS2  0/(ftf2  +  C0Bf). 


(56.15) 


The  role  of  the  ions  is  not  negligible  for  either  co3  or  co2, 

tPlasma  oscillations  in  which  the  ions  play  no  part  are  called  high-frequency  oscillations,  and  those  in 
which  the  influence  of  the  ions  is  important  are  called  low-frequency  oscillations. 
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Figure  18  shows  diagram  matically  the  dependence  of  the  frequencies  w,,  to2,  w3 
on  the  angle  0.t  The  curves  of  w,(0)  and  to2(0)  nowhere  intersect.  They  respectively 
begin  at  6  =  0  from  the  higher  and  lower  of  the  frequencies  and  wBe .  At  6  =  2tt, 
they  reach  the  respective  values 


fc>lh  =  (flf2+ 


(56.16) 


Fig.  18. 

and  co2tl.  The  frequencies  colh  and  w2h  are  called  respectively  the  upper  and  lower 
hybrid  frequencies.  When  H*2>  to  Bf(and  so  certainly  0,25>  io2h  = 

The  position  of  the  frequencies  cu,,  w2,  w3  largely  determines  the  configuration  of  the 
various  branches  of  the  spectrum  governed  by  the  dispersion  relation  (56.5).  Being 
quadratic  in  (c#c/w)2,  it  has  two  roots  forgiven  w  and  0.  If  we  follow  the  variation  and  the 
infinities  of  these  roots  as  functions  of  to  for  a  fixed  0,  we  easily  obtain  Fig.  19,  which 
shows  the  functions  diagrammatically.  The  points  of  intersection  with  the  abscissa 


Fig.  19. 


tit  may  be  noted  immediately  that  oscillations  wiih  the  frequency  id 3  exist  in  practice  only  in  a  narrow 
range  of  angles  close  to  '77.  At  other  angles,  they  are  strongly  damped  by  the  cyclotron  absorption  at 
simple  ion  resonance. 
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axis  are  given  by  C  -  0,  i.e.  =  0  or  e2  -  g2.  Their  position  is  independent  of  0 ,  and 
one  of  them,  corresponding  to  ^  =  0,  is  always  to 

The  spectrum  of  characteristic  oscillations  for  a  magnetoactive  cold  plasma  thus 
has  a  total  of  five  branches.  Two  of  these  (I  and  II  in  Fig.  19)  reach  the  low-frequency 
oscillation  region;  the  limiting  values  (as  to  -»0)  of  the  phase  velocity  in  these  branches 
are 

(to/ /c)i~  ha|cos0|/(1  +uA2{c2y12, 

(to/*),,  =  uaKi  +  uA2ic y12, 

where 

ha  =  ciobM  =  B0/(4irNiJVf)1/2  (56. 18) 

is  called  the  Alfven  velocity.  The  expressions  (56.17)  are  easily  found  from  (56.5)  by 
using  the  limiting  values 

CX  *=  1  +  uA2/c2,  q  »  -n,2/to2,  g  ~  to. 

When  iiA  c,  the  phase  velocities  (56.17)  are  respectively  iiA|cos  0|  and  ha.  These 
limiting  values  correspond  to  waves  which  exist  in  a  cold  plasma  in  accordance 
with  the  ordinary  equations  of  magnetic  fluid  dynamics  (see  ECM,  §52);  the 
spectrum  of  hydromagnetic  waves  has  three  branches,  in  all  of  which  to(k)  is  linear 
but  in  general  depends  on  the  direction  of  k: 

(to/k)A2=  ha2  cos2  0, 

(to/fc),2  =  kill2  +  ha2  +  [(Wj2  +  ha2)2  -  4iis2iia2  cos2  0]1'2} , 

(to/k)52  =  +  Ha  ~  [U2  +  «a2)2  -  4hs‘ha2  cos2  0]1/2}, 

where  us  is  the  speed  of  sound  calculated  formally  from  the  adiabatic  com¬ 
pressibility  of  the  medium.  The  phase  velocity  of  the  first  branch,  called  Alfven 
waves,  is  exactly  the  same  as  the  limiting  value  for  the  first  branch  (56.17).  In  order 
to  go  to  the  limit  of  a  cold  plasma  in  the  second  formula,  we  must  put  hs  =0,  since 
in  a  gas  us  ~( T/M )l/2.  Then  (w/fc)f,  corresponding  to  fast  magneto  sonic  waves ,  is 
equal  to  the  limiting  value  of  (a >/k)u.  The  third  branch,  with  (w/k)s  ( slow  mag- 
netosonic  waves),  has  a  velocity  which  tends  to  zero  as  us-»0,  and  therefore  does 
not  appear  in  a  cold  plasma.  The  assumption  of  a  cold  plasma  enables  us  to  neglect 
the  thermal  spread  of  ion  velocities  and  to  describe  them  in  terms  of  fluid 
mechanics  even  in  the  absence  of  collisions.  The  condition  uA<c  justifies  neglec¬ 
ting  the  displacement  currents  in  the  equations  of  magnetic  fluid  dynamics. 

In  the  opposite  case  of  high  frequencies,  the  phase  velocities  of  two  branches 
(IV  and  V)  tend  tow  fk  =  c,  corresponding  to  transverse  high-frequency  waves  in  an 
isotropic  plasma,  as  we  should  expect,  since  the  magnetic  field  plays  no  part  when 
co  >  wBe. 

Lastly,  let  us  consider  the  interesting  case  of  waves  which  can  exist  when 
the  resonance  frequency  is  then  <o2  ^  cos  0.  We  shall  take  the 
frequency  range  intermediate  (on  branch  II)  between  w2  and  o>3  ~  wBi,  defined  by 


(56.19) 


(56.17) 


wBl-  <  a)  <  wBf  cos  0,  w  ae2lcoBe. 


(56.20) 
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The  condition  w  >  cup;  enables  the  ion  contribution  to  g  to  be  neglected,  and  from 
the  condition  w  <  a)Be  we  have 


€jcy  =  ig  =  ~ide2l  WWB(.  (56.21) 

With  the  conditions  (56.20),  we  also  have  g  > 

The  required  solution  of  the  dispersion  relation  is  found  more  directly  by  writing 
the  latter  as 


| k2e  ~knkye  'Y(J  -(w2/c2)5op|  =  0,  (56.22) 

changing  from  the  tensor  et,e  in  (56.4)  to  its  inverse  (i.e.  expressing  E  in  terms  of  D 
in  equations  (57.3)).  The  components  of  the  inverse  tensor  are 

e~'xx  =  e"'yy  ^  - C±lg 2,  t_,2z  =  1  / €|»  e~\y  =  -e'yx  ~  i/g, 

and  the  largest  of  these  is  e  1 xy .  Neglecting  the  other  components,  and  taking  the 
xz-planc  to  be  that  of  B0  and  k,  we  obtain  the  dispersion  relation 


whence 


-or/c2  ik2lg 
- ik2!g  - w2/c 2 


w  =  k2c2(ojja2)  | cos  0| 

=  cB0|cos  6\k2l4TTeNe.  (56.23) 

These  are  called  helicon  uYiuesjf  they  are  of  purely  electron  origin. 

The  name  of  these  waves  arises  from  the  nature  of  their  polarization.  The 
equation  k  *  D  =  0  (56.2)  gives,  with  the  above  choice  of  coordinate  axes, 

Dx  sin  0  +  A  cos  6  =  0.  (56.24) 

From  equations  (56.3)  written  as 

[k2t~' 0p  ~ k0kTe-lTflJDp  ^(wVc2)^,,  (56.25) 

we  find  Dx  ~  —  i|cos  6\Dy.  In  the  same  approximation  (i.e.  retaining  only  e~\y 
among  all  the  e_Io(3),  the  electric  field  of  the  wave  lies  entirely  in  the  xy  plane, 
which  is  perpendicular  to  B0:  Ez  —  e~l2f}Dp  =  0.  The  other  field  components  are 

Ex  =  e~lxyDy,  Ey  =  e~lyXDx  =  -e~lxyDx, 


and  from  (56.24) 


Ey  =  i |  cos  6\EX. 


(56.26) 


tin  geophysical  applications,  whistlers. 
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Thus  the  wave  is  elliptically  polarized  in  the  plane  perpendicular  to  B0;  when 
6  —  kir,  the  polarization  becomes  linear.  In  coordinates  £>£  with  the  £-axis  paraiiei 
to  k. 


„  .  cos  6  „  „  _ 

frf  =  ~i - „  fry,  =  frt  tan  6. 

5  cos  6  y  4  * 


(56.27) 


The  vector  E  describes  a  circular  cone  about  the  direction  of  k. 

The  expression  (56.21)  for  exy  has  a  simple  physical  significance.  When 
together  with  the  condition  (52.17)  k±vTela>Be  —  kxrBe  <  1,  which  is  everywhere 
assumed  satisfied,  we  can  suppose  that  the  transverse  (relative  to  B0)  motion  of  the 
electrons  takes  place  in  a  constant  and  uniform  field  E.  When  a  charge  moves  in 
constant  and  uniform  crossed  fields  E  and  B0,  its  mean  transverse  velocity  (the 
electric  drift  velocity)  is 


Vi^cEx  B0fB02 ;  (56.28) 

see  Fields ,  §22.  This  corresponds  to  (56.21).  Thus  helicon  waves  are  associated 
with  the  electric  drift  of  electrons  in  the  plasma. 


§57.  Effect  of  thermal  motion  on  electromagnetic  wave  propagation  in 
magnetoactive  plasmas 

When  the  thermal  motion  of  the  particles  is  taken  into  account,  the  dispersion 
relation  in  general  becomes  transcendental,  and  yields  an  infinite  number  of 
branches  of  the  function  w(k).  The  vast  majority  of  these  oscillations  are,  however, 
strongly  damped.  Only  in  exceptional  cases  is  the  damping  so  weak  that  the 
oscillations  can  be  propagated  as  waves.  These  cases  include,  first  of  all,  the  waves 
considered  in  §56,  for  which  the  thermal  motion  causes  (if  the  conditions  (52.17) 
and  (53.17)  are  satisfied)  only  small  corrections  to  the  dispersion  relation,  and  a 

rm  Ikll  ¥  nwi  #l.kll  ffr.  m 

o 1 1 1 tin  Ljmtuuu  uciii i|juij^  iruu 

We  have  seen,  however,  that  for  waves  in  cold  plasmas  there  are  frequency 
ranges  in  which  the  ratio  ckf w  becomes  indefinitely  large  (the  neighbourhoods  of 
plasma  resonances).  But  as  k->  o°the  conditions  (52.17)  are  certainly  violated,  so 
that  it  becomes  necessary  to  take  account  of  the  thermal  motion.  We  shall  now 
show  that  doing  so,  even  as  a  small  correction  to  the  permittivity,  eliminates  the 
divergence  of  the  roots  of  the  dispersion  relation,  and  generates  some  qualitatively 
new  properties  of  the  plasma  oscillation  spectrum  (B.  N.  Gershman,  1956).  As  we 
shall  see,  the  conditions  for  the  Landau  damping  to  be  exponentially  small  may  still 
be  satisfied,  so  that  the  anti-Hermitian  part  of  eap  is  still  negligible.  We  shall  take 
the  particular  case  of  the  neighbourhood  of  high-frequency  plasma  resonances, 
where  it  is  sufficient  to  include  the  thermal  motion  of  the  electrons  only. 

The  correction  terms  in  are  proportional  to  (ku-re)2 -t  Similar  corrections  arise 
in  the  coefficients  A,  B ,  C  in  the  dispersion  relation  (56.5).  To  investigate  just  the 

tThey  are  derived  from  the  first-order  terms  in  the  expansion  of  the  integrand  in  (54.5)  in  powers  of 
k*. 


§57  Effect  of  rmal  Motion  on  Electromagnetic  Wave  Propagation  239 

divergent  root  of  this  equation,  it  is  sufficient  to  include  the  correction  terms  in  the 
coefficient  A  only,  which  vanishes  at  the  resonance  point  in  the  absence  of  the 
corrections. 

In  the  neighbourhood  of  the  resonance  frequency  wj  (say),  we  write  this 
coefficient  as 


A  —  ar{ta  -  w,)-  Alr(i;T£k/w,)2.  (57.1) 

The  second  term  is  the  correction  due  to  the  thermal  motion.The  coefficients  ar  and 
Air  are  taken  at  the  point  w  —  w,,  so  that  they  are  independent  of  the  variable  oj  (but 
of  course  depend  on  the  direction  of  k,  i.e.  on  the  angle  6).  Putting  to  =  w,  also  in 
the  coefficients  B  and  C,  and  denoting  the  resulting  values  by  Br  and  Cr,  we  obtain 
as  the  dispersion  relation  in  the  neighbourhood  of  the  resonance  frequency 

[aT(a  -  w,)-  Alr(j;^/c2)(/£c/w1)2](/£c/w,)4  +  Br(kc/w1)2+  Cr  =  0.  (57.2) 

We  are  concerned  with  the  root  of  this  equation  which  as  t>7v>^0  becomes 

(kc/aq)2^  -Brfar(w  -  w,), 
i.e. 

=  —Broj2larc2k2.  (57.3) 

Since  (kc/co,)2  in  this  solution  is  large,  the  term  Cr  which  does  not  contain  the  large 
quantity  is  to  be  omitted  from  (57.2)  in  finding  the  solution.  Then  we  have  the 
dispersion  relation 


(D  ~  w,  =  (A  nlar)(kvrJ 0>t)2  -  (J3r/ur)(to,/kc)2 .  (57.4) 

Here  two  cases  are  to  be  distinguished  according  to  the  sign  of  A,r  ( aT  and  Br  are 
always  positive).! 

In  Fig,  20,  the  continuous  curve  shows  the  dispersion  relation  (57.4)  for  A!r>0. 
The  curve  meets  the  abscissa  axis  at! 

k1  =  (wi2/ct)T,)V(Br/Alr).  (57.5) 

As  C7>->0,  this  point  moves  to  infinity  on  the  right,  and  we  come  back  to  the  curve 
corresponding  to  the  dispersion  relation  (57.3)  for  a  cold  plasma  (shown  by  the 
broken  curve  in  Fig.  20). 

The  allowance  for  thermal  motion  thus  causes  the  oscillation  spectrum  branch  to 
be  extended  into  the  range  to  >  toj.  In  the  limit  of  zero  external  field,  it  is  this  part 
of  the  branch  which  corresponds  to  ordinary  longitudinal  plasma  oscillations:  in  the 
absence  of  the  field,  Br  =  0,  the  frequency  otj  coincides  with  Cle,  and  the  whole 

Mt  is  easily  seen  from  (56.6)  and  (56.7)  that  Br  is  positive:  eliminating  by  means  of  the  condition 
A  =  0,  we  find  Br  =  cx2  tan2  0  +  g2  sin2  6  >  0.  From  the  expressions  (56.6)  for  A  and  (52. 1 1 )  for  ex  and  q  it 
follows  that  dAfdiD  >  0,  and  therefore  ar  =  (dA/dtu )„,-„>,  is  positive. 

tFor  this  value  of  k,  the  ratio  kvrJcji  contains  (tWc)l,2t  and  is  therefore  small.  This  is  the 
above-mentioned  condition  for  the  Landau  damping  to  be  small. 
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Fig.  20- 


curve  of  to  —  fl*  as  a  function  of  k 2  becomes  a  straight  line  from  the  origin,  whose 
equation  is  the  same  as  (32-5)-t 

When  thermal  motion  is  neglected,  the  oscillations  in  plasma  resonances  are 
longitudinal.  This  property  does  not  in  general  occur  when  spatial  dispersion  is 
taken  into  account:  A  —  €altknk/J k2  =  e(  becomes  a  function  of  k,  and  the  condition 
e,  =  0  for  the  oscillations  to  be  longitudinal  is  incompatible  with  relation  given 
by  the  dispersion  relation  between  the  same  variables  w,  k  and  0.  Both  at  the 
plasma  resonance  points  themselves,  which  cease  to  be  distinctive,  and  near  them, 

til  A  **  /I  m  rv  •  VI  nl  m  rt  ^  t  1  rt  m  m  li  rt  at  i/lll  /!»-  •  r«nrl/l  A  I  r>  r  m  nil  n  VI  A  tli  A  tl/nVI/l  ■  O 

ui\/  wavci  U/iiidiit  mi  hum  lunguuuinm,  iiuvvtvu,  muvu  n  ouiciii  anti  uiw  w  a  v  u  10 

slow  (m/kc  is  small),  the  transverse  component  E{0  is  small  in  comparison  with  E(n, 
according  to  (32-10). 

Let  us  now  turn  to  the  case  A,r  <0.  Figure  21  shows  how  tu-w,  varies  with  k  in 


W-UJ. 


tFor  this  reason,  the  waves  which  (in  a  magnetoactive  plasma)  correspond  to  the  upper  part  of  the 
continuous  curve  in  Fig.  20  are  usually  called  plasma  waves,  in  contrast  to  the  ordinary  or  extraordinary 
waves  corresponding  to  the  lower  part  of  the  curve.  This  terminology  is  conventional,  however:  there  is 
really  just  one  branch  of  oscillations,  whose  point  of  intersection  with  the  abscissa  axis  (at  =  a»i)  has  no 
distinctive  feature. 
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this  case.  The  curve  does  not  enter  the  region  to  >coi,  but  has  a  maximum  at  the 
point 

/c2  =  (w,2/ctJTe)(Br/|A|r|)1/2,  a)  coj  =(2vTelarc)(\Alr\IBr)111.  (57.6) 

When  this  point  moves  to  infinity  on  the  right,  at  the  same  time  approach¬ 

ing  the  abscissa  axis,  and  we  again  return  to  the  form  (57.3). 

As  a  further  example,  let  us  consider  the  transverse  waves  near  electron 
cyclotron  resonance,  propagating  along  the  magnetic  field.  When  thermal  motion  is 
neglected,  the  dispersion  relation  for  these  waves  is  given  by  (56.9)  with  the  lower 
signs,  and  in  the  neighbourhood  of  w  = 

m  =«*(!  -ne2/fcV)  (57.7) 


with  kc  <Cle;  the  whole  of  this  spectrum  is  at  oj  <  coBf. 

To  examine  these  waves  with  allowance  for  the  thermal  motion  of  the  electrons,  it  is 
necessary  to  construct  the  dispersion  relation  with  the  permittivity  tensor  (55.7) 
which  applies  to  the  cyclotron  resonance  region.^  Expanding  the  determinant  (56.4) 
(with  the  vector  k  parallel  to  the  z-axis),  we  obtain 


^=i+-fn,z  “M 

OJ  W  (  W  —  0)Be )  V  V  2k  Vre  / 


(57.8) 


Outside  the  resonance  absorption  line,  i.e.  for  |coBf  —  co|  >  but  of  course  still 
\a)Be  ~  tu|  <?  toBc,  this  relation  becomes 


2^2 


k  c 


n; 


d>Be(w  ~  We„) 


,  •  Itt  O2  ( 

+,\2^^:expt 


(a>  —  QJBf )~\ 
2 k2v2Te  )' 


Hence  we  again  have  the  dispersion  relation  (57.7)  for  the  real  part  of  the 
frequency,  and  the  expression 


\\>*\  / 


K  £.  \i \KVTe/  J 


(57.9) 


for  the  Landau  damping  rate. 

As  (x)  approaches  closer  to  wBf,  in  the  range  |wBe  -  w|  kvre,  the  damping  rate 
increases  and  becomes  comparable  with  the  frequency  w,  in  this  range,  wave 
propagation  does  not  occur. 


§58.  Equations  of  fluid  dynamics  in  a  magnetoactive  plasma 

If  the  characteristic  spatial  dimensions  L  in  a  moving  plasma  are  large  compared 
with  the  mean  free  paths, 

L§>/,  (58.1) 

tWe  assume  the  particular  case  where  not  only  o>b,  —  but  also  ft,  >  o>bo  so  that  unity  is 

certainly  negligible  on  the  right  of  (56.9). 

^Formulae  (55.7),  it  will  be  remembered,  also  presuppose  the  fulfilment  of  the  condition  (55.4): 

kt Tr- 
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we  may  suppose  that  thermodynamic  equilibrium  with  local  values  of  the  tem¬ 
perature  (the  same  for  electrons  and  ions),  pressure,  etc.,  is  established  by 
collisions  in  any  small  region  of  the  plasma.  The  movement  of  the  plasma  may  then 
be  described  by  the  macroscopic  equations  of  fluid  dynamics. 

The  equations  of  magnetic  fluid  dynamics  have  been  given  in  ECAf,  §51,  but  it 
was  assumed  that  the  transport  properties  of  the  medium  (viscosity  and  thermal 
conductivity)  were  independent  of  the  magnetic  field.  For  this  to  be  true  in  a 
plasma,  the  following  conditions  are  necessary: 

V\  >  WBj,  Ve  >  OtBe 

(of  which  the  second  follows  from  the  first).  These  conditions  are  often  too 
rigorous,  and  it  is  therefore  necessary  to  derive  equations  of  fluid  dynamics  that  are 
free  from  the  restriction  mentioned.f 

The  equation  of  continuity  for  the  mass  density  p  remains,  of  course,  as  usual: 

dpldt  +div(pV)  =  0,  (58.2) 

where  V  is  the  macroscopic  velocity.  The  general  form  is  also  the  same  for  the 
Navier-Stokes  equation 

+  +  (58.3, 

and  for  the  energy  conservation  equation 


4-  (IpV2  +  pU  +  B2/8it)  =  -  div[pV(J2  V2  +  W)  -  a' .  V  +  cE  x  B/4ir  +  q],  (58.4) 

where  is  the  viscous  stress  tensor,  cr' .  V  denotes  the  vector  with  components 
crhpV/h  q  is  the  energy  flux  (including  both  the  dissipative  part  due  to  thermal 
conduction  and  thermoelectric  effects,  and  the  convective  transfer  of  energy  by  the 
current;  see  the  definition  (58.8)  below),  and  U  and  W  the  internal  energy  and  heat 
function  of  the  medium  per  unit  mass.  The  tensor  a  op  and  the  vector  q  must  be 
expressed  in  terms  of  the  gradients  of  thermodynamic  quantities  and  the  velocities; 
the  form  of  these  expressions  depends  on  the  magnetic  field. 

The  following  remark  should  be  made  in  connection  with  equation  (58.3).  This 
equation  takes  into  account  the  force  exerted  on  the  plasma  by  the  magnetic  field 
(the  last  term  of  the  left),  but  not  the  force  e(zNf  —  Ne) E  exerted  by  the  electric 
field.  This  treatment  is  justifiable  here,  since  it  follows  from  the  condition  (58. 1)  that  a 
fortiori  L$>a,  and  the  plasma  is  therefore  quasi-neutral,  so  that  we  can  put 
zNi  —  Ne ,  and  there  are  no  uncompensated  charges  in  the  plasma.t 

tMoreover,  in  ECM,  §51,  the  terms  representing  the  thermoelectric  effect  were  omitted  from  the 
equations, 

tThis  argument  is  based  on  the  inequality  /  f>  a.  We  are  everywhere  considering  a  fully  ionized 
plasma.  In  a  partly  ionized  one,  the  inequality  /  >  a  need  not  be  satisfied,  because  the  mean  free  path  is 
reduced  by  collisions  with  neutral  atoms,  and  then  l^>a  is  to  be  regarded  as  a  further  necessary 
condition  for  the  bulk  electrical  force  to  be  negligible. 


fJsmni 

MWI 


n  f  flluirl  n  vn/imirc  in  /t  Ayf/ioncf/i/irfi’iio  P//irm/i 

v/j  .a  M4iu  hi  ia  a  lujirm 


Equations  (58.2)-(58.4)  must  be  supplemented  by  Maxwell’s  equations  for  a 
quasi-stationary  electromagnetic  field  (the  displacement  current  being  then 

omitted): 

curl  E  =  — —  div  B  =  0,  curl  B  =  4itJ/c.  (58.5) 

c  31 


To  say  the  field  is  quasi-stationary  means  that  its  frequency  of  variation  w  <§  c/L. 
The  electric  field  induced  by  the  variable  magnetic  field  is  E  ~  cjLBfc  <  B ;  for  this 
reason,  we  need  include  in  (58.4)  only  the  magnetic,  and  not  the  electric,  field 
energy  density.  The  neglect  of  the  displacement  current  is,  moreover,  in  ac¬ 
cordance  with  the  assumption  that  the  plasma  is  quasi-neutral:  the  last  equation 
(58.5)  implies  that  div  j  =  0. 

Lastly,  the  “generalized  Ohm’s  law”  equation  is  needed: 


E  +  V  x  B/c  =  F, 


(58.6) 


where  F  is  some  linear  combination  of  the  current  j  and  the  gradients  of  the 
thermodynamic  quantities.  The  combination  of  E  and  B  on  the  left  of  (58.6)  arises 
(cf.  ECM,  §49)  from  the  transformation  of  E  when  we  go  from  the  rest  frame  of  a 
given  volume  element  in  the  medium  to  a  frame  in  which  the  element  is  moving 
with  velocity  V. 

In  a  quasi-neutral  plasma,  the  relative  concentration  of  the  electron  and  ion 
components  is  a  given  constant  ( NclNi  =  z).  Hence  only  the  temperature  and  the 
pressure  are  independent  thermodynamic  variables;  the  problem  of  expressing  F 
and  q  in  terms  of  the  gradients  of  these  variables  (and  the  current  j)  is  formally  the 
same  as  in  the  theory  of  thermogalvanomagnetic  effects  in  metals  (see  ECM ,  §25).t 

The  relations  between  j  and  q,  and  between  the  field  and  the  gradients  of 
thermodynamic  quantities,  are  written  as  generalizations  of  (44.12)  and  (44.13): 


17  _u 1  HEi  __  —i  j  .  BT_ 

a  e  dxa  +  dx„  ' 


—  P*  *  _L  O  *  d  I 

e  jo  +  PafiJp  Q  . 


(58.7) 

(58.8) 


Here  ju*  is  the  chemical  potential  of  the  electrons;  the  tensors  aop,  /3oP  depend 
on  the  magnetic  field  B  as  a  parameter.  The  absence  of  the  term  — (pj  (cf.  (44.13))  on 
the  left  of  (58.8)  is  due  to  the  fact  that  this  has  already  been  included  in  (58.4)  by 


means  of  the  Poynting  vector  in  the  energy  flux,  as  is  easily  seen  by  using 


Maxwell’s  equations  (58.5)  to  transform  its  divergence.  In  the  stationary  case  (§  44), 


we  have 


—  div  cE  x  B/47T  =  j  .  E  =  —  div(cpj). 


•We  must  repeat  that  the  discussion  refers  to  a  fully  ionized  plasma.  The  presence  of  several  types  of 
heavy  particle  (various  ions,  neutral  atoms)  would  make  it  necessary  to  consider  the  corresponding 
diffusion  processes. 
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Xhllc  fhp  pnprov  flnY  n  in  fSR  R'i  alrpaHv  ^YrlnH^c  fhn  trnncfpr  nf  pnprov  — etr,  hv 
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particles. 

B>  Onsager’s  principle,  the  coefficients  in  the  relations  (58.7)  and  (58.8)  satisfy 
the  relations 


ffcp(B)  =  crpn(— B),  Kwp(B)  =  k*,(-B),  (58.9) 

/MB)=Tapu(-B).  (58.10) 

Since  B  is  the  only  available  vector  parameter,  the  dependence  of  the  tensors  on 
the  direction  b  =  B IB  may  be  written  in  the  general  form 


«op(B)  =  Gfifiop  +  a2babp  +  a2en(iyhy,  (58.1 1) 

and  similarly  for  the  other  tensors;  the  scalar  coefficients  ai,  a2,  are  functions  of 
the  field  B,  satisfying  the  condition  of  symmetry  under  inversion  (B  is  an  axial 
vector  and  its  components  are  unaffected  by  inversion,  as  is  required  for  the 
components  of  the  true  tensors  aoP,  etc.).  Expressions  of  the  form  (58.11)  neces¬ 
sarily  satisfy  the  relations  (58,9),  and  (58.10)  becomes 


MB)=TaftP(  B).  (58.12) 

In  the  practical  application  of  the  expressions  (58.7)  and  (58.8)  in  magnetic  fluid 
dynamics,  the  gradient  of  the  chemical  potential  is  more  conveniently  expressed  in 
terms  of  the  pressure  and  temperature  gradients  by 

=  —seVT  +  (l/Ne)VPe,  =  we  -  Tsej 

where  Pe  =  NeT  =  Pzl(  1  +  z)  is  the  partial  pressure  of  electrons  in  the  plasma,  and 
se  and  we  are  the  entropy  and  heat  function  per  particle  in  the  electron  component 
of  the  plasma.  We  finally  write  (58.7)  and  (58.8)  in  vector  form  as 

E^VxB  lc  +(1  ieK)VPe 

=  j||/cr||  + jj_/(7i  +  S^Bx  j  +  0i||(VT)|  +  a1(VT)1  +  ^V'B  x  VT,  (58.13) 
q  +  (wje)}  =  a|Tj|  +  aiTji  +  JfTB  x  j  —  kh(VT)|-  k^VTJi  +  5fB  x  VT.  (58.14) 

with  a  fresh  notation  for  the  coefficients  (all  of  which  are  functions  of  B),  and  the 
suffixes  ||  and  _L  denoting  vector  components  longitudinal  and  transverse  with 
respect  to  B.  The  definition  of  the  coefficient  aj  in  (58.13)  differs  from  that  in  (58.7) 
by  the  inclusion  of  sje.  The  coefficients  91,  N  and  represent  the  Hall,  Nernst  and 
Leduc-Righi  effects.  The  terms  3$Bxj  in  (58.13)  and  5?B  x  VT  in  (58.14)  are 
non-dissipative  transport  effects,  which  do  not  appear  in  the  products  E  *  j  and 
q  *  VT  and  therefore  do  not  cause  an  increase  of  entropy. 

The  general  expression  for  the  viscous  stress  tensor  cr'p  in  terms  of  the  gradients 
of  the  macroscopic  velocity  has  already  been  given  in  §  13.  When  applied  to  a 
plasma,  this  expression  is  somewhat  simplified  by  the  vanishing  of  the  two  second 
viscosity  coefficients  £  and  The  vanishing  of  £  is  a  general  property  of 
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monatomic  gases  such  as  plasmas.  The  reason  for  the  absence  of  the  £1  term  is 
explained  in  §59. 

The  remaining  terms  in  (13.18)  may  conveniently  be  rearranged  for  application  to 
a  plasma,  since  in  general  the  magnetic  field  there  has  a  strong  influence  on  the 

viscosity,  not  a  weak  one  as  in  a  neutral  gas;  there  is  therefore  no  sense  in 

distinguishing  the  ordinary  viscosity  coefficient  17.  Here  we  put  cr'p  in  a  form 
differing  from  (13.18)  only  in  that  the  tj  term  is  replaced  by 

tjo(3 b„b0  -  ^)(brbsVt6  -  J  div  V) .  (58. 15) 

where  (instead  of  h)  b  =  B/B;  see  the  penultimate  footnote  to  §59  regarding  the 
desirability  of  this  definition  of  tj0- 
If  the  z-axis  is  taken  parallel  to  b,  the  stress  tensor  components  are 

v'xx  =  —  TTJlX Vzr  -  3  dlV  V)  +  7J,(  V**  -  V  yy)  +  2TJ3Vxy, 

(T'n  =  — 'Ho(V„  —  j  div  V)  +  7j,(V„  -  V„)  -  2t]3  V*,, 

C'~  =  2l)o(V2J  -  3  div  V) ,  (5816) 

2t)i  Vxy  ^yy  ) » 

ffxz  =  27J2  Vxz  +  27J4VyZ, 

CT  y2  V  yz  Z7)4  V  xz- 


§59.  Transport  coefficients  of  a  plasma  in  a  strong  magnetic  field 


To  calculate  the  transport  coefficients  of  a  magnetoactive  plasma  we  must,  as 
usual,  seek  the  particle  distribution  functions  in  the  form  f  ~  f0+  8fm  where  8/  is  a 
small  correction  to  the  local-equilibrium  distribution  and  is  proportional  to  the 
corresponding  gradient  of  the  thermodynamic  quantities.  On  substituting  this 
expression  in  the  transport  equation,  e.g.  for  electrons, 


|+v4-fE'f-£vx«'f  =  C(/,), 

dt  dr  dp  c  dp 


(59.1) 


we  put  fe=foe  in  the  four  terms  on  the  left;  the  fourth  term  then  vanishes, 
since  d/0*/dp  is  parallel  to  v,  so  that  the  term  in  8fe  must  be  retained  there,  and  we 
find  as  the  equation  for  S/£t 


%  +  v^-eE 
dt  dr 


d/pe  _  y  X  B  •  dfif* 

dp  c  dp 


where  1  is  the  linearized  collision  integral. 


(59.2) 


tin  the  calculation  of  the  permittivity  of  a  plasma  in  §29,  the  magnetic-field  term  in  this  equaiion  was 
omitted  because  it  is  a  second-order  small  quantity  when  E  and  B  are  small.  In  the  present  problem,  the 
magnetic  field  B  (unlike  the  electric  field  E)  is  not  assumed  to  be  small. 


pK  IQ  -  O 
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Let  us  note  first  of  all  that  the  longitudinal  electrical  conductivity  ctu  and  thermal 
conductivity  Kg  are  independent  of  B,  and  have  the  same  values  as  in  the  absence  of 
a  magnetic  field,  i.e.  are  the  ordinary  scalars  a  and  k.  It  is  obvious  from  symmetry 
that,  when  the  vector  E  or  VT  is  parallel  to  B,  the  distribution  function  8f  is 
independent  of  the  position  angle  <p  of  the  transverse  velocity  vx  in  the  plane 
perpendicular  to  B.  Also,  vxB.  d5//dp  =  —  (J9/m)3S//3(p,  and  so,  when  38 fldtp  =0, 
the  magnetic  field  does  not  appear  in  the  transport  equation.! 

For  a  similar  reason,  the  viscosity  tj0,  which  determines  the  viscous  stresses 
is  independent  of  the  magnetic  field  (and  therefore  is  the  same  as  the  ordinary 
viscosity  tj)  when  the  velocity  V  is  parallel  to  B  (along  the  z-axis);  it  then  depends 
only  on  z,  and  in  the  expressions  (58.16)  there  remain  only  the  terms  in  o'xx  = 


(T  yy  1<J  zz  3T70 dV/dZ. 

Lastly,  the  coefficient  £1  would  have  to  be  independent  of  the  field.  For  the 
velocity  distribution  mentioned,  it  would  contribute  to  the  stress  tensor  o'xx  —  Oyy  = 
iot’xz  —  £1  dVidz.  Since  this  effect  is  absent  in  the  absence  of  the  fieid,  £1  =  0  even  when 
the  field  is  present.!  (Note  that  this  reason  does  not  depend  on  the  plasma  being 
classical;  the  result  £i  =  0  is  therefore  valid  in  the  relativistic  case  also,  whereas 
^  0  in  a  relativistic  plasma.) 

The  calculation  of  the  other  transport  coefficients  can  be  carried  out  similarly  in 
the  limit  of  strong  magnetic  fields,  when  (for  each  type  of  particle)  the  Larmor 
frequency  >  v.  Under  these  conditions,  collisions  function  as  a  small  cor¬ 
rect  ion.  § 


Electrical  conductivity 

Let  us  first  calculate  the  coefficients  which  determine  the  electric  current  in  the 
plasma.  This  is  conveniently  done  in  a  frame  of  reference  such  that  a  given  plasma 
volume  element  is  at  rest.  Neglecting  quantities  ~  m/M,  we  can  regard  such  a  frame 
as  coinciding  with  the  rest  frame  of  the  ion  component.  The  electric  current  is  then 
purely  electronic.  We  have  therefore  to  solve  only  the  transport  equation  for 
electrons. 

The  left-hand  side  of  the  transport  equation  would  have  to  be  transformed  by 
means  of  the  equations  of  fluid  dynamics  in  the  same  way  as  was  done  for  an 
ordinary  gas  in  §6.  In  the  chosen  frame  of  reference,  the  macroscopic  velocity  (but 
not.  of  course,  its  derivatives)  is  zero  at  the  point  considered.! 

There  is,  however,  no  need  to  carry  out  the  complete  calculations  here  (for 
electrons).  First  of  all,  the  term  38fjdt  can  be  omitted  altogether.  The  differen¬ 
tiation  with  respect  to  time  leads  to  terms  containing  the  derivatives  dTldt ,  3P/3r 

|We  must  at  once  add,  however,  that  these  arguments  (and  similar  ones  below)  assume  that  the 
process  of  particle  scattering  is  independent  of  the  magnetic  field.  For  this  to  be  so,  it  is  necessary  that 
the  field  should  satisfy  the  inequality  (59.10)  below. 

tWe  must  again  emphasize  that  all  these  statements  depend  on  the  form  of  the  term  in  B  in  the 
transport  equation  (59.2);  they  therefore  do  not  apply  to  an  ordinary  gas,  whose  molecules  have  a 
magnetic  moment  through  which  (not  through  the  particle  charge  as  in  a  plasma)  the  interaction  with  the 
magnetic  field  takes  place  in  that  case. 

§The  transport  coefficients  for  a  magnetoactive  plasma  were  calculated  by  R.  Landshoff  (1949),  E.  S. 
Fradkin  (1951)  and  S.  I.  Braginskii  (1952).  The  analytical  method  given  below  is  due  to  l.E.  Tamm 
(1951). 

[[This  has  essentially  been  assumed  already  by  making  use  of  the  parallelism  of  the  vectors  dfoldp  and 
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and  dVIdt .  Of  these,  the  first  two  can  be  expressed  in  terms  of  the  scalar  div  V  (cf. 

/  /  1  £.\  \  O  n  rl  o  1  1 1">  Wfc  frt**  m  •  -  n  \j-  n  tlf  n  /*»  a  1  11^  rrn  i  i  n  TO  f  A  **  o  nl  A  A  n  f  A  *  A  An  /  n  ■  ■  a  l> 

anu  ^uvn  jii^,  wt  aiiu  w ,  vanvci  in  cii i y  iui  a  i uvj  iidiumic  ga:*  puvn 

as  a  plasma).  The  derivative  dYldt ,  expressed  by  means  of  the  equation  (58.3)  of 
fluid  dynamics,  contains  a  factor  1/p,  or  1/M;  the  inclusion  of  such  terms  in  the 
transport  equation  would  give  only  corrections  ~  m/M,  which  are  of  no  interest. 
Next,  in  (59.2)  we  can  put  E  =  0,  since  we  know  that  E  can  appear  in  the  required 
current  j  only  as  the  sum  E  +  (l/eNc)VP.  Lastly,  since  we  do  not  propose  to 
calculate  the  “longitudinal”  transport  coefficients  aj,  K||,  tj0,  which  are  independent 
of  the  magnetic  field,  all  thermodynamic  quantities  for  the  plasma  may  be  regarded 
as  depending  only  on  the  coordinates  in  a  plane  perpendicular  to  B.  Denoting  by  V_ 
the  operator  of  differentiation  in  that  plane,  we  can  thus  write  the  transport 
equation  as 


(v  *  VJ/0(.  =  {elc)y  x  B  .  d8fefdp  +  I{8fe ).  (59.3) 

This  equation  in  turn  can  be  solved  by  successive  approximation  in  powers  of 
l/tOB€.  The  first  approximation,  denoted  by  the  superscript  (1),  entirely  neglects  the 
collision  integral,  so  that  the  equation  is 

■a sj f  (0  l 

v  x  b  '  zt~  ~ 77~ (v  •  (59.4) 

<7  V  CO  ne 

with  b  =  B/B.  The  solution  is 

«/.“’  = — —  V  .  b  x  Vj./0e,  (59.5) 

<*>Be 

as  is  easily  seen  by  direct  substitution.  It  is  evident  that  this  solution  can  be  used  to 
calculate  only  the  non-dissipative  transport  coefficients:  in  the  absence  of  col¬ 
lisions,  there  is  no  dissipation  of  energy. 

The  electric  current  density  is  given  by  the  integral 

i  =  -e  J  v  8fe  d3p .  (59.6) 

Substitution  of  (59.5)  gives 

jn)  =  (mc/B)(b  x  Vx  .  (v)v)Ne 
=  (mc/3B)b  x  V±Ne(v2), 

where  the  averaging  is  over  the  Maxwellian  distribution.  The  result  is 

j(l)  =  (c/B)b  x  VxP*,  VxP,  =  -(B/c )bxj{,).  (59.7) 

Comparison  of  this  expression  with  the  definition  of  the  coefficient  91  in  (58.13) 
shows  that 


91  —  -1  INeec. 


(59.8) 
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In  the  next  approximation,  we  seek  the  solution  of  equation  (59.3)  as  8f<  - 
8fetl)  +  8/fl2),  and  obtain  for  S/,(2)  the  equation 


0)flfvxb.  d8fea)ldv  =  - I{8fn 

=  (l/wB()l(vbxVi/0();  (59.9) 

the  operator  Vi  cannot  be  taken  outside  /,  since  in  the  linearized  collision  integral 
the  integrand  contains  among  its  coefficients  quantities  such  as  N,  which  depend  on 
the  coordinates. 

As  already  mentioned,  the  magnetic  field  is  assumed  so  strong  that  a)Be  >  ve.  In 
this  section,  however,  we  shall  make  the  further  assumption  that 


rs*  =  vT'l 0iBe  >  ae , 


(59.10) 


i.e.  that  b)Br  this  places  an  upper  limit  on  the  field.  When  this  condition  is 

»L  „  £„1  J  „ 1 _ ^  C  t A  :  1 1 

^diibiicu,  me  iiciu  tdusc.t  annuli  nu  eulViliuic  ui  uie  ciceiiuu  udjcviui  ica  vd»u  sun 

less  of  the  ion  trajectories)  in  the  collision  region,  and  so  has  no  efTect  on  the 
collision  process.  The  operator  I  therefore  does  not  depend  explicitly  on  the  field. 
Then,  by  symmetry,  the  right-hand  side  of  equation  (59.9)  must  have  a  vector 
structure  of  the  form  v  .  b  x  W<p(ir)  ;  as  regards  the  variable  v,  this  is  of  the  same 
kind  as  on  the  right  of  (59.4),  but  with  b  x  Vj.  in  place  of  Vx.  The  solution  of  (59.9)  is 
therefore 


sf,i2>  = 


-^Kv.lxfbx Vi)/fc)  =  4-  /(v  .  VJ0(). 

CO  lit  CO  Be 


(59.11) 


In  the  calculation  of  the  current,  a  non-zero  contribution  comes  only  from  ei 
collisions:  since,  under  the  conditions  assumed,  collisions  are  a  small  effect,  the 
contributions  to  the  conductivity  from  ee  and  ei  collisions  may  be  considered 
separately,  and  this  means,  for  example,  that  contribution  from  ee  collisions  is 
calculated  from  the  distribution  function  obtained  by  solving  the  transport  equation 
with  only  this  collision  integral  on  the  right,  as  if  the  electrons  did  not  collide  with 
the  ions  at  all.  In  that  case,  the  integral  J  vS/c(2)d3p  with  8fea)  in  the  form  (59.11)  is 
zero,  because  the  law  of  conservation  of  momentum  in  collisions  with  any 
distribution  function  fe  gives  identically 


[  vC„(/,)d3p=  0; 


cf.  §5. 

Thus,  in  calculating  the  electric  current,  J  in  (59.11)  is  to  be  taken  as  the 
electron-ion  collision  integral.  Thent 


If.(v  .  V±/0J  =  -  iv(u)(v  .  VJ/*, 


(59.12) 


rff  (AA  l\ 


A  f/irmllln  *1,  f„.  r'tt\  _ 1 J  Tf _ 111  „  I _ I . _ 1 _ I _ _ ..  .  .1.  _  I _ _  tw 

. muia  vi  11110  ijrjjc  i  ui  vy;  15  vmiu  u  luhisiuiu  mrve  [JitiLC  wun  pii  iiuca  wiin.ll  majr  "■ 


regarded  as  immovable  and  if  8/  has  the  form  v  *  Ag(u),  with  A  a  constant  vector.  In  the  present  case,  A 
is  represented  by  the  vector  operator  Vx. 
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where,  from  (44.3), 


a _ 4tr  t  I...2  1 

rci \v  j  =  HTTjCt  iveL,ei  rri  v 


The  contribution  to  the  current  from  the  distribution  function  (59.1 1),  (59.12)  is 


4V(2ir)zesL.N, 


->  17 T  i 

3  m  0)  Be 


V±(PJTy2) 


(59.13) 


To  calculate  the  required  transport  coefficients,  we  must  substitute  the  current 
ji  -  jt0+j*2)  in  equation  (58.13): 


-i-  VjP,  =  J-  +  9lBb  x  ji  +  ajV.iT  +  MB b  x  V,  T,  (59. 14) 

eNe  .  cr± 

which  determines  these  coefficients.  First  of  all  putting  VT  =  0  and  collecting  terms 
of  order  l/wB„  we  find  that 


j(l)/crj_  +  x  j<2)  =  0, 

whence 

cr  x  =  37Tll2e2NJ2ulmvei,  (59.15) 


where  vei  (without  argument)  denotes 

I*  =  Vei(vre)  =  4irze4LeNJm  ulTm .  (59.16) 

The  quantity  (59.15)  is  of  the  same  order  as  the  conductivity  (43.8)  in  the  absence 
of  the  field,  which  here  is  equal  to  <X||. 

Similarly,  putting  VPe  =  0  in  (59.14)  and  collecting  terms  —  l/coBet  we  find 

&lBb  x  j(2)  +  JfBb  x  VT  =  0, 

whence 

Jf  =  —  rci/(2  7r)  l!2mc(x)  =  —  3cN€/2otj_B2.  (59.17) 

The  coefficient  a±  appears  only  in  the  next  approximation  with  respect  to  l/coBc; 
its  value  for  2  =  1  is 

ai  =  0.36(^/wBc)2,  (59.18) 


Electronic  thermal  conductivity 

The  heat  flux  in  the  plasma  consists  of  electronic  and  ionic  parts;  let  us  first 
consider  the  former.  It  is  calculated  as 


qc  =  {m 


d3p 


(59  19) 
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In  the  first  approximation  with  respect  to  \lu)Be ,  substitution  of  (59.5)  gives 


q.">  =  -  (w/2co*,Xb  x  .  <v)vu2)N« 
=  -  (m/6<jto)b  x  V±N,(v4), 

whence 


qc(l)  =  “  (5c/2eB)b  x  V±PeT 

=  -  (w,/e)jll)-  (5cPJ2eB)b  x  ViT,  (59.20) 


where  we  =  5T/2  is  the  electronic  heat  function  per  electron.  Comparison  with  the 
definition  of  the  coefficient  in  (58.14)  shows  that 

££e  =  -5cN'TI2eB\  (59.21) 


In  the  next  approximation,  the  integral  (59.19)  is  to  be  calculated  with  the 
distribution  function  (59.11).  However,  both  ei  and  ee  collisions  contribute  to  the 
heat  flux.  For  the  former,  we  again  use  (59.11)  and  (59.12),  obtaining 


whence 


q.'*0  =  -  (mW6«»k)Vi<iJ4i^(«)> , 


|f(,i|  =  -  4V^}  Vi(Pc/VT). 


nFt** 


(59.22) 


To  find  from  this  the  corresponding  part  of  the  thermal  conductivity  kj_,  however, 
we  must  also  use  the  condition  j  =  j(,)  +  j(2)  =  0,  since  by  (58.14)kj  is  defined  in  terms 
of  the  heat  flux  in  the  absence  of  a  current.  With  (59.7)  and  (59.13),  we  find  that  this 
condition  leads  to  the  following  relation  between  the  pressure  and  temperature 
gradients: 


(c/B)b  x  ViP, 


eNPv, 


^7  (2  it)  moj 


VxT; 


Be 


in  the  calculations,  we  everywhere  neglect  terms  above  the  second  order  in  1/we*. 
Using  this  relation  to  calculate  the  sum  qe(l>  +  qr<fl>,  we  find 


K<«>_ — 

K±e  (s\Zll‘ 


NeTvei 


rl 


mtli  r,_ 


(59.23) 


This  formula  has  a  simple  physical  significance.  In  order  of  magnitude,  the 
thermal  conductivity  must  be  k^G-D.^  where  Ce~Ne  is  the  specific  heat  of  the 
electrons  per  unit  volume,  and  Dx  the  electron  diffusion  coefficient  across  the 
magnetic  field.  The  latter  in  turn  is  estimated  as  {(Ax)2)/Sf,  where  ((Ax)2)  is  the 
mean  square  displacement  in  the  time  Sf.  In  a  magnetic  field,  the  transverse 
displacement  is  due  only  to  collisions,  and  the  electron  moves  a  distance  ~  rBr. 
Hence  Dx  ~  v€ir2Be,  which  leads  to  (59.23). 

Let  us  now  deal  with  the  contribution  from  ee  collisions.  The  calculations  here  are 
more  laborious,  and  we  shall  only  outline  them. 
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In  (59.1 1),  I  is  now  to  be  understood  as  the  linearized  Landau  collision  integral: 


MS/*)  =  -  divpS<">, 


where 


(«) _ 


=  2ire4Le  j  (/, 


dS/e  ~r  df  Qe 
Oe  ,  +  O/e 


dp'e 


dp’e 


and  w  =  v  — v'.  The  integral  (59.19)  with  this  distribution  function  becomes,  on 
integrating  by  parts, 

=  (1/2<.jL)  [  {dVk)  +  2v(v .  s'"’)}  d'p.  (59.25) 

The  coefficient  here  is  written  so  that  Sfe  in  (59.24)  is  to  be  taken  as  (v  .  V±)/oe-  The 
differentiation  V±  need  only  be  applied  to  the  temperature  T  in  the  exponent  of  the 
Maxwellian  function  f0e: 


(v  .  V±)/oe-»/o*(mi;2/2T2)  v  .  Vj  T  ; 


the  terms  arising  from  differentiation  of  the  coefficient  of  the  exponential  cancel.! 

After  a  simple  though  fairly  lengthy  calculation,  the  integral  (59.25)  is  brought  to 
the  form  -k^ViT,  where! 


_  I 

K  it 


3  TV* 


f 

Jt 


wV2  + 


Vw 


w 


j/oe(p)Mp')dVdy> 


w  =  v-v',  V  —  ^(v+v'),  and  the  dots  in  the  braces  stand  for  terms  containing  odd 
powers  of  w  .  V,  which  vanish  on  integration.  Noting  that 

U(p)hApr)  «  exp(— m  V2/T  -  mw2/4T), 


and  carrying  out  the  integration  over  d3p  d3pr ,  we  have  finally 


where 


K 


(«>  = _ 2. 

A'  3Vtt 


NeTvee 

~ni(OBe  ’ 


(59.26) 


v„=4tt  e4NeLclmll2T}12. 


(59.27) 


Thus  the  total  electronic  contribution  to  the  transverse  thermal  conductivity  is 


Kle  = 


?  W  Ti>  /  1 1.  \ 

”—2  (1  +y*) 

TTtnco  Be\  4  J 


3V 


(59.28) 


7 This  is  evident  from  the  general  property  noted  in  §6:  the  collision  integral  for  like  particles  is  zero 
for  functions  of  the  form  v/». 

-The  pressure  gradient  does  not  appear  here,  and  so  there  is  no  need  to  eliminate  it  by  means  of  the 
condition  j  =  0. 
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Ionic  thermal  conductiviity 

First  of  all,  note  that  the  condition  for  the  approximation  under  con¬ 

sideration  to  be  applicable  to  ii  collisions  is  stronger  than  for  electrons.  Since 
rr;  ~  rfr(m/M)l/2,  and  wBi  ~  it  follows  from  tost  ^  vs  that  >  vet{Mlm)112, 

which  is  stronger  than  i oBe>vet’y  the  condition  rBi>a  is  certainly  satisfied,  being 
weaker  than  (59. 10). 

The  transport  equation  for  ions  is  analogous  to  (59.2): 

^  +  v-^  +  2eE-^  =  -  — vxB”+  I(S/i).  (59.29) 

dt  dr  dp  C  dp 

As  regards  the  transformation  of  the  left-hand  side,  however,  there  is  a  difference 
from  the  electronic  case.  Substituting 

/m  =  exP{~M(v  -  Y)~I2T'>  ’ 

we  must  now  differentiate  V  with  respect  to  f  (and  then  again  assume  that  the 
frame  of  reference  is  so  chosen  that  V  =  0).  With  V  =  0  we  have  from  the  equation 
of  motion  in  fluid  dynamics 


4^  =  --VP+  — jxB, 

H  H*- 


At 


where  the  pressure  P  ~Pe  +  P,  and  the  density  p  =  N;M.  The  transport  equation 
then  becomes 


V  .  VJoi  -  ^  V  •  (v^P  -  £  j  X  b)  =  -  f  v  X  B  -  ^  +  /(S/. ),  (59.30) 

where  we  have  again,  as  in  (59.3),  put  E  =  0  and  written  VL  in  place  of  V.t 
We  can  solve  equation  (59.30)  by  successive  approximation  with  respect  to  l/a>Bl. 
In  the  first  approximation  we  have,  analogously  to  (59.5), 

In  this  approximation,  from  (59.7),  VLPe  =  j  x  B/c,  whence 

8/i"1  =  £v.bx  (vjoi  Pi).  (59.3 1) 

This  distribution  function  gives,  of  course,  no  contribution  to  the 


tFor  electrons,  the  second  term  on  the  left  would  contain  not  M/p  but  m/p  =  m/MN„  thus  being 
negligible. 
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current,  /  S/,(l)v  d  V  =  0,  as  we  should  expect  in  a  frame  of  reference  where  the 
ionic  component  of  the  plasma  is  at  rest.  The  heat  flux  is  then 

q/u-iMf  v\  8/!11  d?p 

=  (M/6toBl)b  x  [VAN,(v4))  -  ((i^/TJVxPi] 

=  (5cjP,/22«B)B  x  VT, 

whence 


<£-.  =  ScN  JUzeB1  =  -  Sejz2.  (59.32) 

To  calculate  the  heat  flux  in  the  next  approximation,  only  ii  collisions  are 
important:  ei  collisions  make  a  contribution  that  is  smaller  by  a  factor  —  (m/M)l/\ 
because  the  ion  momentum  change  in  collisions  with  electrons  is  small.  The 
calculations  are  exactly  similar  to  those  given  above  for  ee  collisions.!  The  ionic 
part  of  the  thermal  conductivity  is  therefore  obtained  from  (59.26)  on  replacing  the 
electronic  quantities  by  ionic  ones: 


K±.  =  2N,TV„73  V  irMuj  !i,  fr.  =  4irZ2e%NJMmTm.  (59.33) 

A  comparison  of  (59.33)  and  (59.23)  shows  that  (when  z  —  1)kj.,- Ki<(M/m)l/2. 
Thus,  in  fields  so  strong  that  wBl-  >  vlU  the  transverse  thermal  conductivity  is  almost 
entirely  ionic.  The  electronic  conductivity  becomes  comparable  when  wei  — 
(m/M)l/V, ;  in  making  the  comparison,  it  is  to  be  taken  into  account  that  in  such 
fields  the  effect  of  the  magnetic  field  on  k,  is  negligible.  In  still  weaker  fields,  the 
ionic  contribution  to  k±  becomes  unimportant;  in  that  case,  if  k±  is  given 

by  (59.28). 

V 1SCOSITY 

The  momentum  of  a  moving  plasma  is  concentrated  mainly  in  the  ions,  and  the 
viscosity  is  therefore  determined  by  the  ion  distribution  function.  Since  collisions 
between  an  ion  and  electrons  do  not  greatly  change  its  momentum,  only  ion-ion 
collisions  need  be  taken  into  account  in  the  transport  equation. 

The  left-hand  side  of  the  transport  equation  (59.29)  is  transformed  in  the  same 
way  as  in  §§6  and  8,  and  takes  the  same  form  as  there.!  Thus  the  transport  equation 
for  the  viscosity  problem  is 


{MIT)vavp(Vap  - div  V)/0i  =  ~(zefcM)\  x  B  .  d8f,ld\+  h,(8fi).  (59.34) 


The  solution  of  this  equation  is  to  be  sought  in  the  form 


5/«  =  2  gn(«2rv$iV^>  (59.35) 

n=0 

tThe  term  in  VP,  which  distinguishes  (59.31)  from  (59.5)  is  unimportant  here;  this  part  of  the 
distribution  function  is  «  v/o;,  and  has  zero  collision  integral;  cf.  the  last-but-one  footnote. 

tHere  it  must  be  noted  that  the  plasma  pressure  P  =  (Nj  +  N,)T  =  Nf(l  +  z)T,  and  the  heat  capacity 
per  ion  is  3(1  +  z)/2. 
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where  the  V$  are  linear  combinations  of  the  components  ot  the  tensor  Vap ,  which 
appear  in  the  expression 


<Jap  -  t  TJ.VS  (59  36) 

n-l 

for  the  viscous  stress  tensor,  according  to  the  definitions  (13.18)  and  (58.15);  it  will 
be  recalled  that  all  the  V£}  =  0.  The  stress  tensor  is  calculated  as  the  integral 


ey  ap 


Substituting  (59.35),  averaging  over  the  direction  of  v  by  means  of  the  formula 

(VaVpVyVfi)  —  8y g  +  8ay  +  8a&  dpy)  , 

and  comparing  with  (59.36),  we  find 

Tj.  =  -  (2M/15)  |  u4g„(u2)  d3p.  (59.37) 

The  equations  which  determine  the  functions  gn  are  obtained  by  substituting 
(59.35)  in  (59.34)  and  equating  the  coefficients  of  the  various  tensors  VSp  on  the  two 
sides  of  the  equation.  We  shall  omit  the  details  of  these  fairly  laborious  cal¬ 
culations,  and  give  only  the  final  results. 

Non-zero  viscosity  coefficients  tj3  and  tj4  arise  even  when  the  collision  integral  is 
neglected,  and  are  therefore  proportional  to  l/wn,.  The  coefficients  tj i  and  tj2  arise 
only  in  the  next  approximation,  when  collisions  are  taken  into  account,  and  are 
therefore  proportional  to  l/tue,:! 


Vl  =  iv2=27rl,\ze)4LtNlV5(MTy12a>bi' 

7J3  =  57}4  =  NtTl2wBl, 


(59.38) 


Lastly,  it  may  be  noted  that  all  the  expressions  derived  in  this  section  for  the 
“transverse”  transport  coefficients  remain  meaningful  even  under  conditions  less 
stringent  than  the  general  formula  (58.1).  It  is  easy  to  see  that  the  correction  to  the 
distribution  function  is  small  provided  that  the  characteristic  dimensions  of  the 
problem  are  large  in  comparison  with  the  Larmor  radius  rfi  of  the  corresponding 
particles;  this  ensures  that  the  above  expressions  are  applicable.  The  condition  is 
sufficient  also  for  the  applicability  of  the  equations  of  fluid  dynamics  themselves, 
if  the  pressure  and  temperature  gradients  are  everywhere  transverse  to  the  mag¬ 
netic  field. 

In  this  discussion,  we  have  everywhere  considered  a  plasma  in  which  the 
electron  and  ion  temperatures  are  equal.  However,  “two-temperature”  conditions 

■*The  suitability  of  defining  the  viscosity  tj0  for  a  magnetoactive  plasma  as  in  (58.15)  is  due  to  the  fact 
that  all  the  other  coefficients  17  then  tend  to  zero  as  B 
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often  arise,  because  of  the  large  mass  difference  between  electrons  and  ions.  In 
such  a  case,  we  can  again  formulate  equations  of  the  fluid  dynamics  type,  and 
calculate  the  transport  coefficients  that  occur  in  them.t 


PROBLEM 

A  plasma  inhomogeneous  in  the  x-direction  is  confined  by  a  magnetic  field  in  the  z -direction.  With  the 
condition  wn*  >  iv;,  determine  the  density  and  magnetic  field  distributions  in  the  plasma,  assuming  the 
temperature  distribution  given  (I.E.  Tamm  1951). 

Solution.  The  gradients  of  the  temperature  T  and  the  pressure  P  are  in  the  x-direction,  and  so  is 
the  electric  field  E  (a  potential  field  in  the  stationary  case)  which  results  from  the  inhomogeneity  of  the 
plasma.  The  confinement  signifies  that  there  is  no  movement  of  the  plasma  or  electric  current  in  the 
x-direction:  V,  =  0,  j*  =  0. 

Using  these  results  and  Maxwell’s  equation  curl  B  =  47rj/c,  we  obtain  by  taking  the  y-component  of 
(58.13) 

(c/4ir)dB/dx  =  -/,  =  AV.B  dT/dx. 

Substitution  of  (59.17)  for  Sit±  gives 


d_  (tf_\  =  _  3  dT 
dx  \8irJ  2JVedxl 


0) 


The  magnetic  field  is  “expelled**  from  the  hotter  parts  of  the  plasma. 

By  taking  the  x-component  of  (58.3)  and  neglecting  the  viscosity  terms  which  make  a  contribution  of  a 
higher  order  of  smallness  in  1/B,  we  obtain  a  second  equation. 

d(P*  +  Pi)/dx  =  j\B/c, 

which  by  means  of  the  same  Maxwell’s  equation  can  be  converted  (when  z  =  1)  to 

2N«T  +  =  constant.  (2) 

Equation  (1)  may  be  put  in  a  more  convenient  form  by  eliminating  the  magnetic  field  by  means  of 
equation  (2).  After  integration,  we  have 


N,T*f4  =  constant .  (3) 

The  formulae  (2)  and  (3)  give  the  solution.  The  temperature  distribution  comes  from  the  equation  of 
thermal  conduction. 


§60.  The  drift  approximation 

In  examining  the  transport  coefficients  of  a  plasma  in  a  strong  magnetic  field 
(§59),  we  used  the  Landau  collision  integral,  which  assumes  the  inequality  r^  >  a 
(59,10).  We  shall  now  show  how  this  limitation  may  be  removed,  i.e.  how  formulae 
may  be  obtained  which  are  suitable  even  for  fields  so  strong  that  the  opposite 
inequality  holds  for  electrons: 

(60.1) 

Here  it  is  convenient  to  make  use  of  a  particular  approximation  called  the  drift 
approximation ,  made  in  the  transport  equation  itself  and  not  only  in  the  solving  of 

+This  topic  is  dealt  with  by  S.  I.  Braginskif,  Transport  processes  in  a  plasma.  Bedews  of  Plasma 
Physics  fl,  205,  Consultants  Bureau.  New  York,  1965. 
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it.  The  drift  approximation  is  valid  if  the  magnetic  and  electric  fields  vary 
sufficiently  slowly  in  space  and  time;  the  field  frequency  to  and  the  effective 
collision  frequency  v  must  be  small  in  comparison  with  the  Larmor  frequency,  and 
the  characteristic  distance  Ilk  over  which  the  fields  vary  must  be  large  compared 
with  the  Larmor  radius.  These  conditions  must  be  satisfied  for  each  type  of  particle 
to  which  the  drift  approximation  is  applied.  In  the  present  section,  we  shall  write  all 
formulae  for  the  particular  case  of  electrons;  the  corresponding  formulae  for  ions 
are  obtained,  as  usual,  by  making  the  changes  e  ->  —  ze,  coBe  — cob;*  tn  -»  M,  Thus  we 
shall  assume  that 

id,  v€i  ^  Wf)f,  1/Jc  ^  r^.  (60.2) 

The  method  in  question  is  based  on  approximately  solving  the  equations  of 
motion  of  charged  particles  in  specified  fields  E(r,  r)  and  B(r,  r),  taking  account  of 
the  slowness  of  variation  of  these  with  r  and  r.  The  motion  of  particles  in  such 
fields  is  a  combination  (5f  a  rapid  rotation  (with  frequency  coHl.)  in  circular  Larmor 
01  bits  and  a  slow  movement  of  the  guiding  centres ,  i.e.  the  centres  of  these  orbits. 
The  method  of  solution  is  to  separate  the  rapidly  oscillating  component  of  the 
motion  and  average  over  it. 

The  position  vector  and  the  velocity  of  the  electron  may  be  written  as 

r=R(f)  +  £(f),  v  =  V  +  £,  V  =  R,  (60.3) 

where  R  is  the  position  vector  of  the  guiding  centre,  and  £  the  oscillatory  position 
vector  of  the  electron  relative  to  it. t  In  the  zero-order  approximation,  where  the 
space  and  time  variations  of  the  field,  and  collisions,  are  entirely  neglected,  we 
have  simply  a  motion  in  crossed  uniform  and  constant  fields  E  and  B.  As  we  know 
(see  Fields ,  §  22),  the  vector  £  in  this  case  is  exactly  in  the  plane  perpendicular  to  B, 
and  rotates  in  that  plane  with  a  constant  angular  velocity  coBe  =  eBlmc ,  remaining 
constant  in  magnitude.  The  radius  |£|  of  the  circle  is  related  to  the  constant  speed 
|£|  —  v±  by  l£|  =  vJa)De\  the  vector  relation  between  £  and  £  is 

£  =  —  b  x  £/wBe,  (60.4) 

where  b  =  B/B.  The  centre  of  the  orbit  moves  with  velocity 


R  =  V0  =  i>o||b  +  w0. 


where  is  the  speed  of  the  uniformly  accelerated  motion  along  the  magnetic  field, 
which  satisfies  the  equation 

mroji  =  —  eb  .  E  (60.5) 

and 

w0  =  R,  =  (c/B)Exb  (60.6) 

is  the  electric  drift  velocity  in  the  plane  perpendicular  to  B.t 

tThe  quantity  V  in  this  section  is  not  to  be  confused  with  the  macroscopic  velocity  denoted  by  V  in 
§59. 

tHere  we  assume,  of  course,  that  E/B  <s  1,  so  that  w  <s  c  and  relativistic  effects  may  be  neglected. 
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From  now  on,  we  shall  use  this  approximation,  neglecting  terms  arising  from  the 
non-constancy  of  the  fields  E  and  B,  i.e.  shall  regard  these  fields  as  constant. 
Accordingly,  the  suffix  0  will  be  omitted  from  all  quantities. 


"TV.  rt  orr  on  f  t  hiA  ^riff  nnnrAVimifir\n  ■  c*  f  A  r*ha.mnA  in  a  t rn  nrnA  rt 

1  V/  I  ivc  U  *  ii|v  vj  i  ii  i  u^/^/iv/aiiiiui>i\/ii  io  iw  viiuii^v,  in  mv  u  a  i  i  ^LjuaUUll,  u; 

the  slowly  varying  quantities  R,  V|  and  =  |£|.  These  together  constitute  five 
independent  variables  in  the  distribution  function. 

The  phase  volume  element  in  the  new  variables  is 


where  the  quantity 


d3x  d3p  =  d*R  .  27 r/n1  dv^ .  vL  civ A 
—  277 m1  d'R  dvidJ> 

r  _  1  2 

J  -  2l>± 


(60.7) 

(60.8) 


will  be  convenient  later.  As  regards  the  derivation  of  (60.7)  it  must  be  remembered 
that  in  the  approximation  used  the  fields  may  be  regarded  as  constant. 

The  electron  current  density  can  be  expressed  in  terms  of  the  new  variables.  For 
one  electron,  the  current  density  is  -ev8(r-rr),  where  r  denotes  variable  coor¬ 
dinates  in  space,  and  rt  the  position  of  the  electron.  Putting  v  -  V  +  £  and  re  =  R  +  £, 
we  write 


— evS(r-rtf)~  ~e(\  +  £)[S(r-R)-  £  •  Vr(r-  R)]. 

We  average  this  expression  over  the  angle  of  rotation  by  means  of  the  obvious 
relation 


a>Bf(fn(b  X  £)p)  ~  (iuifi)  —  2^1 2SaP» 


where  a  and  /3  are  two-dimensional  vector  suffixes  in  the  plane  perpendicular  to 
the  magnetic  field.  The  result  is 


— eVS(r  —  R)  +  (mc//B)b  x  Vr5(r  —  R). 


Multiplying  this  by  the  electron  distribution  function  fe  and  integrating  over 
d3p  —  277m3  dv\\dJ,  we  find  the  current  density  in  R-space:t 


h  = 


V/,  dJp  -  {mcfts )  curl  ( b  Jft 

\  J 


ajp  y 


(60.9) 


The  first  term  here  corresponds  to  charge  transfer  with  the  moving  Larmor 
orbits;  the  second  term  takes  account  of  the  rotation  of  particles  in  these  orbits,t 
and  has  a  simple  physical  significance:  if  it  is  written  as  c  curl  M,  the  vector 

M  =  — (mb/B)  f  fJd3n  (60.10) 

J 

HVith  integration  by  parts  in  the  second  term,  which  transfers  the  operator  Vr  to  bft. 
tA  similar  averaging  of  the  charge  density  -efi(r-r,)  gives  the  usual  expression  - ejfrdp ; 
correction  terms  due  to  the  rotation  of  the  panicles  would  appear  here  only  when  second-order  small 
quantities  (second  derivatives  with  respect  to  the  coordinates)  were  taken  into  account. 
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is  the  magnetization  of  the  plasma  due  to  the  rotation  of  the  charges.  The  magnetic 
moment  (60.10)  is  independent  of  the  sign  of  the  charges  and  is  in  the  direction 
opposite  to  the  magnetic  field,  i.e.  corresponds  to  diamagnetism. 

Let  us  now  transform  the  transport  equation  to  the  new  variables.  Since  the 
distribution  function  fe  relates  to  the  same  element  of  phase  space  as  before,  which 
is  sinipiy  put  in  the  different  form  (60.7),  the  transport  equation  again  has  the  form 
dfjdt  =  C(/e),  or,  expanding  the  left-hand  side  in  terms  of  the  new  variables, 


where  we  have  used  an  obvious  notation  for  the  components  of  the  vectors,  and 
taken  account  of  (60.5)  and  (60.6).  In  this  approximation  there  is  no  term  in  £±, 
since  v±  does  not  vary  during  the  drift. 

Next,  let  us  express  the  collision  integral  in  terms  of  the  drift  variables.!  Note 
first  of  all  that  a  collision  in  these  variables  is  an  “instantaneous”  change  in  the 
velocities  ry  a°d  v±  and  the  components  R±,  perpendicular  to  the  magnetic  field,  of 
the  position  vector  of  the  guiding  centre.  The  parallel  component  Rj  is  almost  equal 
to  the  corresponding  coordinate  of  the  particle  itself,  and  is  unchanged  in  the 
collision. 

Collisions  occur  only  between  particles  which  pass  at  impact  parameters  p  not 
exceeding  the  screening  length  a:  p  a.  If  p  is  much  less  than  the  Larmor  radii  of 
the  colliding  particles,  the  magnetic  field  has  no  effect  on  the  scattering  process, 
since  at  such  distances  the  field  causes  no  appreciable  curvature  of  the  particle 
trajectories.  It  is  not  natural  to  describe  such  collisions  in  terms  of  the  drift 
variables.  The  use  of  the  collision  integral  expressed  with  these  variables  is 
therefore  appropriate  only  when  for  at  least  one  of  the  colliding  particles  rB  <  a. 

In  a  Coulomb  interaction  of  particles,  with  or  without  a  magnetic  field  present, 
distant  collisions,  and  accordingly  small  changes  in  all  the  variables,  are  important. 
The  derivation  of  the  collision  integral  in  p-space  given  in  §41  therefore  remains 


_ i ■  .i  il „  _ c  _ n  _ /  a /  a / \ 

vtinu  in  me  ui  me  vtiiiciuic;*  i\.i  —  (v\,  i  ), 


U||,  *f  (with  the  Z-aXis  lilOng  the 


magnetic  field),  if  we  now  replace  the  momentum  components  by  the  four  variables 
gk{X,  y.  U||,  J}  and  take  Agu  Ag2, . . .  to  be  the  changes  in  these  variables  in 
collisions. 

The  collision  integral  is  again  brought  to  the  form 


c(f)  =  -  2  Ssja gk 

k  =  I 

=  -  d  sjd  Rx  -  d$||/di;|  -  dsd dj 


(60.12) 


(the  flux  Si  has,  by  definition,  components  only  in  the  plane  perpendicular  to  B). 
Here  it  is  important  that  the  volume  element  in  the  space  of  the  variables  gk 
reduces  simply  to  the  product  of  their  differentials;  the  collision  integral  is 
therefore  an  ordinary  divergence.  The  proof  given  in  §41  needs  only  slight 


tThis  was  done  by  E.  M.  Lifshitz  (1937)  for  an  electron  gas,  and  the  result  was  generalized  to  plasmas 
by  S.  T.  Belyaev  (1955). 


§60 


The  Drift  Approximation 


259 


changes.  First  of  all,  in  (41.2)  we  have  used  the  fact  that  Ap  =  q  =  ~Ap',  by  the  law 
of  conservation  of  momentum.  For  the  drift  variables  considered  here,  there  is  of 
course  no  such  relation.  Repeating  the  derivation  without  this  assumption,  we  find 
for  electron-ion  collisions  (for  example) 

s  iat  =  2  ~  f  {( Agek  A ge()fidfef  dge i  +  [Agck  A gii)fedfildgn }  d  (60. 1 3) 

(=i 


where  d3pt  =  2irM3  dJt  dv^  the  A gk  are  the  changes  in  the  quantities  gk  in  a 
collision,  and  the  angle  brackets  denote  averaging  over  collisions. 

An  important  point  in  the  derivation  of  (60.13)  is  the  possibility  of  interchanging 
the  initial  and  final  states  in  the  collision  integral,  after  which  the  terms  linear  in  Agk 
evidently  cancel;  this  also  allows  the  integration  to  be  taken  over  all  g -space.  In 
§41  this  transformation  was  effected  by  virtue  of  the  symmetry  under  time 
reversal,  which  relates  the  probabilities  of  direct  and  reverse  collisions.  When  a 
magnetic  field  is  present,  this  symmetry  exists  only  if  the  direction  of  the  field  B  is 
reversed,  and  therefore  relates  the  collision  probabilities  in  essentially  different 
fields.  However,  we  shall  see  that  in  this  case  the  symmetry  under  time  reversal  is 
restored  by  integration  over  impact  parameters. 

Lastly,  in  (60.13)  we  have  used  the  fact  that  mutual  scattering  of  Larmor  orbits 
occurs  only  when  they  pass  at  distances  not  exceeding  the  screening  length  a. 
Assuming  that  the  distribution  function  varies  only  slightly  over  such  distances,  we 
have  put  approximately  /;(R„  i^,  J;)  ~ /,(RC,  u,-||,ii)  and  integrated  over  d3Ri.  This  has 
left  in  (60.13)  only  the  integration  over  d3p;\  the  averaging  over  collisions  includes 
integration  over  the  positions  R;.  In  specific  cases  below,  this  averaging  will  be 
expressed  by  means  of  the  appropriate  scattering  cross-section.  ‘Here  we  shall 
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fact  that  the  products  AX  A  J,  AYAJ  (and  the  same  with  Adj  in  place  of  A/)  form  a 
vector  in  the  xy-plane.  Since  there  are  no  preferred  directions  for  the  Larmor 
orbits  in  that  plane,  this  vector  must  give  zero  on  averaging. 

An  important  property  of  the  collision  integral  in  the  drift  variables  is  that  when 
it  is  included  in  the  transport  equation  there  is  a  change  in  the  expression  for  the 
particle  flux  (in  ordinary  space)  in  terms  of  the  distribution  function.  To  see  this, 
we  write  the  transport  eauation  as 


dfe  .  d(V/g)  d  J  dsfl  dse H  dse} 

dt  dRx  dvtK  ge>  dR±  dvt  dJ  ' 


(60.14) 


V  can  be  taken  under  the  differentiation,  since  B  and  E  are  assumed  constant. 
Integration  of  this  equation  over  d3p  gives 


dNJdt  +  divR 


+  sf  i)  d3p  =  0, 


(60.15) 


where  the  suffix  e  to  the  electronic  variables  is  omitted  for  brevity;  Ne  is  the  spatial 
number  density  of  orbits,  and  the  expression  acted  upon  by  divR  is  therefore  the 
flux  of  orbits.  We  see  that  the  ordinary  expression  /  Yfe  d3p  is  augmented  by  the 
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collision  term  /  s ci  d3p,  which  is  essentially  the  diffusion  flux  transverse  to  the 
magnetic  field.  With  this  description,  in  contrast  to  the  ordinary  description  of 
diffusion,  it  appears  directly  in  the  transport  equation. 

When  these  expressions  are  used  we  must,  of  course,  take  account  of  the  fact 
that  the  electric  current  density  is  related  to  the  flux  of  actual  particles,  not  of 
orbits.  According  to  (60.9),  the  flux  of  particles  differs  from  the  flux  of  orbits  by  a 
curl  term  which  represents  the  magnetization.  The  final  expression  for  the  electron 
current  density  is  therefore 

jf  =  —e  J  V/f  d3p  —  {mcfB)  curl  J  feJd'p'j  —  J  esCA  d'p.  (60. 16) 

The  significance  of  the  expression  (60.13)  can  be  appreciated  only  when  the  mean 
values  in  it  have  been  evaluated.  We  shall  show  how  this  done  for  the  case  of  the 
electron  integral  in  electron-ion  collisions. 

The  calculations  are  done  in  different  ways  in  two  ranges  of  values  of  the  impact 
parameters  p,  specified  by  the  inequalities 


(I)  p  <§  rBr,  (II)  rBt  <§  p  <  a.  (60.17) 

The  integrations  with  respect  to  the  parameter  p  will  be  logarithmic,  as  is  usual  for 
Coulomb  scattering.  With  logarithmic  accuracy,  no  distinction  is  necessary  be¬ 
tween  strong  (>)  and  weak  (>)  inequalities.  The  ranges  (60.17)  therefore  cover 
essentially  the  whole  variation  of  the  impact  parameter;  in  accordance  with  (60. 1),  it  is 
of  course  assumed  that  rDe  <  a.  For  the  existence  of  range  I,  it  is  also  necessary  that 
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where  pmin  is  the  impact  parameter  for  which  the  scattering  angle  becomes  ~  I;  we 
are  here  considering  only  the  quasi-classical  case  e2lfivre^>  I. 

We  shall  also  suppose  that  rBi  2:  a.  Then,  for  all  impact  parameters  p  ^  a,  the 
influence  of  the  magnetic  field  on  the  motion  of  the  ions  (in  a  collision)  is 
unimportant:  the  ion  path  is  only  slightly  curved  by  the  field  at  distances  ~  p.  We 
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the  ion  characteristics  Rlf  %  J.t  Then  the  second  term  in  the  braces  in  (60.13) 
vanishes,  so  that  the  electron-ion  part  of  the  electron  current  becomes 


sj“'  =  - iN,<AX„AXp)w’  dfJdXp. 


(60.19) 


The  quantities  (AJ^AX^)  form  a  spatial  tensor  transverse  to  the  field,  which  we 
write  in  the  explicitly  transverse  form 


(AXoAXp)  =  K(ARL)2)(60p  -  babp)  ; 


(60.20) 


+This  cannot  be  done  if  there  are  impact  parameters  such  that  aS>p?>rB^  In  such  collisions,  the  ion 
drifts  in  the  field  of  the  electron,  and  its  large  mass  does  nol  take  effect. 
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the  flux  (60.19)  then  becomes 

stal  -  -jNi<(AR*)?>'n,Vi/e,  (60.21) 


where  V  =  VR-b(b.VR)  is  the  operator  of  differentiation  in  the  directions  trans¬ 
verse  to  b. 

The  expressions  for  the  “velocity  fluxes”  analogous  to  (60.19)  are 


sir*  =  -lNj{(Ar  + {(Aj 

In  equilibrium*  i.e.  for  a  Maxwellian  distribution 


fe  =  constant  x  expj  -  ~r  (:  v\  +  J)j, 


(60.22) 


(60.23) 


the  collision  integral  must  be  zero.  Substituting  (60.23)  in  (60.22)  and  equating  the 
fluxes  to  zero*  we  have 


(A  UjAi)''"  =  =  -(\lv,mj)T>.  (60.24) 


Let  us  first  calculate  the  contribution  from  range  I*  where  the  magnetic  field  can 


be  s 


n r\t  tr\  influ^nr'#1  th  p  cpattprinn  nrrtppee 

■■■■■UV11VV  ‘I.V 


cinpp  rat  c 


ii^h  Hict-mppc  tli  ic 

Vll  UA  HUIIVVJ  llivi  W  ■  ) 


no  appreciable  curvature  of  the  path  for  ions  or  electrons.  The  natural  variable  to 
describe  the  collision  is  then  the  ordinary  momentum  p  of  the  electron,  and  the  diift 
variables  must  be  expressed  in  terms  of  this.  According  to  (60.3)*  (60.  ‘)  and  (60.8), 


r  =  R  —  {\lttnoBe)b  x  px,  Df^Pi/m,  J  =  pL2f2m2. 


Since  the  coordinates  r  of  the  particle,  unlike  the  coordinates  R  of  the  orbit  centre* 
are  unaffected  by  the  collision,  we  hence  find 

AR1  =  (I/mwBr)b  x  q  ,  Aug  =  qrfm>  AJ  =  (I/m2)p  .  qlf  (60.25) 

where  q  is  the  small  change  in  the  momentum  p. 

Denoting  by  the  suffix  I  the  contribution  from  this  class  of  collisions,  we  now 
write 


{(AR_)2)l^,,‘,  =  J  (ARx)2u  da  —  (l/m2cuL)  J  da ,  (60.26) 


where  da  is  the  cross-section  for  scattering  of  an  electron  by  an  ion  at  rest.  With 
da  given  by  (41.6),  the  integration  gives 

<(AR, )2ydl  =  ■  5(1  +  cos2  0), 

m  w  Bev 


(60.27) 
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where  6  is  the  angle  between  v  and  b,  and 

J  ,i  =  lopfmrn„i;L./zf,2t  =  lop  fmi)rJzp2fiinJ  f60.28> 

- -  -  O'  1  t  r /  "  ’OX'  ■  "  -  - Lft  /  \  -  / 

is  the  Coulomb  logarithm  cut  off  at  a  maximum  impact  parameter  p  ~  rse  (the  upper 
limit  of  range  I).  Finally,  expressing  this  result  in  terms  of  the  drift  variables,  we 
have 


/YAP  ^\w~S7rZ  e  c  Lt  vw  +  J 

((ARx)).  -  W 


A  similar  calculation  gives 


{Av,AJ)>ui'  = 


8 7rz2e  L i  Jen 

m2  (uii  +2  J) 


372  > 


(60.29) 


(60.30) 


and  the  remaining  two  quantities  are  determined  from  (60.24). 

Let  us  now  turn  to  range  II.  Here  the  drift  variables  are  the  natural  ones,  and  the 
collision  is  described  as  a  drift  deflection  of  an  orbit  moving  in  the  direction  of  b 
(the  2-direction)  in  the  Coulomb  field  of  the  ion  at  rest.  The  speed  v±  and  therefore 
J  are  not  changed  by  the  drift;  this  in  turn  implies  the  conservation  of  uj,  because 
of  the  conservation  of  energy  in  scattering  by  a  heavy  ion.  Hence  range  II  makes 
no  contribution  to  the  quantities  (60.24). 

The  contribution  to  {(ARX)2)  is  calculated  as 

{(ARx)2]?*  =  (ARx)2|i7|||do-  =  J  (AR1)2|u(||d2p.  (60.3 1) 


where  p  is  the  position  vector  of  the  orbit  centre  (the  value  of  Rx)  before  the 
collision.  The  change  in  Rj  as  the  orbit  travels  in  a  constant  uniform  magnetic  field 
B  and  a  constant  electric  field  E  =  ezR/R1  (the  field  of  the  ion)  is  determined  by  the 
drift  equation 


dRJdt  ~  (c/J9)b  x  E  =  (zecJB)b  x  R^/(R|2  +  /C2)3/2;  (60.32) 

see  (60.6).  In  the  first  approximation,  we  can  put  on  the  right  of  this  equation  RI  p, 
R\  —  U||f.  The  total  change  in  Rx  in  a  collision  is  found  by  integrating  (60.32)  with  respect 
to  r  from  to  oo,  and  is 


ARX  =  (2zecf B\v\^)b  x  pip2.  (60.33) 

Substituting  this  expression  in  (60.31)  and  carrying  out  the  integration  (with 
logarithmic  accuracy,  corresponding  to  the  limits  of  range  II),  we  find 

{(ARJ2)‘h  1  =  8irZ2e2c2L,i/B2|u,|,  L„  =  log(  a/i-*).  (60.34) 

The  contributions  (60.29)  and  (60.34)  are  in  general  of  the  same  order  of 
magnitude: 

N,<( ARj_)2)-  veir2Be, 
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where  v*  is  the  mean  electron-ion  collision  frequency.  The  particular  feature  of 
(60.34)  is  that  it  becomes  infinite  as  vg-»0,  whatever  the  value  of  The  physical 
significance  of  this  divergence  is  that  when  the  speed  uj  is  small  the  orbit  spends  a 
long  time  in  the  field  of  the  ion,  during  which  the  drift  carries  it  to  a  great  distance. 

In  reality,  of  course,  formula  (60.34)  becomes  invalid  when  ug  is  small,  for  a 
variety  of  reasons:  (1)  if  ref  $>  a,  then  for  |ug|<§t>n  the  ion  can  leave  the  electron 
during  the  collision  time,  and  this  mechanism  cuts  off  the  divergence  at  |n|||  ~  pTi;  (2) 
in  deriving  the  formula,  it  is  always  assumed  that  |ARX|  p;  (3)  the  orbit  can  leave 
the  ion  in  question  because  of  drift  in  the  field  of  other  particles  (a  three-body 
collision). 

The  above  formulae  solve  the  problem  of  constructing  the  transport  equation  in 
the  drift  approximation.  In  particular,  it  enables  us  to  find  the  transport  coefficients 
for  the  plasma  in  the  first  non-vanishing  approximation  with  respect  to  1/J3;  see 
Problem  1. 

Lastly,  it  has  to  be  explained  how  the  integration  over  d2p  formally  restores  the 
symmetry  under  time  reversal,  as  already  utilized  in  writing  (60.13).  The  loss  of  this 
symmetry  is  shown  by  the  change  in  sign  of  the  deflection  ARX  in  (60.33)  when  the 
direction  of  B  is  reversed.  The  previous  sign  can  be  restored,  however,  by  changing 
the  sign  of  the  integration  variable,  p->  —  p,  so  that  the  change  in  the  sign  of  B  can 
have  no  effect  in  this  approximation.  (In  range  I,  the  magnetic  field  never  affects 
the  scattering  process.) 


PROBLEMS 


Proum-m  I.  In  the  drift  approximation,  determine  the  Hall  coefficient  {3i  and  the  transverse 
conductivity  tr±  of  the  plasma  (S.  T.  Belyaev.  1955). 

SuLu  now.  Considering  a  puisnia  wilh  an  electron  density  gradient  (but  with  no  elecinc  field  or 
temperature  gradient),  we  assume  ihe  distribution  function  /,  Maxwellian  in  (60.16)  and  (60.21), 
obtaining 


j  =  (cTIB)b  x  VN,  +  eD 
the  transverse  diffusion  coefficient  being 


D  =\N,{( AR^2), 

where  the  bar  denotes  averaging  over  the  Maxwellian  distribution  of  the  electrons.  On  comparing  with 
the  general  expression  (58.13),  we  find  in  the  first  approximation  with  respect  to  I jB  the  previous 
expression  (59.8)  for  In  the  next  approximation, 

tr.  =  Tle2Ntm2D (1) 

In  range  II  (see  (60.17)),  we  take  ((ARi)2)  from  (60.34).  With  logarithmic  accuracy, 

|r  I'1  =  (m/2irT),n  [  exp(-mvil2T)dv}J\v^ 

“  2(m/27rT),/2  log(iWe™n), 

where  vm,n  is  determined  by  one  of  the  mechanisms  mentioned  at  the  end  of  the  section.  For  example, 
putting  Umin  vT i,  we  find 


D*1  =  [QiTmfhWKIT l,2B2]  log  (M/m)  log  (o/rB<). 


(2) 
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Similarly,  taking  ((ARL)2)  from  (60.27),  we  find  the  contribution  to  the  diffusion  coefficient  from  range  I: 

Di  =  [4(27rru  )u~z‘e2c2N,l3TulB2[  log(fni)  iv/ze2wn,).  (3) 

If  the  inequality  (59.10)  opposite  to  (60.1)  is  assumed  to  be  satisfied,  then  range  II  does  not  exist,  and 
the  logarithm  in  (3)  is  replaced  by  its  ordinary  Coulomb  value  (41.10).  Then  substitution  of  (3)  in  (I) 
gives  formula  (59.15)  for  fr.. 

PrObllm  2.  Determine  the  transverse  diffusion  coefficient  D.  for  collisions  between  electrons  and 
neutral  atoms. 

Solution.  Because  the  electron-atom  interaction  is  short-range,  there  is  only  range  I,  in  which  u  is  to 
be  taken  as  the  size  of  the  atom.t  Formula  (60.26)  also  remains  valid,  but  we  must  now  substitute  in  it 
[lie  cross-section  for  electron  scattering  by  a  neutral  atom.  After  integration  over  angles,  D  is 
expressed  in  terms  of  the  transport  cross-section  m  for  this  scattering: 

Dl  =  jR/fAK,)')  =  (N„/2wL) 

where  N„  is  the  number  density  of  atoms.  With  the  cross-section  tn  independent  of  the  electron  speed, 
we  have  on  averaging  over  the  Maxwellian  distribution 

D  -  *  pjY’N,.* 

3  V  7T  \  fll  /  Wfle 


tThere  may  be  some  doubt  as  to  the  applicability  of  the  collision  integral  (60.12)  for  scattering  by  a 
short-range  potential,  which  of  course  occurs  with  angles  of  the  order  of  unity.  It  is  easy  to  see. 
however,  that  in  this  problem  only  the  change  in  position  of  the  orbit  centre,  A R±  ~  rse,  need  be  small  in 
comparison  with  the  characteristic  distances  over  which  the  electron  density  varies;  this  corresponds  to 
the  condition  for  the  equation  of  transverse  diffusion  to  be  applicable  (cf.  the  end  of  §59). 


CHAPTER  VI 


INSTABILITY  THEORY 


§61.  Beam  instability 


According  to  the  results  of  §34,  the  amplitude  of  a  perturbation  wkh  wave  vector 
k  in  a  homogeneous  unbounded  medium  has  the  asymptotic  form  (a  ^  t  -*  '■&) 

eitilivn.  (61,1) 


where  w(k)  is  the  frequency  of  waves  propagating  in  the  medium.  In  particular,  for 
longitudinal  waves  in  a  plasma  the  frequencies  w(k)  are  the  roots  of  the  equationt 

6i(w,  k)  =  0.  (61.2) 


The  frequencies  w(/c)  are  in  general  complex.  If  the  imaginary  part  im  cu  =  —  y  < 
0,  the  perturbation  is  damped  in  the  course  of  time.  If,  however,  y<0  in  some 
range  of  k,  such  perturbations  grow!  the  medium  is  unstable  with  respect  to 
oscillations  in  that  range  of  wavelengths,  and  |y|  is  then  called  the  instability  growth 
rate.  We  should  emphasize  immediately  that,  in  referring  to  an  “unlimited*’  in¬ 
crease  of  the  perturbation,  as  exp(|y|f),  we  are  considering  here  and  subsequently 
only  the  behaviour  in  the  linear  approximation.  In  reality,  of  course,  the  increase  is 
limited  by  non-linear  effects. 

In  a  collisionless  plasma,  the  imaginary  part  of  the  frequency  is  due  to  Landau 
damping.  The  thermodynamic  equilibrium  state  of  the  plasma,  corresponding  to  the 
absolute  maximum  of  the  entropy,  is  stable  with  regard  to  any  perturbation. 
However,  it  has  already  been  noted  in  §30  that,  for  non-equilibrium  distributions  in 
plasmas,  the  absorption  of  energy  of  the  oscillations  may  be  replaced  by  am¬ 
plification.  This  is  shown  by  the  appearance  of  a  range  of  values  of  the  independent 
variables  k  and  to  (to  >  0)  in  which  the  imaginary  part  of  the  permittivity  is 


negative;  e"(to.  k)<0-  It  must  be  emphasized,  however,  that  the  existence  of  such 
ranges  does  not  in  itself  necessarily  signify  that  the  plasma  is  unstable  (at  least  in 
the  linear  approximation);  some  branch  of  the  plasma  oscillation  spectrum  must 
also  actually  fall  in  this  range. 

A  typical  instance  of  instability  is  afforded  by  a  directed  beam  of  electrons 
passing  through  a  plasma  at  rest  (A.  I.  Akhiezer  and  Ya.  B.  Fainberg  1949,  D. 
Bohm  and  E.  P.  Gross  1949).  The  beam  is  assumed  to  be  electrically  compensated: 


tFor  an  anisotropic  plasma,  this  dispersion  relation  refers  to  quasi-longitudinal  “slow*'  waves  (see 
§32). 
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the  sum  of  the  electron  charge  densities  in  the  plasma  and  the  beam  is  equal  to  the 

l  A  n  donrifif  in  tli  a  nlnrmn  T'Via  rur*  om  f  r  k  Am  AnAnfiAlir  IlnKAIlvl/lArl  i  A 

IOI1  vntu  gV/  UWU^II^  ill  Lliw  ^laoilia.  ^  y  ^5LV^I1 1  1 1  Ul  1  i  ug,  V/I1V/UUJ  anu  UIIUVUIIUVU,  i.v. 


both  the  beam  and  the  plasma  extend  throughout  space,  and  the  directed  velocity  V 
of  the  beam  is  everywhere  the  same.  We  shall  assume  that  V  is  non-relativistic. 

Let  us  first  suppose  that  both  the  beam  and  the  plasma  are  cold,  i.e.  that  the 
thermal  motion  of  their  particles  is  negligible.  The  necessary  condition  for  this  will 
be  ascertained  later. 

In  the  electron  oscillation  frequency  range,  the  longitudinal  permittivity  of  the 
plasma-beam  system  has  the  form 


n 2  O'2 

e(Uk)~  1  -  (61.3) 

oj  (w  -  k  *  V) 

The  first  term  on  the  right  corresponds  to  the  plasma  at  rest;  =  (47 re2Nc/m)1/2  is 
the  corresponding  electron  plasma  frequency.  The  second  term  is  due  to  the  beam 
electrons.  In  a  frame  of  reference  K '  moving  with  the  beam,  the  contribution  of  the 
beam  electrons  to  ti  -  1  is  -(HZ/wY,  where  o'  is  the  oscillation  frequency  in  that 
frame,  and  (1/  =  (47re2N£7m)1/2  (Ne*  being  the  electron  density  in  the  beam).  On 
return  to  the  original  frame  K,  the  frequency  a/  is  replaced  by 

w'=w-k*V,  (61.4) 


and  we  have  (61. 3).  t 

We  shall  assume  the  beam  density  to  be  small,  in  the  sense  that 

(61.5) 

and  so  Then  the  presence  of  the  beam  changes  only  slightly  the  principal 

branch  of  the  spectrum  of  longitudinal  oscillations  of  the  plasma,  i.e.  the  root  of  the 
dispersion  relation  =  0  for  which  w  As  well  as  this  branch,  however, 

another  branch  appears,  on  account  of  the  presence  of  the  beam,  which  we  have 
now  to  consider. 

In  order  that  the  term  with  the  small  numerator  fle'2  should  not  disappear  from 
the  dispersion  relation 


n2  LV2 

-  k  -  V)2  1 


(61.6) 


this  smallness  must  be  compensated  by  that  of  the  denominator.  We  therefore  seek 
the  solution  in  the  form  w  =  k  *  V  +  8,  where  5  is  small.  The  equation  then  becomes 


n2  n;2 

(k*  V)1  +  ~Sr 


(61.7) 


tThe  law  of  transformation  for  the  frequency  is  easily  found  by  transforming  the  phase  factor  of  the 
wave.  The  position  vector  of  a  point  in  the  frame  K'  is  r'  =  r  —  Vf.  Hence 


k  ■  r  —  tot  =  k  *  r'  —  (to  —  k  *  V)f  =  k  ■  r'  -  to't. 
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whence 


IV 

8=  ±[l  —  (11,/k  ■  V)2]'  2’  (61’8) 

the  condition  S  <  k  *  V  requires  that  |k  *  V|  should  not  be  too  close  to  fle.  The 
assumption  that  the  plasma  is  cold  implies  that  kvTe  <  to,  and  in  the  present  case 
therefore  that  t>7v  ^  V:  the  speed  of  the  beam  is  much  greater  than  the  thermal 
speed  of  the  plasma  electrons. 

If  (k  *  V)2  >  fle2,  then  both  roots  (61.8)  are  real,  and  the  oscillations  do  not  grow. 
If,  however, 

(k*V)2<!V,  (61.9) 


the  two  values  of  S  are  imaginary,  and  the  one  for  which  im  to  =  im  8  >  0  cor¬ 
responds  to  growing  oscillations.  The  system  is  thus  unstable  with  respect  to 
oscillations  having  sufficiently  small  values  of  k  •  V. 

A  different  situation  occurs  when  the  thermal  motion  of  the  electrons  is  taken 
into  account.  In  the  general  case,  we  have  in  place  of  (61.3) 

e,(to,  k)  =  €  [^(to,  k) -  a;2/(w  -  k  ■  V)2,  (6 1. 10) 

where  ’ejp,,  pertains  to  the  plasma  in  the  absence  of  the  beam.  Solving  the  equation 
ei  =  0  by  the  same  method,  we  now  find 

8  =  ±  fle'li^fk  ■  V,  k)]1/2.  (6L1 1 ) 


n _ ^ c  i - 1 .. . .  —  , (pi)  „i„, — /f  i.\ 

Dcwuac  ui  me  Lidiiutiu  utimjjiiig,  diwciycs  iiacs  tin  iiiicigiiuii  y  jjtii  l  ^iui  tiny  ivj. 

Consequently,  5  is  always  complex,  and  by  virtue  of  the  double  sign  in  (61.11) 
imS>0  for  one  branch  of  the  oscillations,  i.e.  these  are  unstable.  For  large  V, 
corresponding  to  the  cold-plasma  case  discussed  above,  the  part  of  im  due  to  the 
Landau  damping  becomes  exponentially  small,  and  we  return  to  (61.8). 

In  the  above  analysis,  the  thermal  spread  of  electron  speeds  in  the  beam  has 
been  neglected.  This  is  justifiable  if  the  amount  of  it 


vre<\8\fk. 


(6  M2) 


PROBLEMS 


Prorlfm  L  Determine  the  boundary  of  the  beam  instability  region  in  a  cold  plasma  for  values  of 
k  ■  V  close  to  Slr. 

Solu  i  ion.  For  small  values  of  (k  ■  V)2  —  it?.  (61.7)  is  insufficiently  accurate.  Retaining  the  term  of  the 


npvi  oti Ipr 


—  n 


n;2  nt2  2q2g  _  2(k-  v-a)  2g 
(k  •  V)7  +(k  -  V)1  a  iv 


With  new  variables  £  and  t  defined  by 

6  =  £ (in;2a),n,  t  =  (2in?nt)u\k  ■  v  -  a>. 
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wc  reduce  this  equation  to 


^+7^=1 


U) 


(taking  the  particular  case  where  k  ■  V  is  close  to  +  ft,.  not  to  —Ilf).  All  three  roots  of  equation  (I)  are 
real  if  t  >  3.2  and  this  determines  the  instability  region.  Two  of  them  correspond  to  the  two  roots  of 
(61,6),  and  the  other  corresponds  to  the  oscillation  frequency  of  the  plasma  at  rest,  which  is  close  to 
them  if  ft,  =  k  ■  V. 

pROnt.fcM  2.  Investigate  the  stability  of  ion-sound  waves  in  a  two- temperature  plasma  (T,  5>T,)  in 
which  the  electron  component  moves  relative  to  the  ion  component  with  a  macroscopic  velocity  V.  and 


V  <s  l't,. 

CrM  I 


Wit  I,  i ho  i  nn,l!tiVin  V  iKa  flirpriwl  misiirm  <sf  th*»  flf»f'trnnc  h.K  littlp  pffrrt  on  the 


dispersion  relation  for  the  ion-sound  waves,  which  is  again  given  by  (33,4): 


to_(zTr\,n  I 

k  \  M  )  (I  +fcV)": 


(2) 


I  he  electronic  part  of  the  damping  rate  is  found  from  (33,6)  by  the  change  (61.4): 

y  =  (k  1  V  -  (o)(TTzm/8M )* '  (3) 

I'he  instability  condition  is  k‘V>w;  for  this  to  be  so,  we  must  always  have  V w/fc.  Near  the 
instability  limit,  the  factor  k  •  V  -  w  in  (3)  is  small,  and  it  may  then  be  necessary  to  take  account  in  y  of 
the  ionic  part  of  the  damping,  which  in  ordinary  conditions  is  small. 


§62.  Absolute  and  convective  instabilities 

If  the  dispersion  relation  has  roots  in  the  upper  half-plane  of  w,  a  small  initial 
perturbation  in  the  form  of  a  plane  wave  will  grow,  i.e.  the  system  is  unstable  with 
respect  to  such  a  perturbation.  In  reality,  however,  any  initial  perturbation  is  a 
wave  packet  of  finite  extent  in  space,  and  the  plane  waves  are  only  its  separate 
Fourier  components.  In  the  course  of  time,  the  packet  spreads  out,  and  its 
amplitude  (in  an  unstable  system)  increases.  Simultaneously  it  moves  in  space,  like 
any  wave  packet.  Here  there  are  two  possibilities. 

In  one  case,  regardless  of  the  movement  of  the  packet,  the  perturbation  increases 
without  limit  at  every  point  in  space.  This  is  called  absolute  instability.  In  the  other 
case,  the  packet  moves  so  quickly  that  the  perturbation  tends  to  zero  as  t  ->  «  at 
any  fixed  point;  this  is  convective  instability. 

We  must  emphasize  immediately  that  this  difference  is  a  relative  one,  in  the 
sense  that  the  nature  of  the  instability  has  to  be  defined  in  relation  to  a  particular 
frame  of  reference,  and  may  be  different  in  different  frames;  an  instability  con¬ 
vective  in  one  frame  becomes  absolute  in  a  frame  moving  with  the  wave  packet, 
and  an  absolute  instability  becomes  convective  in  a  frame  that  moves  sufficiently 
rapidly  away  from  the  packet. 

This,  however,  does  not  mean  that  the  difference  between  the  two  types  of 
instability  has  no  physical  significance.  In  actual  problems,  there  is  always  an 
experimentally  preferred  frame  of  reference  relative  to  which  the  instability  is  to 
be  considered.  The  permissibility  of  regarding  a  physical  system  as  infinite  in 
extent  does  not  exclude  the  fact  that  it  really  has  boundaries  such  as  walls,  which 
constitute  a  laboratory  frame  of  reference.  Moreover,  the  actual  boundedness  of 
the  system  may  have  the  result  that  in  convective  instability  the  perturbation  is 


unable  to  develop  before  the  packet  is  carried  out  of  the  system  (tor  example,  by 
the  flow  of  liquid  in  a  pipe). 

The  theory  below,  which  leads  to  criteria  distinguishing  the  two  types  of 
instability,  is  a  very  general  one.'!'  The  system  may  be  any  that  is  homogeneous  and 
infinite  in  at  least  one  (the  x)  direction.  We  shall  therefore  not  specify  here  the 
nature  of  the  medium  and  the  perturbation  in  it,  denoting  the  latter  by  some  ip{t,  r) 
and  considering  only  the  case  of  a  one-dimensional  packet.  For  a  three-dimensional 
system,  this  means  that  the  perturbations  considered  have  the  form 

ip{t,  r)  = 


with  given  ky  and  L, 

Let  us  express  i/df,  jc)  as  a  one-sided  Fourier  expansion  with  respect  to  the  time 
from  t  =  0  (the  instant  when  the  perturbation  arises)  to  t  ~  =°.  The  components  will 
be  denoted  by  tp(w,  x): 


(p(w,x)  = 


(62.1) 


We  shall  have  to  consider  perturbations  which  increase  as  t  ->  °c.  We  shall  assume, 
what  is  in  fact  true,  that  this  increase  is  not  more  rapid  than  an  exponential 
exp(cr0f).  Then  the  integral  (62.1)  can  be  made  to  converge  by  regarding  w  as  a 
complex  quantity  with  im  w  =  cr  >  cr0,  In  this  region,  <p(w,  jc)  has  no  singularity  as  a 
function  of  the  complex  variable  w,  In  the  region  im  w<  tr0,  however,  c p(tu,  jc)  is  to 
be  treated  as  an  analytical  continuation,  and  here  it  has  singularities,  of  course. 
The  inverse  expression  for  ip(t9x)  in  terms  of  its  Fourier  transform  is 

r^+it t  j 

i/f(i,  x)=  |  F"V(o),x)^,  (62,2) 

J  *+w 


with  cr  >cr0,  so  that  the  contour  of  integration  (which  we  shall  call  the  w-contour) 
passes  above  all  singularities  of  tp(w,  x)  in  the  upper  half-plane  of  w. 

The  function  <p(to9x)  in  turn  can  be  expanded  as  a  Fourier  integral  with  respect 
to  the  coordinate  x: 


(p(co,  \)  =  J  I /r!5  e,kx  ((  2.3) 

for  brevity,  the  suffix  in  kx  is  omitted . 

The  function  is  obtained  in  each  specific  case  by  solving  the  linearized 
“equations  of  motion”  of  the  system  concerned: 


«/'LV-g„JA(w,k), 


(62.4) 


tSuch  a  criterion  was  first  established  by  p.  A,  Sturrock  (1958).  The  formulation  given  below  is  due  to 
R*  J-  Briggs  (1964),  whose  analysis  we  shall  largely  follow  in  §§62-64. 
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where  is  determined  by  the  initial  perturbation,  and  A(co,  k )  is  a  characteristic  of 
the  system  itself.  For  example,  in  a  plasma  the  “equation  of  motion”  is  the 


uanspui  L  equation,  A(u»,  k)  IS  the  longitudinal  permittivity  of  the  plaSma,  and  g^t  IS 
expressed  in  terms  of  the  Fourier  component  of  the  initial  perturbation  by  (34. 12). 

We  shall  assume  that  gwJi  as  a  function  of  the  complex  variables  oi  and  k  has  no 
singularity  for  finite  values  of  these  variables,  i.e.  is  an  entire  function  of  them.t 
Then  all  the  singularities  of  are  singularities  of  the  factor  I/A(cu,  k).  The 
equation 


A(co,  k)  =  0 


(62.5) 


is  the  dispersion  relation  of  the  system.  Its  roots  co(k)  give  the  frequencies  of 
oscillations  with  specified  (real)  values  of  the  wave  number  k .  As  we  have  seen  in 


§34,  it  is  these  frequencies  which  determine  the  asymptotic  (as  t 


Oct  I: 


rtf  tii 


variation  of  the  Fourier  component  of  a  perturbation  with  a  specified  value  of  k: 

ipk(t)  a  =  c-iV(kJ!+w"<fc)^ 

On  this  basis,  the  determination  of  the  asymptotic  law  of  variation  of  the  pertur¬ 
bation  at  a  given  point  in  space  would  require  the  investigation  of  the  integral 


i Hk  x) 


j 


e~'",uV 


"(k)  ’eikx  dk. 


(62.6) 


In  the  presence  of  instability,  when  a r(k)  >  0  for  some  range  of  values  of  kt  one 
factor  in  the  integrand  increases  without  limit  as  t  ->  °°,  and  the  other  oscillates 
indefinitely  rapidly.  These  opposite  tendencies  make  it  difficult  to  estimate  the 
integral. 

Instead,  let  us  return  to  the  form  (62.2)  for  i p{t,x),  before  the  integration  with 
respect  to  tu  is  carried  out.  We  move  the  w-contour  downwards  until  it  “catches” 
on  the  first  (the  highest,  i.e.  with  the  largest  w")  singularity  of  9(01,  jc);  let  this  point 
be  at  to  =  coc  (it  will  become  clear  that  cot.  is  independent  of  x).  Evidently,  the 
asymptotic  value  of  the  integral  is  determined  by  the  neighbourhood  of  that  point, 
so  that 


.t.f* 

tp\l.  A) 


_  _ _ /  „  rr,\ 

e  '  —  ^Apv  “  1U2,  I  ~r  UJ(  I ). 


ft.'l  r7\ 
>  } 


If  cotw>0,  the  perturbation  increases  at  any  fixed  point  x,  i.e.  the  instability  is 
absolute,  but  if  coc"<0  the  perturbation  tends  to  zero  at  a  fixed  point,  i.e.  the 
instability  is  convective.  Thus  the  required  criterion  involves  simply  a  deter¬ 
mination  of  OJc. 

The  function  9(01,  x)  is  given  by  the  integral  (62.3)  with  i/^’  from  (62.4): 


ilex  dfc 

A(co,  k)  277* 


(62.8) 


tFor  this  to  be  so,  it  is  always  necessary  that  the  initial  wave  packet  should  diminish  in  space 
sufficiently  rapidly  (faster  than  exp(-a|x|)). 
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Since  is  assumed  to  be  an  entire  function  of  k ,  the  singularities  of  the  integrand 
as  a  function  of  the  complex  variable  k  are  at  the  singularities  of  1/A(w,  k);  these 
are  usually  poles,  the  roots  k(w)  of  (62.5). 

For  some  value  of  co,  a  point  on  the  co-contour,  with  a  sufficiently  large  positive 
imaginary  part  w"  =  cr,  let  the  singularities  lie  in  the  k-plane  as  shown  in  Fig.  22: 
some  in  the  upper  and  some  in  the  lower  half-plane.  The  contour  of  integration 
with  respect  to  k  in  (62.8),  which  we  call  the  k-contour,  lies  along  the  real  axis.  We 
now  modify  w  by  gradually  reducing  w".  The  singularities  move  in  the  k-plane  and  may 
reach  the  real  axis  for  some  w.t  These  values  of  w  are  not  singularities  of  the 
function  <p( co,  k):  there  is  no  objection  to  moving  the  k-contour  in  such  a  way  as  to 
remove  it  from  the  neighbourhood  of  singularities  that  have  crossed  the  real  axis, 
as  shown  in  Fig.  22b.  A  singularity  of  the  integral  occurs,  however,  if  two  moving 
singularities  come  close  together  and  pinch  the  contour  of  integration  between 
them,  thereby  eliminating  the  possibility  of  removing  this  contour  from  their 
neighbourhood  (Fig.  22c). 

Thus  the  value  of  to  which  determines  the  nature  of  the  stability  is  chosen  from 
among  those  such  that  two  roots  k(to)  of  the  dispersion  relation  fall  together.  Only 
cases  such  that  the  two  roots  approach  from  opposite  sides  of  the  k-contour  are  to 
be  considered;  that  is,  as  to"-*0  these  roots  must  lie  on  opposite  sides  of  the  real 
axis.  Note,  incidentally,  that  the  values  of  wc  must  be  independent  of  jc,  since  they 
are  determined  solely  by  the  properties  of  the  function  1/A(w,  k). 

When  two  simple  roots  of  the  equation  coincide,  a  double  root  is  formed,  near 
which  the  dispersion  relation  is 

A(w,  k)  ~  (cu  -  eoc)(3A/dcu)c  +|(/c  -  k,)\S2AI  dk2)c  =  0,  (62.9) 

so  that  k  —  kc  “  -  (oj  —  (u,  At  the  point  OJ  =  (u, ,  the  function  co(fc)  satisfies  the 


(a)  lb) 

Fig.  22, 


+For  an  unstable  system,  the  singularity  must  reach  the  real  axis  of  k  while  w">0,  at  least  for  some 
range  of  values  of  w\  since  there  are  certainly  roots  of  A («,  k)  =  0  such  that  w">0  for  real  k. 

iln  some  cases  there  may  be  a  coincidence  of  a  still  larger  number  of  roots,  forming  a  multiple  root  of 
higher  order.  Such  cases,  however,  can  in  general  occur  only  for  particular  values  of  the  parameters  of 
the  system,  since  they  impose  additional  restrictions  on  the  points  toe,kc:  in  the  expansion  of  A(w,  fc), 
other  coefficients  besides  (dA/dk)t  must  be  zero. 
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condition 


dajjdk  -  0,  (62.10) 

i.e.  to£.  is  a  saddle  point  of  the  analytic  function  to(k). 

The  integral  (62.8)  taken  over  the  neighbourhood  of  the  point  k  —  kc  is 

(62,,) 

the  function  <p(co,  x)  thus  has  a  square-root  pole  at  to  =  toc.  The  integral  (62.2),  taken 
now  over  the  neighbourhood  of  the  point  co  =  tof,  as  a  function  of  r  and  x,  has  the 
form 


(//(f,  x)  «  e  i{^  (62.12) 

since  this  asymptotic  expression  has  been  derived  for  t  -»  °o  and  fixed  x,  it  is  valid 
only  if  |krx|  <§  |coct|. 

Although  the  coalescence  of  roots  of  the  dispersion  relation  is  the  principal 
source  of  singularities  of  (p(to,  x)  (and  usually  determines  the  nature  of  the 
instability),  another  type  of  singularity  may  be  mentioned,  which  occurs  at  a 
frequency  for  which  the  root  |k|  °°.t  The  imaginary  part  of  such  a  frequency  toc, 

however,  is  in  practice  always  negative  and  therefore  certainly  cannot  cause 
absolute  instability  (if  toc"  were  positive,  the  system  under  consideration  would  be 
unstable  with  respect  to  oscillations  of  infinitesimal  wavelength).  We  shall  meet 
such  a  case  later;  see  (63.10). 

As  has  already  been  emphasized,  an  instability  convective  in  one  frame  of 
reference  (the  laboratory  frame)  may  be  absolute  in  another  frame.  Let  us  seek  the 
speed  V  of  the  frame  in  which  the  instability  is  absolute  and  has  the  greatest 
growth  rate. 

The  change  from  the  laboratory  frame  to  one  moving  with  speed  V  is  made  by 
changing  w  tow  —  kV  in  all  formulae.  As  we  have  seen,  the  value  toc  corresponds 
to  the  instant  when,  as  to"  decreases  on  the  to -contour,  two  poles  of  the  function 
I/A(to,  k)  in  the  k-plane  coalesce,  and  these  poles  must  approach  from  opposite 
sides  of  the  real  axis,  so  that  one  of  them  must  first  cross  that  axis.  Let  comax 
denote  the  maximum  value  of  to"  (independent  of  V)  for  real  k.  Since  toc"(k,  V)  is 
certainly  less  than  the  value  of  to"  at  which  the  pole  crossed  the  real  axis,  we  have 
toc"(k,  V)  ^  to 'mu*  for  all  V.  This  means  that  the  highest  value  of  toc"  is  reached  if  the 
poles  coalesce  on  the  real  axis  at  the  maximum  of  to"(k).  Replacing  to(k)  by 
to(k)~  kV  in  (62.10),  and  separating  the  real  and  imaginary  parts  of  the  equation 


tSuch  a  root  causes  an  essential  singularity  of  x).  For  example,  if  according  to 

k  "  =  C(o)  -  wt),  the  contribution  from  the  neighbourhood  of  the  singularity  to  the  integral  (62.8)  is 


r  > 
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(for  real  k),  we  find  two  equations: 


dcj,rldk  =  0 ,  (62.13) 

V  =  du)'ldk.  (62.14) 

Thus  the  greatest  growth  rate  of  the  instability  is  given  by  the  maximum  value  of 
to"(k)  as  a  function  of  real  k.  The  speed  of  the  frame  of  reference  in  which  such  an 
instability  occurs  is  determined  by  the  corresponding  value  of  dto'ldk.  This  value  of 
V  may  naturally  be  taken  to  define  the  group  velocity  of  the  wave  packet  in  a 
convectively  unstable  medium. 

§63.  Amplification  and  non-transparency 

So  far,  we  have  considered  instability  problems  as  regards  the  development  with 
time  of  a  perturbation  specified  in  space  at  some  initial  instant.  The  Fourier 
expansion  of  such  a  perturbation  includes  components  with  real  values  of  the  wave 
vectors  k,  and  their  time  dependence  is  governed  by  the  frequencies  w(k),  the 
complex  roots  of  the  dispersion  relation. 

There  is,  however,  another  possible  formulation  of  the  instability  proble  i,  in 
which  we  consider  a  perturbation  set  up  with  a  specified  time  variation  in  some 
region  of  space.  The  Fourier  expansion  of  such  a  perturbation  contains  com¬ 
ponents  with  real  frequencies  w,  and  their  propagation  in  space  is  governed  by  the 
wave  numbers  k(to)  found  by  solving  the  dispersion  relation,  this  time  for  k; 
correspondingly,  the  wave  numbers,  not  the  frequencies,  are  complex.  (As  in  §62, 
we  are  considering  a  one-dimensional  problem,  and  therefore  write  k^  kx  in  place 
of  the  vector  k.) 

The  fact  that  the  wave  numbers  are  complex  may  have  various  meanings.  In 
some  cases  it  may  simply  mean  that  the  relevant  waves  cannot  propagate  in  the 
medium  (non-transparency):  in  other  cases  it  may  signify  amplification  of  the 
waves  by  the  medium  as  they  propagate  from  the  source.  We  must  emphasize  at 
once  that  the  sign  of  im  k  certainly  cannot  be  the  criterion  for  distinguishing 
between  these  two  possibilities:  the  waves  can  propagate  in  the  positive  and  the 
negative  x-direction,  and  a  change  in  the  direction  of  propagation  is  equivalent  to  a 
change  in  the  sign  of  k. 

It  is  physically  obvious  that  only  an  unstable  medium  can  amplify,  llcnco,  for 
example,  it  is  clear  immediately  that  there  is  non-transparency  for  transverse 
electromagnetic  waves  in  a  plasma  with  dispersion  relation  to2  =  Oe2+  c2k2  (see  §32, 
Problem  1)  at  frequencies  to  <He,  for  which  k(to)  is  imaginary:  the  function  to(k) 
given  by  this  equation  is  real  for  all  real  k,  so  that  the  system  is  certainly  stable. 

For  an  exact  formulation  of  the  problem  let  us  consider  a  point  source  as  regards 
the  coordinate  x,  called  a  signal ,  which  starts  at  t  =  0  and  thereafter  creates  a 
monochromatic  perturbation  t j/  (with  some  frequency  co0),  called  the  response  of 
the  system  to  the  signal.  The  source  strength  is  then 

g(f,  x)  =  0  for  f<0, 

=  constant  x  S(x)e~lt,D'  for  f>0. 


(63.1) 
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We  shall  not  specify  the  physical  nature  of  the  perturbation  *p,  nor  therefore  that 
of  the  source  strength  g.  The  only  important  point  is  that  the  wk-components  of  the 
perturbation  are  determined  from  the  source  by 

=  g„kl&( co,  k).  (63.2) 

This  expression  is  derived  from  the  inhomogeneous  linearized  “equation  of 
motion”  of  the  system,  in  which  g(f,  x)  acts  as  the  “right-hand  side”,  just  as  (62.4) 
was  the  solution  of  the  homogeneous  equation  with  the  initial  condition  specified 
by  the  function  g(0,  x).  The  source  (63.1)  ist 

=  constant/i(w  -  w0).  (63.3) 

The  function  ip(t,  x)  is  then  found  from  the  inversion  formula 

fco+itr  p~lc,f  A.  , 

t//(f,  x)  =  constant  x  <$(w,  x)  - -:r— ,  (63.4) 

J-ffi+kr  Wo)  ZlT 

f"  PlVx 

(63‘5) 

This  expression  necessarily  satisfies  the  equation  i p(t,  x)  =  0  for  t  <  0  in  accordance 
with  the  conditions  of  the  problem:  the  perturbation  occurs  only  after  the  source 
comes  in  at  r  =  0. 

The  problem  is  now  to  find  the  asymptotic  expression  for  ip(t,  x)  far  from  the 
source  (jx|-»=e)  jn  steady  conditions,  i.e.  at  a  long  time  after  the  source  begins  to 
operate  (r-»*).  If  the  perturbation  then  tends  to  zero  as  x->±°°,  we  have 
non-transparency:  if  it  increases  in  one  or  other  direction  from  the  source,  there  is 
amplification.  In  either  case,  we  can  evidently  speak  of  only  a  convectively 
unstable  (or  a  stable)  system.  With  absolute  instability,  the  perturbation  increases 
without  limit  in  the  course  of  time  at  every  point  in  space,  so  that  no  steady 
conditions  can  possibly  be  reached. 

To  find  the  required  asymptotic  form,  we  note  first  of  all  that  the  asymptotic  limit 
f-*cc  must  be  taken  before  |x|^>°o:  since  the  perturbation  cannot  propagate  to 
infinity  in  a  finite  time,  ip  0  as  |x|  -»  °o  for  finite  f. 

As  in  §62,  we  move  the  contour  of  integration  with  respect  to  to  in  (63.4) 
downwards  in  order  to  get  the  asymptotic  expression  as  t  -> ».  The  analytical 
properties  of  <J>(oj,  x)  are  similar  to  those  of  cp(w,  x)  in  §62.  Since  the  system  is 
assumed  only  convectively  unstable,  x)  has  no  singularity  in  the  upper 
half-plane  of  tu,  and  the  highest  singularity  of  the  integrand  in  (63.4)  is  the  pole 
w  =  w0  on  the  real  axis.  Hence  the  asymptotic  form  as  t  00  is 

i Hf,  x)  a  ^'“^(wo,  *)-  (63.6) 


tin  calculating  it  must  be  remembered  that  the  integration  in  the  inverse  Iransformation  formula  is 
taken  along  a  contour  with  imw>0;  hence  e'ut  ->0  as  I  -» oo. 
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To  find  the  asymptotic  form  of  <h(to0,  x)  as  |x|~^oc,  we  must  now  move  the  path 
of  integration  with  respect  to  k  upwards  for  x  >  0  or  downwards  for  x  <0,  until  it 
catches  on  the  pole  of  the  integrand  in  (63.5),  i.e.  the  root  of  the  equation 
A(to0,  k)  -  0. 

Let  kT( to)  and  k_(to)  denote  the  poles  which  as  im  to  are  respectively  in  the 
upper  and  lower  half-planes  of  k.  As  im  to  decreases,  the  poles  move,  and  for  a  real 
to  —  Wo  they  may  either  remain  in  their  original  half-plane  or  enter  the  other 
half-plane.  In  the  first  case,  the  contour  of  integration  in  <F(to0,  x)  remains  on  the 
real  axis  as  in  Fig.  22a;  in  the  second  case,  it  is  deformed  as  shown  in  Fig.  22b,  so 
as  to  embrace  the  poles  k+(too)  and  k^(to0)  (points  A  and  C)  that  have  “escaped” 
into  the  other  half-plane.  In  either  case,  when  the  contour  is  moved  up  or  down,  it 
catches  on  the  poles  k+  and  k-  respectively.  The  asymptotic  form  of  t/;(r,  x)  as 
x  ->  +°°  is  determined  by  the  contribution  from  the  lowest  pole  k+(ton);  that  as 
x  — >  —  00  is  determined  by  the  highest  pole  /c_(to0).  The  pole  concerned  is  thus  the 
closest  to  the  real  axis  (if  all  poles  of  a  given  class  are  still  in  their  original 
half-planes),  or  the  farthest  from  the  real  axis  among  those  which  have  moved  into 
the  other  half-plane.  With  these  values  of  k+  and  k-,  we  have 


iMr,  x)  a  exp{i/c+(w0)x  -  ito0f}  for  x  >0, 
exp{ilc-(w0)x  -  ito0r}  for  x  <  0. 


(63.7) 


For  a  stable  system,  all  poles  remain  in  their  original  half-planes  when  to  =  too, 
since  the  absence  of  oscillation  branches  with  im  to(k)>0  (for  real  k)  means  that  a 
pole  k(co)  can  cross  the  real  axis  only  with  im  to  <0.  Hence,  in  (63.7), 


imfc+(wo)>0,  imk_(to0)<0. 


So  that  the  waves  are  damped  in  both  directions  from  the  source. 

In  the  case  of  convective  instability,  the  poles  k(to)  reach  the  real  axis  with 
im  to  >0.  There  are  therefore  certainly  poles  k+  or  k-  which  have  entered  the  other 

Kinlf  nlnna  f/M*  /.i  —  t  n  i  K»  Kin  1 1 A  i  m  Ir  ( \  ^  f\  i  m  1/  ( ».*  H  TL  o  nns  cflnoD 
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of  such  a  pole  k,(to0)  or  k  (too)  amplifies  the  wave  to  the  right  or  left  of  the  source 
respectively. 

From  the  preceding  arguments,  we  arrive  at  the  following  criterion  for  dis¬ 
tinguishing  cases  of  non-transparency  and  amplification  for  waves  from  a  source 
with  frequency  to0  in  a  convectively  unstable  system:  a  wave  with  complex  fc(to0) 
and  real  too  is  amplified  if  im  k (to)  changes  sign  when  im  to  varies  from  to  0 
with  a  given  re  to  =  too;  if  im  k(to)  does  not  change  sign,  there  is  non-transparency. 

The  criterion  has  its  origin  in  the  requirements  of  causality.  When  the  source 
comes  into  action  instantaneously,  the  perturbation  must  always  decrease  as 
x  ±  »,  simply  because  it  cannot  propagate  to  an  infinite  distance  in  a  finite  time.  On 
the  other  hand,  this  “infinitely  rapid”  onset  of  the  source  can  take  place  as  e  iw(  with 
im  to  -*  +  oo.  It  is  therefore  clear  that  waves  that  are  amplified  (for  real  to)  in  one  or 
other  direction  from  the  source  must  be  damped  in  that  direction  when  im  to  and 
this  leads  to  the  criterion  formulated  above. 

The  results  obtained  have  a  further  facet  which  allows  us  to  determine  the 
direction  of  wave  propagation  in  a  medium  with  absorption  or  amplification.  In  a 
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transparent  medium  (i.e.  when  w  and  k  are  real),  the  physical  direction  of 
propagation  is  that  of  the  group  velocity  vector.  In  particular,  in  the  one-dimen¬ 
sional  case  a  wave  with  a  positive  or  negative  derivative  dto/dk  moves  in  the 
positive  or  negative  x-direction  respectively.  In  a  medium  with  absorption  or 
amplification,  however,  we  can  say  that  waves  of  the  k+  and  k  groups  propagate  in 
the  positive  and  negative  directions  respectively.  For  real  m  and  k,  this  general 
formulation  is  the  same  as  the  previous  one:  small  changes  in  w  and  k  are  related 
by 


da)ldk' 


from  which  we  see  that,  if  w  acquires  an  imaginary  part  im  w  >  0.  k  moves  into  the 
upper  or  lower  half-plane  according  as  datldk  >0  or  <0. 

As  a  simple  example  of  the  application  of  the  criteria  derived  in  §§62  and  63,  let 
us  consider  the  instability  of  a  cold  electron  beam  in  a  cold  plasma,  discussed  in 
§61.  The  dispersion  relation  for  this  system  is 


fie2 

-T+  “ 
0) 


fi 


a 


(w  -  kvy 


=  1; 


(63.8) 


see  (61.6)  (for  waves  propagating  in  the  direction  of  the  beam,  k-  V  =  #cV).  The 
roots  k(co)  of  this  equation  have,  as  |co|  -*>  °°,  the  formt 

k  =  (w±a/)/V.  (63.9) 


When  im  oj  «,  the  two  roots  are  in  the  same  (upper)  half-plane,  i.e.  both  are  in 
the  kj-(co)  class.  In  their  movement,  therefore,  they  cannot  pinch  the  fc -contour  as  im  co 
decreases,  so  that  the  instability  is  convective.  The  asymptotic  behaviour  of  a 
perturbation  created  at  the  initial  instant  is  governed  by  the  frequency  to  =  fte,  near 
which  the  roots  of  equation  (63.8)  tend  to  infinity  according  to 

fc2  =  fi.fi? /2V2(w-fi,.).  (63.10) 

Thus,  as  t  only  undamped  plasma  waves  remain  from  the  perturbation. 

For  real  values  of  w  <Oc,  equation  (63.8)  has  two  complex-conjugate  roots  k ( w ). 
The  one  for  which  im  lc(w)<0  has  moved  from  the  upper  to  the  lower  half-plane. 
Thus,  when  waves  are  propagated  from  a  source  with  frequency  m0<ne,  they  are 
amplified  in  the  direction  of  x  >  0,  i.e.  “down”  the  beam. 


§64.  Instability  with  weak  coupling  of  the  two  branches 
of  the  oscillation  spectrum 

Let  us  apply  the  general  method  developed  in  §§62  and  63  to  investigate  the 
instability  which  results  from  the  “interaction”  of  oscillations  with  neighbouring 

tNote  that  (63.9)  is  the  same  as  the  dispersion  relation  for  the  beam  itself  in  the  absence  of  the  plasma 
at  rest. 
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values  of  w  and  k  and  belonging  to  different  branches  of  the  oscillation  spectrum  of 
a  non-dissipative  system  (here  denoting  one  in  which  both  true  dissipation  and 
Landau  damping  are  absent). 

if  the  two  branches  w  =  w,(k)  and  w  =  w2(k)  were  completely  independent,  the 
dispersion  relation  would  separate  into  two  factors: 

[w- w,(k)][w-w2(k)]  =  0.  (64.1) 

Near  a  point  of  intersection  of  such  branches,  the  functions  wi(k)  and  w2(k)  would 
have  the  general  form 


wi(k)  =  w0  +  u,(k  -  k0), 
c o2(k )  =  w0  +  v2(k  -  ko). 


(64.2) 


where  Vi  and  v2  are  some  constants,  w0  and  ko  the  (real)  values  of  w  and  k  at  the 
point  of  intersection. 

Such  a  case  is,  however,  not  realistic  in  general.  The  coupling  between  the  two 
branches  could  be  completely  absent  for  (at  best)  some  specific  values  of  the 
system  parameters,  and  would  appear  when  these  were  very  slightly  changed. t  To 
represent  an  actual  situation,  therefore,  it  would  be  necessary  to  take  into  account 
the  presence  of  a  weak  coupling  between  branches.  This  has  the  effect  of  sub¬ 
stituting  a  small  quantity  e  for  zero  on  the  right  of  (64.1).  The  dispersion  relation 
near  the  point  then  becomes 


[w  coo  U[(k  k0)][w  £l>o—  v2(k  ko)I  —  €.  (64.3) 

The  solution  for  w  is 

w(k)  -  w0  =  ^[(»i  +  u2)(k  -  k0)  ±  [(k  -  k0)2(t>i  -  v2)2  +  4e2]1'2},  (64.4) 

and  the  solution  for  k  is 


L-(,.A—L-~  =  — - — Hd 
■v'~7  ’vu  2vtv2  lv“' 


-+■  i)-\( r.i  —  /,i,a  +  I(r.t  —  ii,  —  ■+■  del),  r,l1^ 


f64  K 


The  existence  of  coupling  between  the  branches  shifts  their  point  of  intersection 
into  the  complex  region.  The  functions  w(k)  for  real  w  and  k  vary  in  form 
according  to  the  sign  of  the  constant  e  and  the  relative  signs  of  the  constants  t>,  and 


f  An  exception  is  the  case  where  the  interaction  is  absent  for  reasons  of  symmetry,  for  example,  if  one 
branch  relates  to  longitudinal  waves  and  the  other  to  transverse  waves  in  an  isotropic  medium.  Since  in  such 
a  medium  the  longitudinal  current  cannot  induce  a  transverse  field  and  vice  versa,  such  waves  do  not 
interact.  The  situation  here  is  analogous  to  what  is  found  in  quantum  mechanics  for  the  intei  action  of  terms 
with  different  symmetry;  see  QM,  §79. 
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(A) 


(B) 


(D) 


Fig.  23. 


v2.  These  functions  are  shown  in  Fig.  23  for  four  cases: 

(A)  6  >  0,  1^2  >0, 

(B)  €  >  0,  u,u2<  0, 

(C)  €  <  0,  n,t;2>  0, 

(D)  €<0,  t;In2<0, 


(64.6) 


which  we  shall  consider  in  turn. 

(A)  Here  the  functions  oj(k)  are  real  for  all  (real)  k ,  and  the  system  is  therefore 
stable.  The  functions  k(w)  are  also  real  for  all  co,  so  that  the  waves  propagate 
without  amplification  for  all  w. 

(B)  The  functions  tn(k)  are  real  for  all  k,  and  the  system  is  therefore  stable.  The 
functions  k(to)  are  complex  in  the  frequency  range 

/  .  .  .  .  \2  ^  a\ _ ..If/..  ..  \2  i£.  A 

lUQf  ‘t|tuiu2j/vt'i  ”  V2)  - 


Since  the  system  is  stable,  there  is  non-transparency  in  this  range. 
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(C)  When 

( k  ~  k0  f  <  4| €  | /( t?  i  -  v2 f  (64.8) 

the  functions  to(k)  are  complex,  and  for  one  of  them  imto(/c)>0,  i.e.  there  is 
instability,  and  it  is  convective  instability,  since  when  the  roots  k(to)  are 


k^tojv |,  k  ~  co/v2,  (64.9) 

and  when  im  to  -»°c  they  lie  in  the  same  half-plane  of  k.  Let  u,  and  u2>0.  Then  this 
is  the  upper  half-plane,  and  the  roots  belong  to  the  k+(to)  class.  For  real  m,  in  the 
range  (64.7),  the  roots  Jc(w)  form  a  complex  conjugate  pair.  The  one  for  which 
im  Jc(co)  <  0  has  moved  from  the  upper  to  the  lower  half-plane.  In  the  frequency 
range  (64.7),  therefore,  there  is  amplification  of  waves  propagating  in  the  positive 
x-direction. 

It  is  also  easy  to  find  for  this  case  the  “group  velocity”  of  the  waves,  defined  by 
(62.14),  i.e.  the  speed  of  the  frame  of  reference  in  which  there  is  absolute  instability 
with  the  maximum  growth  rate.  Differentiating  (64.3)  with  respect  to  k  and 
substituting  dto/dk  =  V  in  accordance  with  (62.13)  and  (62.14),  we  obtain 


V  —  Vi  _  __  to  —  top  -  Vi(k  -  k o) 

V  —  v2  to  — to0-  v2(k  -  ko) 


(64.10) 


Since  the  left-hand  side  is  real,  the  right-hand  side  must  be  so,  even  if  to  is  complex. 
This  condition  shows  that  k  -  kv;  then  from  (64.10) 

V=i(vl  +  v2).  (64.11) 

and  from  (64.3)  the  corresponding  maximum  growth  rate  is 

(im  <•))„, =  |e|,B.  (64.12) 

(D)  The  functions  Ic(to)  are  real  for  all  (real)  to,  but  the  to(/c)  are  complex  in  the 
range  (64.8),  so  that  the  system  is  unstable.  To  determine  the  nature  of  this 
instability,  we  note  that  from  (64.9)  (with  opposite  signs  of  u,  and  v2\  as  im  to  -*  », 
the  roots  k(w)  are  in  opposite  half-planes.  These  two  roots  coalesce  at  a  point  in 
the  upper  half-plane  of  to  given  by 

w  =  toc  ~  cl»o  +  2iV(Uit)2€)/|ui  -  v2\.  (64. 13) 

The  instability  is  therefore  absolute,  with  growth  rate  im  toc.  For  f|=  —  u2,  cor¬ 
responding  to  the  perturbation  in  a  frame  of  reference  moving  with  the  speed 
(64.11),  the  growth  rate  reaches  its  maximum  value  (64.12). 


PROBLEM 

Determine  the  nature  of  the  instability  of  low-frequency  (w  ~  cjflj)  "slow”  (wlk*£c)  transverse 
electromagnetic  waves  propagating  along  a  constant  magnetic  field  in  a  cold  magnetoactive  plasma,  with 
a  low-density  cold  electron  beam  moving  through  the  plasma  in  the  same  direction. 
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Solution.  To  establish  the  dispersion  relation,  we  first  write  it  for  the  beam  electrons  only,  in  a 
frame  of  reference  for  which  the  beam  is  at  rest.  According  to  (56.9),  we  have  in  this  frame 

k2C 2  —  (i)2  :=  '  "  i  l'r2ti>HtO  ±  (jiJHp), 

where  fV  is  the  plasma  frequency  corresponding  to  the  beam  density.  On  returning  to  the  laboratory 
frame,  in  which  the  beam  moves  wilh  velocity  V  (which  we  take  to  be  in  the  x -direct  ion),  we  must 
replace  id  by  to  —  kV  on  the  right  of  the  equation;  the  difference  k'c“~  tr>~  is  invariant  with  respect  to  a 
change  in  the  frame  of  reference.  Now  adding,  in  the  laboratory  frame,  the  terms  due  to  the  plasma 
electrons  and  ions,  we  obtain 


■  2  3  1 

k  c  -  o) 


fK-(ai-kV)  aifls  oQr 
w  —  k  V  ±  tout  io  —  it)br  io  h) Hi 


Neglecting  here  (in  accordance  with  the  conditions  of  the  problem)  ta  in  comparison  with  ck  and 
and  noting  also  that  (V/wh,  =  we  bring  the  dispersion  relation  to  the  form 


[JTC‘  —  Cli'to'llDIhlttill,  +  (J J )  1  ( CO  —  k  V  ±  toJfle) 


=  -U';(it)-kVi 


(I) 


The  first  factor  On  the  left  corresponds  to  the  “principal”  oscillation  branch,  and  the  second  to  the  beam 
branch;  the  right-hand  side  describes  the  ‘‘interaction”  of  these  branches. 

*L  _  S1\  .Cn _ ...  f t.„n  nrci  l  kt< 

VY  I  li  I  me  Mgii&  in  ( i  },  ii  u;  uiapu^lV'H  iuauiuh&  iui  me  twu  1I1UC}\UUC11I  me  .utu  nn  u  y 

the  continuous  curves  in  Fig.  24;  it  is,  as  always,  sufficient  to  consider  the  branches  with  to  >0.  Near  the 
point  coo*  ko,  where  they  intersect,  the  expansion  of  equation  (I)  is 


2koC~[k  —  k«—  (fa  ~  coo)/ U 1 1  [ co  —  con  V(fc  —  ko)]  —  Op'fa/jp 


with  a  positive  coefficient  vi  (as  is  clear  from  the  slope  of  the  curves  in  Fig.  24).  Comparison  wilh  (64.3) 
shows  that  we  have  case  C,  convective  instability.  '1  he  broken  curves  in  Fig,  24  show  the  form  of  the 
branches  when  their  interaction  is  taken  into  account. 

Similar  diagrams  for  the  lower  signs  in  (1)  are  given  in  Fig.  25.  Near  the  point  of  intersection,  the 
dispersion  relation  is 

2koC~[k  —  ko  +  (co  —  (oo)/L’t][aj  —  wo  —  V(k  —  ko)l  =  —  U“<aBr, 


where  again  ui  >0.  We  now  have  case  D,  absolute  instability.  The  second  intersection  in  this  case  is 
seen  from  the  diagram  to  occur  at  w2:  (aBe,  which  contradicts  the  conditions  of  the  problem. 
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§65.  Instability  in  finite  systems 

The  whole  of  the  theory  in  §§61-63  related  to  homogeneous  media  of  unlimited 

pXfpnt  in  at  lpa«;t  nn p  rlirpC.tinn  (the*  Y^nxi<;^  Fnr  annliratinnQ  tn  artnal  hr\iinrli*rl 
- _ -  -  -  - - -  - - - *  ”  - 

systems,  this  means  that  effects  due  to  the  reflection  of  waves  from  the  boundaries 
are  neglected;  that  is,  such  a  theory  is  limited  to  times  of  the  order  of  the  time 
taken  by  the  perturbation  to  propagate  the  length  of  the  system. 

Let  us  now  consider  stability  in  the  opposite  situation  where  the  finiteness  of  the 
system  is  important  and  the  spectrum  of  its  characteristic  oscillations  is  governed 
by  the  boundary  conditions  at  the  ends;  as  before,  we  shall  investigate  only  the 
one-dimensional  case,  and  the  length  of  the  system  in  the  x-direction  will  be 
denoted  by  L.  The  frequency  spectrum  of  a  finite  system  is  discrete,  and  if  one  or 
more  of  the  characteristic  frequencies  has  a  positive  imaginary  part  the  system  is 
unstable.  The  distinction  between  absolute  and  convective  instability  has  no 
meaning  in  this  case. 

Thus  the  problem  of  determining  the  stability  or  instability  of  a  finite  system  is 
equivalent  to  that  of  finding  its  (complex)  eigenfrequencies.  The  dispersion  relation 
which  gives  these  frequencies  can  be  derived  in  a  general  form  for  a  system  with 
finite  but  sufficiently  large  dimensions  L,  such  that  im  |k|.  L  t>  I  (A.  G.  Kulikovskil, 
1966). 

Let  kin j)  be  solutions  of  the  dispersion  relation  for  an  infinite  medium.  We  again 
divide  the  branches  of  this  many-valued  function  into  two  groups,  kJcj)  and  k-(aj), 
as  defined  in  §63.  The  characteristic  oscillations  of  a  finite  system  may  be  regarded 
as  resulting  from  the  superposition  of  travelling  waves  reflected  by  the  two 
boundaries  (in  a  medium  without  absorption  and  amplification,  they  would  be 
ordinary  stationary  waves).  The  reflection  is  in  general  accompanied  by  a  mutual 
transformation  of  waves  belonging  to  different  branches  of  the  spectrum.  The 
travelling  wave  of  a  given  frequency  is  therefore  a  superposition  of  all  branches. 
Far  from  the  boundaries,  however,  the  main  contribution  to  each  wave  comes  from 
only  one  term  in  the  superposition.  For  example,  in  a  wave  propagating  from  ' 
left-hand  boundary  x  =  0  (Fig.  26)  in  the  positive  x-direction,  the  asymptotic 
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Fig.  26. 


expression  far  from  that  boundary  is 

ip  —  a  exp{i[k+(£u)x  —  tot ]},  (65.1) 

and  k+(m)  must  be  taken  as  the  branch  in  this  group  for  which  imk+(oj)  has  its 
algebraically  least  value  for  the  given  real  m.t 

After  reflection  from  the  right-hand  boundary  x  —  L,  the  wave  propagates  to  the 
left,  and  at  sufficiently  great  distances  from  that  boundary  has  the  asymptotic  form 

i \}~  R2a  exp{iMcu)L}  exp{i[Mw)(x-  L)-  tufj},  (65.2) 

where  k-(w)  is  the  branch  in  this  group  for  which  im  Mw)  has  its  algebraically 
greatest  value.  The  coefficient  R2  depends  on  the  wave  transformation  law  at  a 
particular  boundary. 

Lastly,  after  a  second  reflection,  this  time  at  the  left-hand  boundary,  we  again 
have  a  wave  propagating  to  the  right: 


i/f  K,K2aeiflt*-fc  (65.3) 

Since  i//(f,  x)  is  one-valued,  this  must  coincide  with  (65.1),  so  that 

R1R2  exp{i[kH(£L>)—  k_(£L>)JL}  =  1. 

This  determines  the  frequency  spectrum  for  the  finite  system,  i.e 
relation. 

Taking  the  modulus  of  each  side,  we  have 

\RiRi\  exP{  -  im(k+  -  k^)L]  =  1.  (65.5) 

When  L— ►sc,  the  exponential  factor  tends  to  zero  or  infinity,  depending  on  the  sign 


(65.4) 

.  is  its  dispersion 


tThat  is,  the  Feast  positive  value  if  all  imM«))>0,  and  the  greatest  (in  absolute  magnitude)  negative 
value  if  there  are  branches  for  which  im  Mw)  <  0.  In  the  first  case,  (65. 1)  is  the  wave  Feast  rapidly 
damped  (with  increasing  x);  in  the  second  case,  it  is  the  one  most  rapidly  amplified. 
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of  im(/c+  —  k~).  Hence,  for  sufficiently  long  systems,  equation  (65,5)  is  possible  only 
if 

im[k+(w)  —  k-(to)]  =  0.  (65.6) 

In  this  case,  therefore,  the  dispersion  relation  reduces  to  a  form  depending  only  on 
the  properties  of  the  medium  itself  and  independent  of  the  specific  conditions  at  the 
boundaries.  Equation  (65.6)  defines  a  curve  in  the  co-plane,  on  which  the  discrete 
eigenfrequencies  lie  very  close  together  (for  large  L).  If  the  curve  lies  even  partly 
in  the  upper  half-plane,  the  system  is  unstable.  Since  this  instability  is  due  to  the 
properties  of  the  system  as  a  whole,  it  is  called  global  instability. 

Some  further  comments  may  be  made  on  the  relation  between  global  instability 
of  a  finite  system  and  the  instability  of  an  infinite  medium.  First  of  all,  it  is  easy  to 
see  that  in  the  presence  of  global  instability  the  infinite  medium  is  certainly 
unstable,  since  there  exist  real  values  of  k  for  which  im  to  (k)  >0.  For,  by  the 
definition  of  Jc+(co)  and  k-(w),  their  values  for  im  to  ->  do  lie  in  different  half-planes 
of  k.  The  condition  (65.6)  signifies  that,  as  im  to  decreases,  the  points  k+(to)  and 
k_(to)  may  come  into  the  same  half-plane,  and  do  so  (in  the  case  of  global 
instability)  while  im  w  >  0.  Consequently,  at  least  one  of  these  points  crosses  the 
real  axis  even  earlier,  i.e.  certainly  while  im  to  >0;  this  proves  the  above  statement. 

The  converse  statement,  however,  is  valid  only  for  absolute  (not  convective) 
instability  of  the  infinite  medium;  the  presence  of  absolute  instability  is  sufficient  to 
cause  global  instability  of  the  finite  system.  The  condition  for  absolute  instability  is 
that  there  exists  a  branch  point  of  k(to)  with  im  w  >  0,  and  the  coalescing  branches 
belong  to  the  k+  and  k  groups.  At  such  a  point,  the  condition  (65.6)  is  certainly 
satisfied  also. 

A  convectively  unstable  medium  may  be  either  stable  or  unstable  when  boun¬ 
daries  are  present. 
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§66.  Interaction  of  phonons 

Thr  physical  nature  of  transport  processes  such  as  thermal  and  electrical  conduc¬ 
tion  in  gases  consists  in  transfer  by  the  thermal  motion  of  l he  gas  particles;  in 
solids,  the  particles  are  replaced  by  quasi-particles.  In  going  on  to  study  these 
processes,  we  shall  begin  with  thermal  conduction  in  non-magnetic  insulators.  The 
relative  simplicity  of  the  physical  picture  here,  as  compared  with  transport  proces¬ 
ses  in  solids  of  other  kinds,  arises  from  the  presence  of  quasi-particles  of  only  one 
sort,  namely  phonons. 

The  concept  of  free  phonons  is  the  result  of  quantization  of  the  vibrational 
motion  of  atoms  in  the  crystal  lattice  in  the  harmonic  approximation,  i.e.  with  only 
the  quadratic  terms  (in  the  displacements  of  the  atoms)  included  in  the  Hamil¬ 
tonian;  see  SP  I,  §72.  The  various  phonon  interaction  processes  result  when 
terms  of  higher  orders  of  smallness  are  considered:  the  anharmonic  terms  of  the 
third  and  subsequent  orders  in  the  displacements. t 

The  first  anharmonic  (the  cubic)  terms  in  the  classical  lattice  energy  are 

W(3)  =  7  X  A^T3  (ni  -  n3,  nj-  n3)  (n,)  (^(r^C/^fm).  (66. 1) 

0  In. s) 

Here  Us(n)  are  the  atomic  displacement  vectors  in  the  lattice;  a,  /3,  y  are  vector 
suffixes  taking  the  values  x,  y,  z;  s ,,  s2y  s3  number  the  atoms  in  the  unit  cell;  m,  n>  n3 
are  integral  “vectors”  giving  the  position  of  the  cell  in  the  lattice;  (n,  s)  under  the 
summation  sign  denotes  summation  over  all  n  and  s.  Because  the  crystal  is 
homogeneous,  the  functions  A  depend  only  on  the  relative  positions  m  —  n3,  ni^m 
of  the  cells,  not  on  their  absolute  positions  in  the  lattice. 

The  second-quantized  Hamiltonian  is  found  by  replacing  the  displacement  vec- 

a 

tors  in  (66.1)  by  the  operators  Us(n)  expressed  in  terms  of  the  creation  and 
annihilation  operators  c^,  for  phonons  of  type  g  (i.e.  branch  g  of  the  phonon 
spectrum)  with  quasi-momentum  k: 

Us(n)  =  2  [2M%(k)]-,n{c1Ie?l(k)c'‘-r-+c^ef(k)c’il  '|  (66.2) 


tThe  need  to  take  account  of  the  anharmonicity  of  atomic  vibrations  in  the  lattice  in  considering 
thermal  conduction  in  a  crystal  was  first  noted  by  P,  Debye  (1914)  and  M.  Born  (1914). 
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where  Jf  is  [he  number  of  cells  in  the  lattice,  M  the  total  mass  of  the  atoms  in  the 
cell,  ef^fk)  the  phonon  polarization  vectors,  and  w^fk)  the  energy  of  phonons  of 


type  g.  i  me  suusiitution  gives  rise  to  terms  which  contain  tne  operators  c  ana  c 
in  sets  of  three.  These  terms  represent  processes  involving  three  phonons:  products 
of  the  form  c¥c*c  for  the  decay  of  one  phonon  into  two,  and  c*cc  for  the 
coalescence  of  two  colliding  phonons  into  one;  terms  ccc  and  c*c*c*  would 
correspond  to  processes  that  are  prohibited  by  the  law  of  conservation  of  energy. 

Les  us  write  down,  for  example,  the  terms  corresponding  to  the  decay  of  a 
phonon  k)t  gi  into  two  phonons  k2,  g2  and  ki,  g3.  Changing  in  (66.1)  from  summation 
over  ni,  nz,  ni  to  summation  over  —  m  -  n3,  »>2— n?  — n3,  n3,  we  can  put  these 
terms  in  the  form 


^  .1/2  X  exp{i(k,  -  k2-  k3)  -  r„J,  (66.3) 

where 

ft  =  (2M r1'3  X  V2)eiae%eity  exp{i(k,  .  iv,  -  k2 .  r  j},  (66.4) 

V.5 

Cl  =  cMl,  w,  =  wKl(k,),  e,  =  eJj'Yk,) - 

The  exponential  factor  is  separated  in  (66.3)  which  depends  on  the  absolute 
position  m  of  the  cell  in  the  lattice.  Summation  of  this  factor  over  all  113  gives  Jf  if 
kj-k^-ki  is  equal  to  any  reciprocal  lattice  period  b;  otherwise,  it  i.s  zero.  Hence 


H,3)  - 


dec 


n 


*  f  ^  t- 

C|C3  c3 

,V",2(w,l J2W01'2’ 


(66.5) 


and  the  phonon  quasi-momenta  satisfy  the  conservation  law 

kj  -  ki  +  k3  +  b.  (66.6) 


The  condition  (66.6)  is  to  be  regarded  as  an  equation  giving  the  value  of,  say,  the 
quasi-momentum  k3  from  specified  values  of  ki  and  k?.  The  latter  have  to  be  taken 
within  some  one  chosen  unit  cell  of  the  reciprocal  lattice  (including  all  the 
physically  different  values  of  the  quasi-momentum),  and  we  have  to  verify  that  k3  is 
also  in  that  cell.  This  last  condition  determines  the  necessary  value  of  b  in  (66.6), 
and  does  so  unambiguously.  For,  if  with  specified  ki,  k2  and  b  the  vector  k3  lies  in 
the  chosen  cell,  then  any  change  in  b  will  certainly  bring  kj  outside  that  cell. 
Processes  (in  this  case,  phonon  decay)  for  which  the  law  of  conservation  of 
quasi-momentum  involves  a  non-zero  vector  b  are  called  Umklapp  processes,  in  con¬ 
trast  to  normal  processes ,  for  which  b  =  0.  Note  that  the  difference  between  these 
two  classes  of  processes  is  to  some  extent  conventional:  any  particular  process  may  be 
of  either  class,  depending  on  the  choice  of  the  base  cell.  It  is  important,  however. 


tin  this  chapter,  we  use  units  such  that  ft  =  l.  The  dimensions  of  the  momentum  and  the  wave  vector 
are  then  the  same,  and  those  of  ihe  energy  and  the  frequency  are  the  same. 
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that  no  choice  can  make  b  zero  simultaneously  for  all  possible  processes.  It  is 
convenient  to  choose  the  base  cell  of  the  reciprocal  lattice  so  that  the  point  k  =  0 
(infinite  wavelength)  is  at  its  centre;  this  will  be  assumed  henceforward.  With  this 
choice,  low  values  of  the  quasi-momentum  (k  1/d,  where  d  is  the  lattice  constant) 
correspond  to  all  low-frequency  phonons,  and  ali  processes  involving  oniy  low- 
frequency  phonons  are  normal  processes.f  Large  values  of  the  quasi-momentum 
(k  ~  1  Id)  correspond  to  short-wavelength  phonons  with  high  energy  (of  the  order  of 
the  Debye  temperature  0). 

Let  us  return  to  the  phonon  decay  process.  According  to  the  general  principles  of 
quantum  mechanics  (see  QM  (43.1)),  the  probability  of  a  decay  in  which  the 
quasi-momentum  of  one  of  the  two  newly  formed  phonons  lies  in  the  range  d3k2  is 
given  by  the  square  of  the  corresponding  matrix  element  of  the  perturbation 
operator  (66.5): 


dW  =  277|<N,  -  l,  N2+\,Nj+  l|H(3)|N,,  N2,  Nj> I2  x 

x  5(w,  -  -  w3)T  d3k?/( 2ir)3,  (66.7) 

where  Nt  =  NklXl,  N2,  N3  are  the  phonon  occupation  numbers  in  the  initial  state  of 
the  crystal.  The  matrix  elements  of  the  phonon  creation  and  annihilation  operators 
are  given  by 


(N  ~  1 1  c  | N)  =  (N\c+\N  -  1)  -  VN.  (66.8) 

We  thus  obtain  the  decay  probability  in  the  form 

dW  =  wNl(N1+  1)(N3  +  l)fi(w,-w2-  w3)d3k?/(2ir)3,  (66.9) 

where 

w  -  w(g2k2,  g3k3;  gikj)  =  27ru|n|2/wiw2w3,  (66.10) 

and  v  —  YIN  is  the  volume  of  the  crystal  lattice  cell.  The  probability  of  the 
processes  is  therefore  proportional  to  the  number  N j  of  initial  phonons  in  the  initial 
state  of  the  crystal,  and  also  to  the  numbers  h/2  +  1  and  A/3  +  1  of  final  phonons  in 
the  final  state.  The  latter  property  is  related  to  the  Bose  statistics  obeyed  by  the 
phonons,  and  is  true  of  all  processes  involving  bosons. t 
The  process  inverse  to  decay  is  the  coalescence  of  two  photons  k2  and  k3  to  form 
one  phonon  k,.  We  can  easily  show  that  the  terms  in  the  Hamiltonian  that  are 
responsible  for  this  process  differ  from  (66.5)  in  that  the  c-operators  in  the 
numerator  are  replaced  by  C]*c2c3,  and  f)  by  H*.  The  probability  of  this  process  is 
therefore  given  by  a  formula  which  differs  from  (66.9)  only  as  regards  the 


tlf,  on  the  other  hand,  the  base  cell  is  chosen  so  that  the  point  k  =  0  is  at  one  of  its  vertices,  for 
example,  low  frequencies  will  also  correspond  to  the  neighbourhoods  of  the  other  vertices,  near  which  k 
is  not  small. 

tThe  phonon  distribution  function  N k  or  N(k)  will  be  defined  as  the  occupation  numbers  of  quantum 
states  with  various  values  of  the  quasi-momentum  k.  The  number  of  states  belonging  to  an  element  d'k  in 
k-space  is  d3k/( 27t)3,  and  so  the  distribution  relative  to  d3k  is  NJ(2tt)3. 
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N-factors: 

dW  =  wNzN^Ni  +  l)S(aq  —  co2~  w3)  d3fc2/(2?r)3.  (66.1 1) 

The  functions  w  here  and  in  (66.9)  are  the  same,  in  accordance  with  the  general 
rule  that  in  the  Born  approximation  (the  first  approximation  of  perturbation  theory) 
the  probabilities  of  direct  and  reverse  scattering  events  are  equal;  see  QM ,  §  126. 

The  branches  of  the  phonon  spectrum  always  include  three  acoustic  branches, 
for  which  the  energy  tends  to  zero  as  k  0;  for  long-wavelength  (small  k)  acoustic 
phonons,  the  function  w(k)  is  linear.  The  behaviour  of  the  function  w  in  (66.10)  for 
such  phonons  will  be  important  below.  It  can  be  determined  by  noting  the  property 
of  the  coefficients  A  in  the  Hamiltonian  (66.1)  which  expresses  the  fact  that  a 
simple  displacement  of  the  crystal  as  a  whole  leaves  its  energy  unchanged,  whether 
or  not  the  crystal  is  deformed.  This  means  that  the  energy  H0)  must  be  unaffected 
if  any  of  the  factors  U5(n)  in  it  is  replaced  by  Us  +  a  with  a  vector  a  that  is 
independent  of  n  and  s-  For  this  to  be  so,  we  must  have 

X  A$*S3(ni,n2,n3)  =  0T  (66.12) 

n,.i, 


where  the  summation  is  over  at  least  one  pair  of  variables  m,  S]. 

Of  the  three  phonons  involved  in  the  process,  either  one  or  all  three  may  be 
long-wavelength  acoustic  phonons:  if  there  are  two  such  phonons  and  a  short- 
wavelength  one,  the  momentum  and  energy  conservation  laws  cannot  be  satisfied.  For 
an  acoustic  phonon  in  the  limit  k-»0,  the  polarization  vectors  es(k)  tend  to  a 
constant  independent  of  s ,  since  all  the  atoms  in  the  cell  vibrate  in  unison,  and  the 
factors  exp(ik  *  rn)  tend  to  unity.  Because  of  the  property  (66.12),  the  quantity  H 
(66.4)  therefore  tends  to  zero,  and  for  small  k  it  is  proportional  to  k  or  (the  same 
thing  for  an  acoustic  phonon)  to  co.  The  result  is 

w  «  Jci  (66.13) 

if  there  is  one  long-wavelength  phonon,  or 

w  x  k\kjki  (66.14) 


if  there  are  three. 

The  results  (66.13)  and  (66.14)  can  also  be  reached  in  a  more  obvious  way  by 
noting  that  the  long-wavelength  acoustic  phonons  correspond  to  macroscopic 
sound  waves,  which  can  be  treated  by  macroscopic  elasticity  theory.  Then  the 
energy  of  the  deformed  crystal  is  expressed  in  terms  of  the  strain  tensor 


— 


\(dVa  |  3[/g\ 
2\dXp  dxQ  /’ 


(66.15) 


where  U(r)  is  the  macroscopic  displacement  vector  for  points  in  the  elastic 
medium.  The  components  of  this  tensor  are  the  small  quantities  used  in  the 
expansion  of  the  elastic  energy.  In  second  quantization,  the  vector  U  is  replaced  by 
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the  operator  U  analogous  to  (66.2).  The  differentiation  of  U  with  respect  to  the 
coordinates  to  obtain  the  operators  Uo(i  gives  the  additional  factor  k  which  leads  to 
the  results  (66.13)  and  (66.14). 


§67.  The  transport  equation  for  phonons  in  an  insulator 

In  a  solid  crystal,  the  phonons  form  a  rarefied  gas,  and  their  transport  equation 
is  obtained  in  a  similar  way  to  that  for  an  ordinary  gas. 

Let  N  =  NK(t,  r,  k)  be  the  distribution  function  for  phonons  of  type  g.  The 
transport  equation  for  each  type  of  phonon  is  written  as 


dN 

dt 


+  u 


dN 

dr 


=  C(N), 


(67.1) 


where  u  =  du)id k  is  the  phonon  velocity. 

An  import  <nt  difference  from  the  case  of  ordinary  gases,  however,  is  that  in 
collisions  in  the  phonon  gas  neither  the  number  of  phonons  nor  (because  of 
Umklapp  processes)  their  total  quasi-momentum  is  in  general  conserved  The  only 
remaining  conservation  law  is  that  of  energy,  expressed  by 


X  wC(N)d3/c/(27r)1  =  0.  (67.2) 


Multiplying  (67.1)  by  w,  integrating  over  d3k,  and  summing  over  g7  we  obtain  the 
law  of  conservation  of  energy  in  the  form 


5  17 /  D#  I  rl  ■«!  - - f) 

UL^fUl  T  UIV  H 


(cn 


where  the  thermal  energy  density  E  of  the  crystal  and  the  energy  flux  q  are  given 
by  the  obvious  expressions 

E  =  X  j  wNd'kl(2ir)\  <1=2  f  wuNd3fc/(2ir)\  (67.4) 

The  collision  integral  in  (67.1)  must  in  principle  include  all  processes  that  can 
occur  as  a  result  of  the  interaction  of  phonons  of  type  g  with  all  other  phonons.  In 
practice,  however,  the  chief  contribution  to  it  comes  from  the  three-phonon 
processes  discussed  in  §66.  Processes  involving  a  greater  number  of  phonons  arise 
from  subsequent  terms  in  the  expansion  of  the  Hamiltonian  in  powers  of  the 
displacements  of  the  atoms:  these  terms  decrease  rapidly  as  their  order  increases. 
The  reason  for  the  decrease  is  that  the  ratio  of  the  vibration  amplitude  £  to  the 
lattice  constant  d  is  small;  in  solid  crystals,  it  remains  small  at  all  temperatures  up 
to  the  melting-point. t  For  a  rough  estimate,  we  can  begin  from  the  classical  relation 


tExcept  in  the  “quantum  crystal”,  solid  helium. 
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Mco2£2~  T;  estimating  the  characteristic  frequency  as  o>  ~  h/c/,1  we  find 

($d)2~TlMu2<Z  I.  (67.5) 

The  collision  integral  is,  as  always,  the  difference  between  the  numbers  of  proces¬ 
ses  (per  unit  time)  which  create  phonons  in  a  given  state  g,  k,  and  which  remove 
phonons  from  that  state.  Taking  account  of  three-phonon  processes  only,  we  have 


C(N )  —  f  vv(ki,  k2;  k)5(w  —  W]  —  co 2)  X 

J  f?2 

X  [ (N  +  l)N\N2-  N(Nj  +  1  )(N2  +  1)] 

+  X  w(k,  kr.  ki)S(w!  -  to  —  to,)  x 

x  [(N  +  1)(N,  +  I  )N,-  NN,(N,  +  1)]J  d%l(27T)\  (67.6) 

where  N]  =  Nn( kj),  coi  =  to^fki), . . .  The  first  term  in  the  braces  corresponds  to  the 
direct  and  reverse  processes 


(g,  k)<=*(g,,k,)  + (g2,k:),  k2=k-k,-b:  (67.7) 

the  factor  \  in  this  term  takes  into  account  the  fact  that,  because  of  the  identity  of 
the  phonons,  we  have  to  sum  only  over  half  of  the  final  states.  The  second  term  in 
the  braces  corresponds  to  processes 

(gi,  k3)?±(g,  k)  +  (g,,  k,),  ki  =  k  +  k,  +  b;  (67.8) 

the  factor  \  is  not  needed  in  this  term,  since  one  of  the  two  phonons  formed  by  the 
decay  is  specified.  In  the  integrand  of  (67.6),  it  should  be  noted,  the  triple  products 
NN,N2  and  NNjN,  cancel. 

The  collision  integral  is  identically  zero  for  the  equilibrium  phonon  distribution, 
the  Planck  distribution 


N0=(ew,T-  I)"'.  (67.9) 

This  is  easily  shown  for  the  integral  (67.6)  by  direct  calculation:  multiplication  of 
the  factors  gives 
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and  by  the  law  of  conservation  of  energy  the  exponential  factor  on  the  right  is 
equal  to  unity. 

If  Umklapp  processes  were  absent,  not  only  the  total  energy  but  also  the  total 
quasi-momentum  of  the  phonons  would  be  zero.  Then  not  only  the  distribution 


tin  ihe  estimates,  we  shall  regard  u  as  the  speed  of  sound,  although  this  is  of  course  literally  correct 
only  for  long-wavelength  acoustic  phonons. 
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function  (67.9),  but  also  the  functions 

N0  =  j^exp j?— -lj  (67.11) 

corresponding  to  the  translational  motion  (drift)  of  the  phonon  gas  as  a  whole 
relative  to  the  lattice  with  any  velocity  V,  would  be  equilibrium  functions.  This 
result  is  in  accordance  with  the  general  principles  of  statistical  physics.  It  can  also 
be  proved  directly:  with  the  functions  (67.11)  as  No,  a  further  factor  exp[V*(k- 
ki-k2)/T]  appears  on  the  right  of  (67.10),  and  is  equal  to  unity  for  non-Umklapp 
processes,  where  k  =  kj  +  k2. 

The  distribution  (67.11)  leads,  of  course,  to  a  non-zero  energy  flux  q.  Thus,  in  the 
absence  of  Umklapp  processes,  a  heat  flux  could  exist  in  the  crystal  although  the 
temperature  were  constant  throughout  the  body;  that  is,  the  crystal  would  have  an 
infinite  thermal  conductivity.  A  finite  conductivity  arises  only  because  Umklapp 
processes  exist.  T 

To  calculate  the  thermal  conductivity,  we  have  to  write  the  transport  equation 
for  a  crystal  in  which  the  temperature  varies  slowly  through  the  volume.  As  usual, 
we  seek  the  phonon  distribution  functions  in  the  form 

N(r,  k)  =  N0(k)  +  SN(r,  k),  (67. 12) 

where  SN  is  a  small  correction  to  the  equilibrium  function.  The  transport  equations 
are  then 


(u  .  VT)8N0ldT  =  /(SN),  (67.13) 

where  /(SN)  is  the  linearized  collision  integral. 

The  functions  SN  must  also  satisfy  the  further  condition 

2  I  0>  SN  d3fc/(2ir)3  =  0,  (67. 14) 

R  J 

which  signifies  that  the  perturbed  distribution  functions  give  the  same  value  of  the 
lattice  energy  density  as  do  the  equilibrium  functions.  As  already  noted  in  §6,  this 
condition  essentially  specifies  the  definition  of  the  temperature  in  a  non-equilibrium 
body.  The  other  conditions  imposed  on  SN  in  §6  do  not  apply  to  a  phonon  gas,  in 
contrast  to  an  ordinary  gas.  The  number  of  particles  in  the  phonon  gas  is  not  a  fixed 
quantity,  but  depends  on  the  temperature.  The  total  actual  momentum  (not  quasi¬ 
momentum)  of  the  phonons  in  the  crystal  is  necessarily  zero,  since  otherwise  there 
would  be  a  flow  of  the  solid,  which  is  certainly  impossible  for  an  ideal  (defect-free) 
crystal  lattice.  Each  atom  in  the  lattice  executes  only  a  finite  motion,  the  oscillation 
about  the  lattice  site;  the  mean  momentum  of  such  a  motion  is  identically  zero. 


tThe  quantum  theory  of  thermal  conduction  in  insulators,  based  on  the  transport  equation  for 
phonons,  is  due  to  R,  E,  Peierls  (1929),  who  also  first  drew  attention  to  the  role  of  Umklapp  processes  in 
transport  processes  in  solids. 
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Thus  the  phonon  flux  (associated  with  the  energy  flux)  in  a  solid  crystal  is  not 
accompanied  by  a  transfer  of  mass.! 

Let  us  write  explicitly  the  linearized  collision  integral  (67.6).  Here,  it  is  con¬ 
venient  to  use  instead  of  5N  new  unknown  functions  x  defined  by 


SN  =  -(3N0/3w)x  =  N0(No+  1  )*/T. 
The  process  of  linearization  is  simplified  by  noting  that 

*  N  _  No  x 
1  +  N  1  +  No  T‘ 


(67.15) 


(67.16) 


The  expression  in  square  brackets  in  the  first  integral  in  (67.6),  for  example,  may  be 
written 


(N  +  1)(Ni+I)(N2+1) 


~  N  i  N2 
_N,+  I  N2  +  1 


N 

N  +  1 


In  the  factors  taken  outside  the  brackets,  we  can  put  immediately  N  =  N0.  The 
difference  in  the  brackets  gives 


1  +  , 
tn^+T(*'  +  'V2-*)’ 

where  we  have  used  the  formula 

Np  i  No2  _  No 

Nq\  +  1  N02  +1  No  +  I 

The  collision  integral  is  thus  brought  to  the  form 

C(N)  ~  I(x)  =  E  w(k„  k2;  k)No(No,  +  1)(N02  +  I) x 

x  S(a»i  +  w2-a>)(xi  +  X2~x) 

+  X  iv(k,  k,;  k3)NoNo,(N03  +  1)  x 

x  8(u)  +  W|  -  W3)(X3  ~xi~  x)  j  d3ki/(2ir)3.  (67. 17) 

Note  that  ^(k)  appears  in  the  integrands  as  simple  sums  of  its  values  for  various  k. 
as  in  the  classical  collision  integral  for  gases  (6.4),  (6.5). 


tUnlike  a  liquid,  where  the  phonon  momentum  is  the  actual  momentum  and  the  phonon  flux  does 
involve  a  transfer  of  mass.  In  a  liquid,  the  atoms  execute  an  infinite  motion:  in  a  sufficiently  long  time, 
any  atom  can  reach  any  point  in  the  volume 
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To  a  solution  of  (67. 13),  we  can  always  add  the  obvious  solution  of  the  homogeneous 
equation, 

X  =  constant  x  tu,  (67. 1 8) 

which  makes  the  integral  (67.17)  identically  zero  because  of  the  conservation  of 
energy  in  collisions.  As  already  explained  in  §6,  this  “extra”  solution  corresponds 
simply  to  a  small  constant  change  in  the  temperature,  and  is  excluded  by  the 
further  condition  (67.14). 

A  second  “extra”  solution. 


*  =  k.SV,  (67.19) 

with  SV  a  constant,  corresponds  to  a  small  change  in  the  velocity  of  the  phonon  gas 
as  a  whole  (cf.  (6.6)),  and  is  excluded  by  the  presence  of  Umklapp  processes,  which 
have  the  effect  that  the  total  phonon  quasi-momentum  is  not  conserved. 


§68.  Thermal  conduction  in  insulators.  High  temperatures 


Equation  (67.13)  allows  us  to  determine  immediately  the  temperature  dependence 


of  the  thermal  conductivity  of  tin  insulaioi  at  tcmpeiatuies  much  gi eater  than  the 
Debye  temperature  ©  —  ufd  (or  hufd  in  ordinary  units). 

The  maximum  phonon  energy  in  all  branches  of  the  spectrum  is  of  the  order  of  0. 
Hence,  when  T  >  ©,  the  energies  of  all  phonons  to  <  T,  and  for  most  of  them  w  —  0. 
The  equilibrium  distribution  function  (67.9)  then  becomes 


No  —  T/w  >  1.  (68.1) 

In  the  collision  integral  (67.17),  the  temperature  separates  as  a  factor  T2;  the 
function  vv  for  frequencies  w  —  0  does  not  affect  the  temperature  dependence  of 
the  integral.  On  the  left-hand  side  of  (67.13),  dNnldT  **  1/  w  does  not  involve  the 
temperature.  Hence 


X  «  VT/T2,  SN  =  -  ( 3No/3w)x  *  VT/T, 


and  so  the  heat  fluxt 


q  =  2  f  wu  8Nd,W(2ir)3  *  VTIT. 

ft  J 


The  thermal  conductivity  is  thus  inversely  proportional  to  the  temperature: 

k  a  1/T,  (68.2) 


tThe  obvious  vanishing  of  q  in  equilibrium  follows  formally  from  the  vanishing  of  the  integral  over 
d3k  because  the  integrand  is  an  odd  function  of  k:  the  frequency  w(fc),  and  therefore  N o(w),  are  even 
functions  of  k,  and  the  velocity  u  =  doJdk  is  an  odd  function.  The  function  w(k)  is  even  because  of  the 
symmetry  under  time  reversal,  whatever  the  symmetry  of  the  crystal  lattice  (see  SP  l.  §69). 
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in  the  classical  theory,  this  result  was  obtained  by  Debye.  In  an  anisotropic  crystal, 
the  directions  of  q  and  VT  are  in  general  not  the  same,  and  the  conductivity  is 
therefore  a  tensor  of  rank  two,  not  a  scalar;  we  shall  not  take  account  of  this  when 
considering  its  temperature  dependence. 

Let  us  estimate  the  phonon  mean  free  path  in  the  temperature  range  concerned. 
According  to  the  elementary  relation  (7.10)  in  the  kinetic  theory  of  gases,  k  —CvL 
where  C  is  the  specific  heat  per  unit  volume,  €  the  mean  speed  of  the  energy 
carriers,  and  /  their  mean  free  path.  The  specific  heat  of  the  crystal  is  constant  at 
high  temperatures,  and  so  is  the  speed  of  the  phonons,  which  may  be  estimated  as 
the  speed  of  sound  u.  We  then  see  that  the  mean  free  path  l  *  I  IT.  This  would  have 
to  become  of  the  order  of  the  lattice  constant  d  at  temperatures  so  high  that  the 
vibration  amplitudes  of  the  atoms  are  also  of  the  order  of  d.  According  to  the 
estimate  (67.5),  such  a  temperature  is  ~  Mu2,  and  we  have  for  the  mean  free  path 
and  the  effective  collision  frequency  v  ~~  ujl  the  estimates 

l  ~  Mu2dlT,  v  ~  TIMud.  (68.3) 

From  this  we  see  that  l>  d  at  almost  all  temperatures  below  the  melting-point. 

In  this  analysis,  it  has  essentially  been  assumed  that  the  three-phonon 
mechanism  of  thermal  resistance  in  a  crystal  lattice  is  operative  for  all  phonons. 
The  energy  fluxes  carried  by  the  various  groups  of  phonons  are  additive,  and 
therefore  so  are  their  contributions  to  the  thermal  conductivity.  If  that  mechanism 
were  insufficient  for  even  one  group  of  phonons,  it  would  be  insufficient  to  provide 
a  finite  conductivity.  The  long-wavelength  acoustic  phonons  need  special  con¬ 
sideration  here. 

Let  us  first  consider  processes  involving  only  such  phonons  with  small  quasi¬ 
momenta  of  comparable  magnitude,  denoted  by  f  with  the  appropriate  suffix.  We 
shall  estimate  for  these  processes  the  collision  integral  (67.17)  as  regards  its 
dependence  on  /.  According  to  (66.14),  in  this  case  vv  ^  //./■’. «  r .  The  factors 
No~T/w  *  1//.  The  integration  in  k-s pace  is  over  a  volume  ~/3,  but  the  delta 
function  separates  within  the  volume  a  surface  with  area  ~/\  We  thus  find  for  the 
collision  integral 


Kx)  «  f2X  “  fSN, 

where  the  last  expression  uses  the  fact  that  SN  «  xlf 2  by  (67. 15);  the  result  can  also 
be  written  in  terms  of  the  effective  collision  frequency  as 

v(f)  *  f-  (68.4) 

On  the  left-hand  side  of  the  transport  equation  (67.13),  the  factor  u  is  (for  acoustic 
phonons)  independent  of  /,  and  8N0ldT  «  Iff.  Hence 

dN  «  1  Ifv. 

The  contribution  of  the  long-wavelength  phonons  to  the  energy  flux  q  is  given  by 
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the  integral  (67.4)  taken  over  a  volume  ~/3.  This  integral, 

J  COM  8N  d3//(2ir)3  «  J  <Pf!v(J), 


(68.5) 


diverges  as  1//  for  small  /,  however.  Thus  the  three-phonon  processes  between 
only  long-wavelength  acoustic  phonons  would  lead  to  an  infinite  thermal  conduc¬ 
tivity;  to  arrive  at  a  finite  conductivity,  collisions  between  these  and  short- 
wavelength  phonons  are  necessary  (I.  Ya.  Pomeranchuk  1941). 

1  Let  a  short- wavelength  phonon  with  quasi-momentum  k  decay  into  a  long- 
wavelength  acoustic  phonon  f  and  a  short-wavelength  phonon  k  —  f  —  b  belonging  to 
the  same  branch  of  the  spectrum  w(k)  as  the  phonon  k;  in  the  following  analysis, 
the  absolute  value  of  k  is  less  important  than  the  fact  that  k  >  /.  Since  co(k)  is 
periodic  in  the  reciprocal  lattice,  we  have  co(k-  f—  b)  =  w(k  -  f),  and  the  law  of 
conservation  of  energy  states  that 

w(k)  =  w(k  -  f)  +  u  (n )/.  (68.6) 


The  second  term  on  the  right,  the  acoustic  phonon  frequency,  is  a  linear  function  of 


f  -  it/  i  n  f  Lo  nk  no  a  ip^fn/Mtir  rtf  rrtiinrl 

j  ,  uni;  —  uj\i }i]  13  vLiu^uy  ui  wuuu, 


■  1  fV\  li-tk 

wil  1W1I 


H  AnAn/1]  r  rtn  tk  a 

J  UI1  LI  I  W  Ull  VWHUU 


n  =  f If.  Fxpanding  w(k  — f)  in  powers  of  the  small  vector  f,  we  can  put  this  equation 
in  the  form 


f .  dcu/dk  =  /«(n).  (68.7) 

It  can  be  satisfied  only  if  the  speed  of  the  short-wavelength  phonon  exceeds  that  of 
sound: 


\dwfdk\>u(n).  (68.8) 

In  this  sense,  the  most  “dangerous"  acoustic  branch  is  that  with  the  highest  speed 
of  sound,  and  this  is  the  branch  we  shall  have  in  mind  when  referring  to  acoustic 
phonons.t 

Other  possibilities  for  three-phonon  processes  occur  when  there  are 
points  of  degeneracy  in  k-space,  where  the  energies  of  two  or  more  branches  of  the 
phonon  spectrum  coincide  (C.  Herring  1954);  the  presence  of  such  points  (either 
isolated,  or  forming  a  line  or  plane)  is  in  many  cases  a  necessary  consequence  of 
the  crystal  lattice  symmetry.  The  resulting  possibilities  are  illustrated  by  a  graphical 
construciion  which  we  shall  first  give  for  the  case  already  discussed,  that  of  emission 
by  a  “supersonic”  short-wavelength  phonon. 

For  a  given  direction  of  f,  we  take  that  direction  as  the  x-axis;  in  Fig.  27a,  the 
continuous  curve  represents  the  function  w( kx )  (with  given  ky  and  kz)  for  short- 

tin  an  isotropic  solid,  one  branch  of  the  acoustic  spectrum  corresponds  to  longitudinal  vibrations,  and 
the  other  two  to  transverse  ones:  the  speed  of  longitudinal  sound  waves  exceeds  that  of  transverse 
waves.  In  an  anisotropic  crystal,  the  division  of  the  waves  into  longitudinal  and  transverse  has  in  general 
no  meaning.  However,  in  the  literature  the  branch  with  the  highest  speed  of  sound  is  often  arbitrarily 
called  longitudinal. 
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The 


Fig.  27. 


wavelength  phonons.  Writing  the  condition  (68.7)  in  the  form 


vx  =  dcoldky  =  ii(nx). 


we  see  that  the  emission  of  an  acoustic  phonon  is  possible  if  at  some  point  the 
slope  of  the  curve  is  equal  to  the  speed  of  sound.  The  frequencies  to(k)  and  co(k-  f) 
of  the  short-wavelength  phonons  near  this  point  are  then  given  by  the  intersections 
of  the  curve  with  the  broken  line,  whose  slope  is  u(nx);  the  difference  between  the 
ordinates  of  these  points  gives  the  frequency  /«. 
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If,  however,  the  curves  of  two  branches  co(k,)  intersect  at  a  point  kx  =  kx o,  a 
th  ree-phonon  process  is  always  possible  near  that  point,  whatever  the  slopes  of  the 
curves,  and  whether  or  not  kx n  is  a  simple  intersection  (Fig.  27b)  or  a  point  of  contact 
(Fig.  27c).  The  two  short-wavelength  phonons  then  belong  to  different  branches  of 
the  spectrum. 

Let  us  now  estimate  the  effective  number  of  collisions  of  a  long-wavelength 
acoustic  phonon  when  there  are  points  of  degeneracy.  These  must  be  processes 
(67.8)  of  absorption  and  emission  of  the  phonon:  the  decay  of  the  phonon  by  the 
processes  (67.7)  would  lead  to  two  long-wavelength  phonons,  i.e.  the  case  already 
discussed.  We  have  therefore  to  estimate  the  second  term  in  (67. 17)  with  the 
assumption  that 


OJ  | ,  £l>3  >  0)  Y-  f  0. 


Here  we  use  the  facts  that  w  x  /,  No  a  1//,  and  the  remaining  factors  in  the 
integrand  may  be  replaced  by  mean  values  independent  of  /,  since  the  integration  is 


rt«lir  /Mmr  t  rtf  tb  ja  oi  r  n/M«f  r  A  n^iin  nrmrr 

UIIVV1I  UHIJf  UVLl  lliL  ULl^liUUUillUUVJ  U1  U  IV-  VJ^LUV/i  jr  [;uilll<3>  M5«m  U^IU^,  UlT  ^ 

xlf %  we  obtain  an  estimate  of  the  dependence  of  the  collision  integral  on  /  in  the 
form  I(x)  *  K/)SN,  where 


v(f)  y  f2  j  S[oj,(k  -  f)  +  u(n)/  -  w5(k)]  d3k. 


(68.9) 


The  integral  can  be  transformed  into  a  surface  integral  in  k-space,  the  surface 
being  defined  by 


w,(k-f)+H(n)/- w3(k)  =  0. 


by  means  of  the  formulat 


the  integral  being  taken  over  the  surface  F(k)  =  0.  We  then  have 


v(f)  *  /3AS(/)( 


5m3(k) 

5k 


5coi(k~  f) 
5k 


(68  10) 


(68.11) 


(68.12) 


where  A  S(f)  is  th  e  area  o  f  th  e  surface  (68.10).  and  the  angle  brackets  denote 


averaging  over  the  surface. 

Let  us  consider  a  typical  case,  in  which  the  degeneracy  points  form  a  curve  in 
k-space.  Then,  as  / ->  0,  the  surface  (68.10)  contracts  to  a  curve  on  which  the 


tThis  is  derived  immediately  by  noting  that 

d'k  =  dS  dt  =  dS  dFh^Fl 

where  I  is  the  distance  along  the  normal  to  the  surface. 
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degeneracy  points  lie,  and  for  small  /  it  is  a  narrow  tube  surrounding  this  line;  the 
dependence  of  the  area  AS  on  /  is  therefore  the  same  as  the  /-dependence  of  the 
tube  diameter. 

if  the  surfaces  w(k)  meet  on  the  degeneracy  curve  but  do  not  touch 
(Fig.  27b),  the  distance  of  the  point  k  from  the  degeneracy  point  varies  linearly  with 
/,  and  so  AS  x  f  also.  Since  the  difference  of  the  derivatives  in  this  case  is  finite  at 
the  point  of  intersection,  we  have 


(68.13) 

The  integral  (68.5)  now  diverges  only  logarithmically.  This  divergence  is  to  be 
removed  in  the  same  way  as  when  there  is  no  degeneracy  (see  below).  Because  the 
divergence  is  weak,  it  usually  does  not  cause  any  significant  change  in  the  law 
(68.2). 

Now  let  the  surfaces  w(k)  have  a  quadratic  contact  at  the  degeneracy 
point.  Then,  as  we  see  from  Fig.  27c,  /  is  proportional  to  the  square  of  the  distance 
from  the  point  of  contact.  The  area  AS,  being  proportional  to  this  dirtance  itself,  is 
AS  *  /l/2.  In  the  case  concerned,  the  same  dependence  on  /  occurs  for  the 
difference  of  the  derivatives  in  (68,12),  since  the  derivative  curves  intersect  without 
contact.  In  this  case,  therefore, 


v(f)  *  f2. 


(68.14) 


and  there  is  no  divergence  in  the  thermal  conductivity. 

Other  types  of  degeneracy  may  be  treated  similarly ,t 

If  there  are  no  degeneracy  points  in  the  phonon  spectrum,  the  condition  (68.6) 
must  be  satisfied  for  all  directions  n  in  at  least  one  branch  of  the  spectrum  w(k)  in 
order  to  ensure  a  finite  thermal  conductivity  from  three-phonon  processes.  Other¬ 
wise,  a  finite  conductivity  results  only  from  higher-order  (four-phonon)  processes, 
and  the  law  (68.2)  does  not  hold.  At  low  temperatures  the  mean  free  path  increases 
and  may  become  comparable  with  the  size  L  of  the  body;  the  divergence  of  the 

mt^nrol  (£Sl  r*Qn  tJiPn  p  I  it  off  at  f  ^  l  IT  n/hiph  mntp  tkp  fViprmol 

vuii  iiivii  v v  w  til  \'ii  ui  J  TriHL.li  rr  v/uivi  iiiliill/  mv  iiili  mui 

conductivity  dependent  on  L. 


§69.  Thermal  conduction  in  insulators.  Low  temperatures 

At  low  temperatures  (T  <^0),  heat  transfer  in  insulators  becomes  quite  different. 
The  reason  is  that  under  such  conditions  the  number  of  Umklapp  processes 
becomes  exponentially  small,  as  is  clear  from  the  following  arguments. 

The  conservation  of  quasi-momentum  in  a  three-phonon  process  with  Umklapp, 
expressed  by  k=  ki  +  k2  +  b,  requires  that  at  least  one  of  the  three  quasi-momenta 
should  be  large;  let  this  one  be  k\  ~  b.  Then  the  energy  <ax  ~  0,  and  the  conservation 
of  energy  (w  =  wi  +  a)2)  requires  that  the  energy  w  ~0  should  also  be  large.  When 


tA  discussion  of  them  may  be  found  in  the  original  paper  by  C,  Herring,  P/iysicaf  Rctirt*  95.  954, 
1954. 
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T  <^©,  however,  the  majority  of  the  phonons  have  energies  ~  T,  and  the  number 
with  energies  is  exponentially  small.  Thus,  both  for  the  phonon  decay  process 
and  for  the  inverse  process  of  coalescence  of  two  phonons,  the  numbers  of  initial 
phonons,  and  therefore  the  numbers  of  processes,  are  exponentially  small.  It  is 
easy  to  see  that  the  fact  that  it  is  a  three-phonon  process  is  unimportant  in  these 
arguments,  which  apply  equally  to  processes  involving  a  greater  number  of 
phonons. 

In  this  situation,  the  physical  picture  of  heat  transfer  is  as  follows.  Numerous 
normal  collisions  of  phonons,  in  which  the  total  quasi-momentum  is  conserved, 
establish  only  “internal”  equilibrium  in  the  phonon  gas,  which  may  still  be  moving 
relative  to  the  lattice  with  any  velocity  V.  The  small  number  of  collisions  with 
Umklapp  change  the  distribution  function  only  slightly,  but  establish  a  definite 
value  of  V,  proportional  to  the  temperature  gradient;  this  in  turn  determines  the 
heat  flux.  We  shall  now  show  how  this  picture  is  represented  in  the  mathematical 
solution  of  the  problem.! 

The  transport  equation  is  written  as 

(3NJdT)u  ■  VT  =  /nW+Mx),  (69.1) 

the  collision  integral  being  separated  into  parts  associated  with  normal  and 
Umklapp  collisions.  The  equilibrium  distribution  function  corresponding  to  the 
movement  of  the  gas  as  a  whole  with  velocity  V  is  obtained  from  No(w)  on 
replacing  the  argument  to  by  w  —  k  .  V;  when  V  is  small,  we  have 

Noito  —  k .  V)  ^  No(w)  —  k  .  V  dNoldto.  (69,2) 

In  accordance  with  the  picture  described  above,  we  seek  the  solution  of  equation 
(69.1)  in  the  form 


X  =  Xn  +  Xu,  Xn  =  k  .  V;  (69.3) 

Xu  is  the  part  of  the  change  in  the  distribution  function  that  is  due  to  Umklapp 
processes,  and  is  small  in  comparison  with  xu-  If  and  denote  the  orders  of 
magnitude  of  the  effective  collision  frequencies  with  and  without  Umklapp  (vu 
Vjst ),  then 


XuIXn  VulvN‘ 


(69.4) 


Substitution  in  (69.1)  gives 


(dNojdT)u  XT  —  In(xu)  + 


(69.5) 


n/liArA  thp  IinP^r  AnArntArC  opfinn  An  flip  fllnptiAnt'  \s  rlpfi  npH  1m/  ( 1 Ir*  ^ \ 

nuvi  v  uiv  iiijvi^i  V/  pwi  cuv/l  o  ul  iing  v;ii  mv  i  uijwliv;iIi3  ^  ui  w  uvuuwvi  \j  y  y\j  ;  •  i  i  j,  hi  } 

we  have  used  the  fact  that  In(Xn)  =  0,  and  omitted  Iuixv)  as  a  small  quantity;  the 


tit  should  be  noted  that  the  unambiguous  separation  of  Umklapp  processes  as  a  small  effect  is 
achieved  by  precisely  the  choice  described  in  §66  for  the  base  cell  in  the  reciprocal  lattice,  as  a  result  of 
which  all  collisions  between  long-wavelength  phonons  only,  with  low  energies,  are  normal  ones. 
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two  remaining  terms  on  the  right  are  of  the  same  order  of  magnitude  if  (69.4)  is 
valid. 


T  pf  lie  p rn nliQti7P  firct  nf  all  that  \uh p n  HmUiinn  nrAfPe cpc  qtp  nPnlppfpH  r\A  tVi a 

MO  *»»  O*-  VJ  1  »■***  t-J  ■  ■  I1VII  V>  V/WVJOVO  Ul  v  llVgIVWIVU  imu  ill  V 

temperature  gradient  is  not  zero,  the  transport  equation  has  no  solution.  For,  let  us 
multiply  equation  (69.5)  by  k,  integrate  over  d3kl(2ir )3,  and  sum  over  all  branches  of 
the  phonon  spectrum.  Since  normal  collisions  conserve  the  total  quasi-momentum, 
the  term  rN(xu)  becomes  zero,  leaving 


k(u  .  VT) 


3Ni)  d'k 

at  n-rr*3 
^  A  ■■  / 


K  J 


k  luiXu) 


d'k 

O-ttO3* 
'  —  ■■  J 


(69.6) 


When  Umklapp  processes  are  neglected,  the  right-hand  side  is  zero,  whereas  the 
left-hand  side  is  certainly  not  zero,  the  integrand  being  an  even  function,  since  w  (k) 
is  even  and  u  =  dcoldk  is  odd.  This  contradiction  means  that  the  transport  equation 
has  no  solution. 

With  Umklapp  processes  taken  into  account,  however,  equation  (69.6)  determines 
the  unknown  quantity  V  in  the  solution  (69.3).  To  simplify  the  notation,  we  shall 
suppose  that  the  crystal  has  cubic  symmetry.  The  anisotropy  of  the  crystal  then 
does  not  appear'1'  in  the  integrals  in  (69.6),  and  this  equation  becomes,  after 
substitution  of  from  (69.3), 


P\VT  —  -  vufiiTY. 


with  the  notation 


e  =1-1 

3  dT 


2  j  k.uNu^j 


p2  3  37^1 


k2  w 
—  No 

CO 


(2tt  r 
d'k 


(2tt)3’ 

Ti^=-^X  |k  ^(k)AiL; 


(69.7) 


(69.8) 


the  factor  j3->  is  separated  in  order  to  simplify  the  later  formulae. 

Equation  (69.7)  determines  V,  and  the  energy  flux  is  then  calculated  as  the 
integral  (67.4),  in  which  N  is  to  be  replaced  by 


fiN/vf  —  —  k  .  V dNo/dfa}  =  k  .  \(Tlto)dNoi dT. 


Then  q=  T( 3|V,  and  together  with  (69,7)  this  gives  q=  —  kVT.  with  the  thermal 
conductivity 

K  =  /3,2/r[(/K  (69.9) 

It  is  noteworthy  that  in  this  case  the  calculation  of  k  does  not  require  the  transport 
equation  (69.5)  to  be  solved,  but  only  the  integrals  (69.8)  to  be  calculated. 


tFor  cubic  symmetry.  any  lensor  of  rank  two  reduces  to  a  scalar:  a.p  =  Ufinp.  a  =  a»tI. 
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The  integrals  /3,  and  /32  are  governed  by  the  frequency  range  co  —  T,  which 
contains  the  majority  of  the  phonons.  They  depend  on  T  only  by  a  power  law. 
Since  only  acoustic  phonons  can  have  low  energies,  /3,  and  /32  need  in  practice  be 
summed  only  over  the  three  acoustic  branches  of  the  spectrum.  It  is  easy  to  see 
that  we  then  have 


0,,02*T3.  (69.10) 

The  exponential  dependence  is  contained  in  the  integral  vy.  Its  specific  form  can 
be  obtained  by  means  of  (67  17).  For  Umkiapp  processes, 

Xnj  +  Xn2  ~  Xn  =  V  .  (k|  +  k2  -  k)  =  V  .  b. 

For  the  majority  of  phonons,  and  the  distribution  function  N0~  1;  for 

phonons  with  co  $>  T,  however,  N0<  1.  The  factors  N0+  1  ~  1  therefore  need  not  be 
considered  in  estimating  the  integral.  The  functions 

N0  =  e~WT(N0+  1) 

contain  factors  e  ",T,  which  may  be  exponentially  small,  and  which  have  a  decisive 
effect  on  the  estimate  of  the  integral. 

Thus,  if  we  consider  only  the  exponential  temperature  dependence  of  vVt  we 
have 


vv  «  2  e~wlT8{a>  -  ojx-  a>2)  d3kd%\  (69.11) 

tfi.b) 


the  summation  is  over  all  branches  g,  gf,  g2  of  the  spectrum  and  over  all  non-zero 
values  of  b  occurring  in  Umkiapp  processes.  The  equation 

wK(k)  =  tL)gt(ki)  +  ojgjfk  —  kf)  (69.12) 

defines  a  five-dimensional  surface  in  six-dimensional  kk, -space.  Let  A(g,  gi,g2)  be 
the  minimum  value  of  wg(k)  on  this  hypersurface;  since  the  energies  of  phonons 
involved  in  Umkiapp  processes  are  large,  these  values  are  —  0.  Each  of  the 
integrals  in  the  sum  over  (g)  in  (69.11)  is  proportional  to  exp[  -  A(g,  gi,  g2)/T]. 
Retaining  only  the  largest  of  them,  we  have 

_ /  a  irr\  i£t\  n'k 

^  CAp*.  —  iimin/  i 

where  Amin  is  the  smallest  of  the  A(g,  g,,g2). 

■  We  thus  conclude  that  the  thermal  conductivity  depends  on  the  temperature 
essentially  according  to  the  exponential  relation 

K*exp(A  nJT),  (69.14) 

with  A„,j„~0  (R.  E.  Peierls,  1929). 
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The  higher-order  processes,  involving  a  larger  number  of  phonons,  lead  to  a 
temperature  dependence  of  a  similar  type,  with  A  the  lowest  possible  value  of  the 
energy  of  the  initial  phonons  in  each  process  (or,  equivalently,  half  the  least  total 


n  f  till  nil  nrinnc  init ril  rinrl  final  ImViiio  rv.i rt  in  flip  nrnrPCQ^  In  nririn nip  it 
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may  happen  that  this  value  is  less  than  for  three-phonon  processes,  in  which  case 
the  contribution  of  higher-order  processes  to  the  thermal  conductivity  may  become 
predominant,  despite  the  fact  that  the  coefficient  of  the  exponential  decreases,  of 
course,  as  the  order  of  the  process  increases. 

Unlike  the  Umklapp  process  frequency  vUy  the  effective  frequency  vN  of  normal 
collisions  decreases  as  a  power  of  the  temperature;  we  shall  determine  the 
relationship,  in  order  to  use  it  in  §71. 

Normal  collisions  take  place  between  acoustic  phonons  with  w  —  T,  which  form 
the  majority.  Their  quasi-momenta  k~u>lu  ~  T/n.  In  the  collision  integral  (67.17), 
the  integration  is  over  a  surface  with  area  ~  k 2  distinguished  by  the  delta  function 
in  a  volume  —  k1.  In  this  region,  the  functions  No  —  1  and  co  °c  k1,  according  to 
(66.14).  Hence  vN  oc  T\  The  proportionality  coefficient  is  most  simply  determined 
from  the  condition  that  when  T  —  0  this  expression  and  the  estimate  (68.3)  must 
give  the  same  result,  so  that 


vN  -  VIS4 Mud. 


(69.15) 


§70.  Phonon  scattering  by  impurities 

In  §§68  and  69  we  have  assumed  that  the  crystal  lattice  is  ideal  and  free  from 
defects.  Let  us  now  consider  the  possible  significance  of  phonon  scattering  by 
impurity  atoms  as  regards  thermal  conduction  in  insulators. 

In  relation  to  the  long-wavelength  acoustic  phonons,  the  impurity  atom  is  a  point 
defect  in  the  lattice.  A  characteristic  property  of  scattering  by  such  defects  is  that 
it  is  elastic  (the  phonon  frequency  is  unchanged),  and  the  scattering  cross-section 
decreases  rapidly  with  the  frequency,  i.e.  with  the  wave  number,  as  k4.t 

The  collision  integral  for  phonon  scattering  by  impurities  is 

C(Nk)=  NiW  [  H’(k,k’){Nl<l  +  Nk) -  Nt(l  +  Nk)}8(o,'-  a i)d’k7(2w)3.  (70.1) 

As  usual,  the  first  term  in  the  braces  gives  the  number  of  scattering  events  per  unit 
time  which  bring  a  phonon  into  a  state  with  a  given  quasi-momentum  k  from  states 
with  any  other  values  k'  that  correspond  to  the  same  energy.  Similarly,  the  second 
term  gives  the  number  of  scattering  events  that  take  phonons  from  that  state  into 
any  other.  If  the  impurity  atoms  are  arranged  randomly,  and  the  mean  di*-  ’lice 
between  them  is  much  greater  than  the  scattering  amplitude,  then  different  atoms 
scatter  independently  and  the  probabilities  are  additive.  Under  these  conditions, 
which  have  been  assumed  in  (70.1),  the  total  number  of  scattering  events  is 

^This  is  a  general  property  of  sound  wave  scattering  by  obstacles  small  compared  with  the 
wavelength:  cf.  FM,  §76.  Compare  also  the  corresponding  case  in  the  scattering  of  long  electromagnetic 
waves  (Fields,  §79). 
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proportional  to  the  impurity  atom  concentration  Njmp.  For  scattering  in  an  aniso¬ 
tropic  medium,  the  function  u’(k,  k')  depends  on  the  directions  of  both  vectors  k 
and  k',  but  its  dependence  on  the  magnitude  k  is  w  k4.  In  (70.1)  we  have  put 
w(k,  k')  =  w(k',  k).  In  the  Born  approximation,  this  follows  from  the  unitarity 
condition  and  the  smallness  of  the  scattering  amplitude  when  second-order  terms 
are  neglected  (see  QM,  §  126).  The  Born  approximation  is  not  in  general  applicable 
to  phonon  scattering  by  an  impurity  atom.  At  low  temperatures,  however,  when 
phonons  with  small  k  are  concerned,  the  scattering  amplitude  is  small  for  another 
reason,  being  proportional  to  k2;  if  terms  «  k4  are  neglected,  we  again  have  the 
same  equation. 

The  products  NkNk.  in  the  braces  in  (70.1)  cancel,  and  after  the  substitution 
N  =  N0+  SN  the  collision  integral  is  immediately  linearized: 


C(N)  =  Iimp(8N)  =  Nimp  f  vv(SN„. -  SNk)8(co'  -  co)  d5fc7(2i,)J.  (70.2) 


This  integral  is,  like  w,  proportional  to  k4.  Since  dNjdT  «  1  lco  «  1  Ik  when  co 
in  this  frequency  range  we  have 

SN  a  k~-  (70.3) 


A  similar  case  has  already  occurred  in  §68;  cf.  (68.4).  The  relation  (70.3)  leads  to 
divergence  of  the  integral  for  the  heat  flux.  Thus  the  presence  of  impurities  in  the 
crystal  cannot  in  itself  ensure  a  finite  thermal  conductivity  of  an  insulator. 

This  does  not  mean,  however,  that  impurities  play  no  part  in  determining  the 
conductivity.  The  reason  is  that  the  scattering  by  impurity  atoms  does  not  conserve 
the  quasi-momentum  of  the  phonons,  and  in  this  sense  may  take  the  place  of 


I  T  m  Ll  tlrm  nrnpPC^PC 
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temperatures  in  which  the  effective  frequency  v,m?  of  scattering  by  impurities  (for 
phonons  with  c o~T)  is  intermediate  between  the  frequencies  of  normal  and 
Umklapp  collisions  between  phonons: 


vn  >  *Jimp  ^  Vu-  (70.4) 

Under  such  conditions,  the  role  of  the  Umklapp  processes  is  taken  by  the  impurity 
scattering,  and  equations  (69.6)-(69.8)  remain  valid  if  Iu  is  replaced  by  IjITlr.  The 
thermal  conductivity  is  then  given  by  (69.9)  with  rimp  in  place  of  vv : 

^  Pi/  P2  ^imp- 

According  to  (70.2),  vimp  «  co4'-'  T4.  The  quantities  pi  and  /32  for  acoustic  phonons 
are  proportional  to  T3;  see  (69.10).  We  thus  have  k  «  l/T  in  this  case. 


§71.  Phonon  gas  dynamics  in  insulators 

The  approximate  conservation  of  quasi-momentum  when  the  mean  free  path  (iN) 
for  normal  collisions  is  small  compared  with  that  (fy)  for  Umklapp  processes. 
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(71-1) 


makes  the  phonon  system  in  the  crystal  at  low  temperatures  similar  in  many 
respects  to  an  ordinary  gas.  The  normal  collisions  establish  internal  equilibrium  in 
each  volume  element  of  the  gas  (large  compared  with  fN),  which  may  still  be 
moving  with  any  velocity  V.  If  V  and  the  temperature  T  vary  appreciably  only  over 
distances  large  compared  with  Is  (and  over  times  long  compared  with  l/vN),  a 
system  of  “hydrodynamic”  equations  can  be  derived  for  them.  We  shall  construct 
these  in  the  linear  approximation  with  respect  to  the  velocity  V  and  the  tem¬ 
perature  gradient,  which  will  be  regarded  as  small  quantities  of  the  same  order. 
Moreover,  to  simplify  the  formulae  we  shall  again  (as  in  §69)  suppose  that  the 
crystal  has  cubic  symmetry. 

One  of  the  required  equations  expresses  the  law  of  conservation  of  energy.  It  is 
obtained  by  substituting  the  distribution  function  (69.2)  in  (67.3)  and  (67.4).  The 
integrals  of  co(k  *  \)dN0idco  and  of  cou N0  are  zero  when  the  integration  over  the 
directions  of  k  is  carried  out;  cf .  the  first  footnote  to  §  68.  The  function  N0(co)  depends 
on  the  coordinates  and  the  time  only  through  T.  Neglecting  terms  which  contain  the 
product  V  ■  VT,  we  find 


where 


(iidTIdt  +  p\T  div  V  =  0, 


(71.2) 


(5  3-aEo/aT, 


(71.3) 


E0  is  the  equilibrium  energy  density,  and  0j  is  defined  in  (69.8). 

The  second  equation  expresses  the  (approximate)  conservation  of  quasi-momen¬ 
tum.  It  is  obtained  from  the  transport  equation 

dNIdt  +  u  .VN  =  Cn(N)  +  Cu(N)  (71.4) 

by  substituting  N  in  the  form  (69.2),  multiplying  by  k,  integrating  over  d}k,  and 
summing  over  the  types  of  phonon.  The  integral  of  kCN(N)  is  zero  by  the 
conservation  of  quasi-momentum  in  normal  collisions.  The  result  is 

{5 2Td\l&t  +  p,VT  =  -  wP2T\9  (71.5) 

with  02  and  vv  given  by  (69.8).  Equations  (71.2)  and  (71.5)  are  the  hydrodynamic 
equations  for  a  phonon  gas  in  an  insulator. 

The  exponentially  small  (like  vu)  term  on  the  right  of  (71.5)  represents  the  effect 
of  Umklapp  processes.  When  this  term  is  neglected,  the  quasi-momentum  is 
exactly  conserved.  Under  such  conditions,  undamped  waves  can  propagate  in  the 
phonon  gas,  analogous  to  second  sound  waves  in  a  superfluid  (V.  P.  Peshkov  1946): 
eliminating  V  from  (71.2)  and  (71.5),  we  have  in  that  case 

a2T/at2  =  (012/0203)AT,  (71.6) 


i.e.  the  wave  equation  describing  the  propagation  of  temperature  oscillations  with 
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speed 


i<2  =  (/3,2/P>Pj),n- 


(71.7) 


As  already  mentioned,  contributions  to  the  integrals  0.,  /32,  /33  at  low  temperatures 
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dispersion  relations  co(k),  these  integrals  are  proportional  to  T3;  the  speed  (71.7)  is 
then  independent  of  the  temperature,  and  of  the  same  order  as  the  speed  of  sound. t 
So  far  we  have  assumed  the  crystal  to  be  of  infinite  size.  At  low  temperatures, 
when  the  phonon  mean  free  path  rapidly  increases,  a  situation  may  actually  occur 
in  which  the  mean  free  path  becomes  comparable  with  or  even  much  greater  than 
the  size  L  of  the  crystal.  This  applies  in  particular  to  the  exponentially  increasing 


lu- 


Let  us  consider  heat  transfer  in  an  insulator  with  lu  >  L  (the  condition  will  be 
more  precisely  specified  below),  but  still  ls  <§  L;  the  latter  inequality  enables  us  to 
use  the  equations  of  phonon  hydrodynamics  (J.  A.  Sussmann  and  A.  Thellung  1963, 
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Because  of  the  microscopic  unevennesses  of  the  crystal  surface,  phonons  are 
usually  reflected  from  it  randomly  (or  diffusely);  this  means  that  the  macroscopic 
velocity  V  of  the  phonon  gas  is  zero  at  the  surface.  Equations  (71.2)  and  (71.5), 
however,  do  not  allow  such  a  boundary  condition;  their  solutions  can  satisfy  only 
the  condition  that  the  normal  component  of  the  velocity  is  zero  at  the  surface.  As 
in  the  hydrodynamics  of  ordinary  liquids,  the  boundary  condition  that  the  tangen¬ 
tial  velocity  component  is  zero  demands  that  the  viscosity  be  taken  into  account. 

In  the  steady  state,  equation  (71.2)  gives  div  V  =  0.  The  inclusion  of  the  viscosity 
adds  a  term  in  AV  to  the  right-hand  side  of  (71.5),  similar  to  the  corresponding  term 
in  the  Navier-Stokes  equation  for  an  ordinary  viscous  liquid.  In  the  steady  state, 
this  equation  is 


(/3,//32T)VT  =  jxAV  -  vv\.  (71.8) 

The  quantity  /x  has  the  dimensions  [L2/T].  and  acts  as  the  kinematic  viscosity  of  the 
phonon  gas.$  Its  calculation  requires  in  principle  the  solution  of  the  corresponding 
transport  equation.  However,  for  an  order-of-magnitude  estimate  we  can  use  the 
ordinary  formula  from  the  kinetic  theory  of  gases,  whereby 

pL  ~~  lsv  ~~  u2fvN.  (71.9) 
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enecis  are  predominant  wnen  me  term  in  t/i-o;  is  negligible  in 

comparison  with  jxAV.  For  example,  let  us  consider  heat  transfer  along  a  cylindri¬ 
cal  rod  with  diameter  K,  which  is  the  characteristic  length  as  regards  the  variation 


tin  an  isotropic  liquid  with  a  phonon  energy  spectrum  (superfluid  helium  at  low  temperatures)  there  is 
only  one  acoustic  branch,  in  which  id  —  uk.  Then  pi/02  =  u2,  pilfii  =  5,  and  the  speed  of  second  sound  is 
=  u/V  3. 

^Considering  the  problem  purely  qualitatively,  we  here  neglect  entirely  the  anisotropy  of  the  crystal. 
It  should  be  remembered  that,  even  with  cubic  symmetry,  the  viscosity  is  described  not  by  a  scalar 
coefficient  but  by  a  tensor  of  rank  four  having  more  than  one  independent  component. 
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of  the  velocity  V,  so  that  A V-V/E2.  We  see  that  the  term  vv\  is  negligible  if 
lxlR2P>  vu .  With  the  estimate  (71.9),  this  condition  becomes  lu  >  le a,  where 

1«*~K2/In  (71.10) 

acts  as  an  effective  phonon  mean  free  path  in  the  finite  body.  V  on  the 

other  hand,  the  size  of  the  body  is  unimportant,  and  (69.14)  is  valid. 

The  process  of  heat  transfer  along  the  rod  when  lu  >  ferr  is  a  Poiseuille  flow  of  a 
viscous  phonon  gas,  and  may  be  described  by  an  effective  thermal  conductivity 
which  determines  the  energy  flux  as  —  KcfrVT,  where  VT  is  the  temperature  gradient 
along  the  rod.  This  flux  may  be  estimated  by  substituting  (71.10)  in  the  expression 
Kcfi  At  low  temperatures,  the  lattice  specific  heat  C  *  T3,  and  fN  —  ulvs  « 

T~5  according  to  (69.15).  The  effective  thermal  conductivity  is  therefore 

«  r2T*  when  R2llv  <lN  <  R;  (71.11) 

it  decreases  with  falling  temperature. 

Lastly,  at  still  lower  temperatures,  when  also  Is  ^  R ,  collisions  between  phonons 
become  unimportant,  as  in  the  Knudsen  case  for  highly  rarefied  ordinary  gases. 
The  role  of  the  mean  free  path  is  then  taken  by  the  size  R  of  the  body,  and  the 
effective  thermal  conductivity  is 


Krt~CuR  «  t3R 


(71.12) 


(H.  B.  G.  Casimir  1938). 


§72.  Sound  absorption  in  insulators.  Long  waves 

The  nature  of  sound  absorption  in  insulator  crystals  depends  greatly  on  the 
relation  between  the  wavelength  and  the  mean  free  path  l  of  thermal  phonons.  If 
the  wavelength  is  much  greater  than  l  (fl  <£  I,  where  f  is  the  sound  wave  vector),  the 
macroscopic  theory  based  on  the  equations  of  elasticity  theory  is  valid  (see  TE, 
§35),  according  to  which  the  sound  absorption  coefficient  comprises  two  terms 
which  are  respectively  determined  by  the  thermal  conductivity  and  the  viscosity  of 
the  medium.  Both  terms  are  proportional  to  the  square  of  the  frequency.  Our  aim 
here  is  to  find  their  dependence  on  the  temperature. 

The  thermal  conductivity  contribution  to  the  sound  absorption  coefficient  is 
given  in  order  of  magnitude  byt 

yth~t o2KTa2pluC2,  (72.1) 

where  a  is  the  thermal  expansion  coefficient  of  the  body,  C  the  specific  heat  per 
unit  volume  and  p  the  density.  At  high  temperatures  T  >  0,  the  thermal  conductivity 


tWe  give  the  absorption  coefficient  per  unit  path  length.  The  frequency  and  temperature  dependences 
are  the  same  for  the  coefficient  per  unit  time,  since  the  two  coefficients  differ  only  by  a  constant  factor, 
the  velocity  of  sound. 
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k  oc  1/T,  while  C  and  a  are  independent  of  the  temperature;  see  SP  I,  §§65, 
67.  In  this  range,  therefore,  7th  is  independent  of  the  temperature.  At  low  tem¬ 
peratures,  its  temperature  dependence  is  governed  mainly  (in  an  ideal  lattice)  by 
the  thermal  conductivity,  which  increases  exponentially  as  T  decreases. 

Let  us  now  determine  the  viscosity  part  of  the  sound  absorption  coefficient  (A.  I. 
Akhiezer  1938).  The  external  sound  field  alters  the  phonon  dispersion  relation  by 
causing  a  macroscopic  deformation  of  the  crystal  lattice.  The  wavelength  of 
thermal  phonons  is  small  in  comparison  with  the  wavelength  of  sound;  hence  the 
deformation  may  be  regarded  as  uniform  in  relation  to  a  thermal  phonon,  i.e.  the 
latter  may  be  regarded  as  being  in  a  lattice  that  is  still  regular  but  has  slightly 
altered  periods.  In  the  first  approximation  with  respect  to  the  small  deformation, 
the  phonon  frequency  to(k)  in  such  a  lattice  is  related  to  its  value  co(0)(k)  in  the 
undeformed  lattice  by 


co(k)  =  co'°’(k)(l  +  Ke  Uae), 


(72.2) 


where 


1  (dUa  dUfi\ 
2\dxp  dxa  ) 


is  the  strain  tensor  and  U  the  displacement  vector.  The  characteristic  tensor  A0p  of 
the  crystal  in  general  depends  on  k;  for  long- wavelength  acoustic  phonons  with  a 
linear  dispersion  relation,  however,  it  does  not  depend  on  the  magnitude  of  k. 

The  parentheses  in  (72.2)  should  also  contain  a  term  of  the  form  A  curl  U 
expressing  the  trivial  fact  that,  if  the  deformation  causes  rotation  of  a  lattice 
volume  element  (curl  U  ^  0),  this  changes  the  direction  of  the  axes  (of  the  recipro¬ 
cal  lattice)  with  respect  to  which  the  quasi-momentum  of  a  phonon  in  the  dis¬ 
persion  relation  is  to  be  defined;  the  term  A  curlU  would  represent  the  correspond¬ 
ing  change  in  k.  We  have  not  written  this  term  in  (72.2),  since  it  is  evident  a  prion 
that  it  cannot  influence  the  energy  dissipation  in  the  sound  wave,  which  concerns 
us  here:  the  actual  physical  effect  (dissipation)  cannot  depend  on  the  vector  curl  U, 
which  differs  from  zero  even  for  a  mere  rotation  of  the  body  as  a  whole. 

The  change  in  the  phonon  distribution  function  due  to  the  lattice  deformation  is 
given  by  the  transport  equation 


(3N/5  to)a>  +  (dNldT)T  =  C(N),  (72.3) 

where  C(N)  is  the  phonon-phonon  collision  integral  (67.6),  and  T  the  rate  of 
variation  of  the  temperature  at  a  given  point  in  the  crystal  that  necessarily  results 
from  the  deformation.  Linearizing  this  equation  in  the  usual  way,  and  using  the 
function  x  defined  by  (67.15),  we  can  reduce  it  to  the  form 


(72.4) 


where  /(*)  is  the  linearized  collision  integral  (67.17).  On  the  left-hand  side,  the 
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derivative  w  has  been  transformed  by  means  of  (72.2);  the  superscript  (0)  to  the 
unperturbed  frequency  is  omitted,  here  and  henceforward. 

The  derivative  T  can  in  principle  be  expressed  in  terms  of  the  same  tensor  \aP. 
Multiplying  both  sides  of  equation  (72.4)  by  w,  integrating  over  k-space,  and 
summing  over  all  branches  of  the  phonon  spectrum,  reduces  the  right-hand  side  to 
zero  by  virtue  of  the  conservation  of  energy  in  collisions.  The  left-hand  side  gives 

TIT  =  AopLU  (72.5) 

where  Aop  is  the  tensor  AqP  averaged  over  aj2dNc/c >to.  In  both  the  limiting  cases  of 
high  and  low  temperature,  \ap  is  independent  of  temperature:  when  T  >  ©,  the 
important  phonons  in  the  averaging  are  those  with  the  temperature-independent 
quasi-momentum  k~km:ix~\ld,  and  when  T<^0  the  long-wavelength  acoustic 
phonons  are  the  important  ones,  with  Anp  independent  of  k,  so  that  the  averaging 
again  causes  no  dependence  on  the  temperature. 

With  A0p  -  —  Aop,  we  write  the  transport  equation  as 

uidNJdw) \aPUaP  =  I(x).  (72.6) 

Next,  let  us  derive  a  formula  for  the  dissipation  of  energy  in  a  non-equilibrium 
phonon  gas.  Wc  start  from  the  expression  for  the  entropy  per  unit  volume  of  a 
Bose  gas: 


s  =  2  KN  +  1) log(N  +  I )-N  log  N]  d3kl(27T?  (72.7) 

K  J 

(see  SP  1,  §55).  Differentiation  with  respect  to  time  gives 

s  =  2  j  N  \og^~-d\H27T)\  (72.8) 

Replacing  N  here  by  the  integral  C(N)  (cf.  §4)  and  renaming  appropriately  the 
variables  k,  ki  and  k2  in  the  two  terms  in  (67.6),  we  can  put  S  in  the  form 

c  — 1  V  f  n  ir  |  (N]  +  1  )N2Ni 

S_2  JU  "<k’*k’-k'>8<“'  <°2  eNi(N2  +  l)(N,+ 1)X 

x  [(N,+  1)N2N3-  N,(N2  +  1)(Nj+  I)]  d%  d3/c2/(2ir)‘. 

Multiplication  by  T  gives  the  dissipative  function,  i.e.  the  energy  dissipated  per 
unit  time  and  volume.  Substituting  N  =  N0+SN,  with  5N  in  the  form  (67.15),  and 
keeping  the  first  (quadratic)  terms  in  the  expansion  in  powers  of  SN,  we  find 

TS  =  4-  V  f  >v(k-»-  k, :  k-ISf  fl).  —  fill  —  fl)-d  X 

-  ' '  9'/’  '  l  '■  — --j; 

J?l.K2-«3  J 

x  (Nm  +  DNaNojfe  -X2-  *5)2  d5fc,  d%l{l7rf. 


(72.9) 
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The  above  formulae  are  sufficient  to  determine  the  temperature  dependence  of 
the  sound  absorption  coefficient.  Let  us  first  consider  the  range  of  high  tem¬ 
peratures. 

In  this  case,  the  collision  integral  /(^)  contains  the  temperature  as  a  factor  T2 
(see  the  beginning  of  §68).  On  the  left-hand  side  of  the  transport  equation  (72.6), 
we  have  (odNJdco  *=»  —  T/'co,  and  for  the  majority  of  the  phonons  the  frequency 
Co  —  ©  is  independent  of  the  temperature.  For  these  frequencies,  therefore. 


X  ~~  (l/T)A„pL/(,p. 


From  f72.9),  in  which  we  must  put  No**  T/co  >  I,  we  now  find  that  the  dissipative 
function  is  independent  of  the  temperature.  The  same  is  true  of  the  absorption 

I’npfFlripnt  r\  ht  ■jinprl  hi;  Hivirlino  ttip>  rliccin>iti\;<i  fnn/'tinn  Km;  thn  pnprrn;  flnv  in 

vwin  vivuv,  j  van  f  vir  t  v  iuirvvivir  rj  j  mv  ^  j  mv 

sound  wave,  which  is  independent  of  the  temperature.  When  T  >  0,  therefore,  both 
the  viscosity  part  and  the  thermal-conduction  part  of  the  sound  absorption 
coefficient  are  independent  of  the  temperature. 

At  low  temperatures  there  is,  first  of  all,  a  fundamental  difference  from  the 
problem  of  thermal  conduction:  the  sound  absorption  coefficient  is  finite  even  when 
Umklapp  processes  (whose  frequency  is  small  at  low  temperatures)  are  neglected. 
In  the  thermal  conduction  case,  the  absence  of  any  solution  of  the  transport 
equation  when  Umklapp  processes  are  neglected  was  shown  by  the  contradiction 
arising  on  multiplication  of  this  equation  by  k  and  integration  over  the  whole 
phonon  spectrum:  the  right-hand  side  is  then  zero,  but  the  left-hand  side  is 

rcci  ir _ tn*\  a\ 

LUtaiUiy  uut  /-CIU,  LI.  (U7.uj.  1  U1  LCjUailUU  IIUWLVU,  tut  LUIUIdUILUUU  uuw 

not  occur:  since  its  left-hand  side  is  an  even  function  of  k,  it  becomes  an  odd 
function  on  multiplication  by  k,  and  vanishes  on  integration  over  d3k.  Here  we 
assume  that  the  integral  of  the  term  containing  the  Umklapp  process  operator,  i.e. 
of  kf(j(^),  is  also  zero.  Since  this  is  not  ensured  by  any  conservation  law,  a  certain 
condition  is  thereby  imposed  on  the  solution  of  the  transport  equation:  the  function 
^(k)  must  be  even  in  k  (and  kft  (^)  is  then  an  odd  function,  since  it  is  easily  shown 
that  the  operator  I  does  not  change  the  parity  of  x)-  This  condition  eliminates  the 
arbitrariness  due  to  the  existence  (in  contrast  to  Umklapp  processes)  of  an  “extra” 
solution  of  the  form  ^  =  k  .  SV,  an  odd  function  of  k,  and  ensures  a  correct  passage 
to  the  limiting  case  where  these  processes  are  absent. 


rr 

*T  J 


0,  phuuunS  with  cncigy  a; 


arc  the  must  liiipoi  till  it  lu  the  cullislun 


integral  (and  in  the  dissipative  function).  These  are  long-wavelength  phonons  in  the 
acoustic  branches  of  the  spectrum;  their  frequency  varies  linearly  with  k,  and  they 
therefore  have  k~  T/w.  According  to  (66.14),  the  function  w  in  the  integral  (67.17) 
for  collisions  of  such  phonons  is  w  *  kkik2.  The  distribution  function  N0  depends 
only  on  the  ratio  co/T,  so  that  No'-  1  when  to  —  T.  The  integration  is  over  d3ki  = 
k]2  dk]  do ],  and  for  k\  over  a  region  —T.  Each  factor  k,  ku  k2  therefore  contributes  a 
factor  T  to  the  integral,  and  the  delta  function  gives  a  factor  1/T.  Thus  the  whole 
integral,  as  regards  its  temperature  dependence,  is  estimated  as  ^T4.  The  left-hand 
side  of  the  transport  equation  (72.6)  is  independent  of  the  temperature  when  a j  —  T. 
Hence  we  have,  when  w  —  T, 
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A  corresponding  estimate  of  the  integral  (72.9)  then  leads  to  the  resuit  that  the 
dissipative  function,  and  therefore  the  viscosity  part  of  the  sound  absorption 
coefficient,  are  inversely  proportional  to  T.  Thus 


yVi  K  co2/T  when  T  <?  0. 


(72.10) 


The  absence  of  any  need  for  Umklapp  processes  has  the  result  that  this  part  of  the 
absorption  coefficient  increases  only  by  a  power  law  with  decreasing  temperature, 
not  exponentially. 

The  use  of  the  dissipative  function  in  the  foregoing  analysis  has  made  it  possible 
to  avoid  expressing  the  viscous  stress  tensor  in  the  crystal  in  terms  of  the  phonon 
distribution  function.  This  is  not  a  trivial  problem,  because  the  actual  momentum 
flux  tensor  is  involved,  and  this  momentum  is  not  the  same  as  the  quasi-momentum  of 
the  phonons.  We  shall  show  how  this  expression  can  in  turn  be  derived  from  the  form 
of  the  dissipative  function. 

To  do  so,  we  again  start  from  the  integral  (72.8),  and  now  write  N  in  it  as  the 
expression  on  the  left  of  the  transport  equation  (72.6).  The  logarithm  in  the 

irt  ic?  i  i  tfon  i-n  +1-10  f  coa  ( 1 
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The  result  is 


TS  =  2  J  wK,fiSN  0,  U„fi,  (72. 1 1 ) 

where  SN  =  —xdNjd co;  the  term  with  the  factor  co  in  place  of  y  is  identically  zero, 
by  the  definition  of  AqP.  Instead  of  AQp  =  AQp  —  Anp,  we  can  here  put  simply  A«p, 
since  the  integral  containing  the  constant  factor  AQp  is  zero  by  the  further  condition 
(67. 14)  imposed  on  8N. 

The  dissipative  function  (per  unit  volume)  can  be  expressed  in  terms  of  the 
viscous  stress  tensor  cr'p  as  cf.  TE ,  §34.  A  comparison  with  (72.11)  thus 

gives  the  following  expression  for  the  viscous  stress  tensor: 


~  2  J  SN  d3/c/(27r)3 


(72.12) 


(V.  L.  tiurevich  1980). 

§73.  Sound  absorption  in  insulators.  Short  waves 

In  the  opposite  case  of  short  wavelengths,  /I>1,  the  process  of  sound  wave 
damping  may  be  regarded  as  the  result  of  absorption  of  individual  sound  quanta 
when  they  collide  with  thermal  phonons  (L.  D.  Landau  and  Yu.  B.  Rumer,  1937). 
For  this  treatment  to  be  permissible,  the  energy  and  momentum  of  the  thermal 
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phonons  must  be  defined  with  sufficient  precision:  when  changed  by  the  absorption 
of  a  sound  quantum,  they  must  come  into  a  range  outside  the  quantum  uncertainty 
due  to  the  finite  mean  free  path,  and  this  is  ensured  by  the  inequality  fl  >  1.  In 
practice,  such  a  situation  can  occur  only  at  low  temperatures,  when  the  mean  free 
path  becomes  sufficiently  long. 

In  the  first  approximation,  i.e.  when  processes  involving  the  smallest  number  of 
phonons  are  considered,  we  have  three-phonon  processes: 

ki  +  f  —  k2,  wi  +  w  =  aj2,  (73.1) 

where  co  and  f  are  the  energy  and  quasi-momentum  of  the  sound  quantum,  while 
wi,  ki  and  co2,  k2  belong  to  thermal  phonons.  The  latter  are  coi,  C02  —  T;  ki,  k2  ~  T/u. 
We  shall  assume  that 


fico  T. 


(73.2) 


Then  coi,  co2  and  ki,  k2  are  large  compared  with  co  and  /  respectively. 

As  we  have  seen  in  §68,  the  conservation  laws  (73.1)  can  be  obeyed  only  if  the 
speed  of  the  thermal  phonon  exceeds  that  of  the  sound  quanta  absorbed  (or 
emitted).  Without  entering  into  a  discussion  of  various  possible  cases,  we  shall 
suppose  that  the  sound  wave  is  not  “longitudinal”  (i.e.  does  not  correspond  to  the 
acoustic  branch  of  the  phonon  spectrum  for  which  the  speed  is  greatest),  and  that 
the  condition  stated  may  therefore  be  satisfied.  Since  co  and  /  are  small,  the  initial 
and  final  thermal  phonons  belong  in  general  to  the  same  acoustic  branch  of  the 
phonon  spectrum;  at  low  temperatures,  they  are  long-wavelength  phonons. 

The  probabilities  of  phonon  emission  or  absorption  in  a  th  ree-phonon  process  are 
given  by  (66.9)  or  (66.11).  The  occupation  numbers  Nf  =  N(k,)  and  N2=  N( k2)  are 
given  by  the  Planck  equilibrium  distribution  function  (67.9).  A  macroscopic  sound 
wave  corresponds  to  a  very  large  occupation  number  for  a  given  phonon  state  f ;  in 
comparison  with  it,  unity  is  of  course  negligible.  Omitting  the  factor  N(f),  we 
obtain  the  probability  per  sound  quantum. 

Thus  the  probability  of  absorption  of  a  sound  quantum  in  its  collisions  with 
thermal  phonons  having  all  possible  values  of  ki  is  given  by  the  integral 


J  Ak,l<2fN,(N2  +  l)8(co,  +  co  -  co2)  d%K2-n)\  (73.3) 

The  probability  of  the  inverse  process  of  emission  of  a  phonon  /  by  all  possible 
phonons  k2  is 

j  Ak,kifNi(N\  +  l)S(coi  +  co  -  co2)  d\l(2ir)\  (73.4) 

The  function  w  in  (66.9)  and  (66.11)  is  written,  in  accordance  with  (66.14),  in  the 
form  Ak\kJ,  all  three  phonons  being  long-wavelength  ones  (A  is  a  function  of  the 
directions  of  all  the  phonons). 

The  phonon  absorption  (the  relative  rate  of  decrease  of  the  number  of  phonons) 
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is  determined  by  the  difference  of  these  two  probabilities.  Since  the  frequency  co  is 
small  in  comparison  with  coi  and  co2,  we  have 


N,(N2  +  1) - (N,  +  1)N2  =  N\~N2  =  ~  (dNdduJu. 

The  absorption  coefficient  is  therefore 

y  c of  J  Aklk2\dNlldul\8(cQl  +  co  -  u2)  d%.  (73.5) 

We  are  concerned  with  the  dependence  of  this  quantity  on  the  sound  frequency 
co  and  the  crystal  temperature  T.  It  is  governed  entirely  by  the  fact  that  all  the 
frequencies  in  (73.5)  are  first-order  homogeneous  functions  of  the  wave  vectors.  To 
simplify  the  discussion,  it  is  sufficient  to  take  co  =  Uf,  coi  =  uk,,  c o2  =  uk2,  where  U  and 
u  are  speeds  independent  of  direction. 

Since  /  is  smali,  we  can  put  kx  ***  k2.  For  the  same  reason, 

co2  —  coi  (dcoi/dki)  .  f  =  uf  cos  0  —  co(u/t/)  cos  0, 
where  0  is  the  angle  between  f  and  k.  Then 

8 (co i  T  co  —  co2)  —  — 8  ^1  —  ~  cos  0^, 


and  the  integral  (73.5)  becomes 


y  a  co  J  Aki 2  8 ^1  -  ~j  cos  0^ki2  dkx  d  cos  0, 

or,  after  removing  the  delta  function, 

y<x,o\  kfldNJdk^dki. 


(73.6) 


Since  N\  is  a  function  only  of  the  ratio  coi/T  =  uk\IT  (because  of  the  rapid 
convergence,  the  integration  with  respect  to  k,  can  be  extended  to  infinity),  the 
remaining  integral  is  proportional  to  T4.  Thus 

y  oc  WT4,  (73.7) 

Here,  the  sound  absorption  coefficient  varies  linearly  with  the  frequency. 

With  the  condition  (73.2)  assumed  above,  the  sound  attenuation  mechanism  in 
question  is  exactly  analogous  to  Landau  damping  in  a  plasma.  The  “resonance 
electrons’’  are  here  represented  bv  phonons  moving  in  phase  with  the  sound  wave. 
There  is  therefore  naturally  a  resenblance  between  (73.6)  and  the  Landau  damping 
formula  (30. 1). 
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§74,  Transport  equation  for  quasi-particles  in  a  Fermi  liquid 

The  transport  equation  for  quasi-particies  in  a  normal  Fermi  liquid  has  already 
been  discussed  (SP  2,  §§4  and  5)  in  connection  with  the  propagation  of  oscillations 
in  it;  the  collision  integral  in  the  equation  was  there  unimportant.  We  shall  now 
continue  the  discussion  of  the  transport  equation  with  a  view  to  its  application  to 
dissipative  processes  relating  specifically  to  collisions. 

The  quasi-particles  in  a  Fermi  liquid  have  a  spin  of  \ -  Accordingly,  their 
distribution  function  is  in  general  a  matrix  with  regard  to  the  spin  variables. 
However,  there  is  a  wide  range  of  problems  in  which  it  is  sufficient  to  consider  a 
distribution  independent  of  the  spin  variables,  reducing  to  a  scalar  function  n(r,  p) 
normalized  so  that  n  d3p/(27rfi)3  is  the  number  of  quasi-particles  per  unit  volume 
with  momenta  in  the  range  d3p  and  a  given  spin  component.  This  will  be  assumed 
in  §§74-76. 

The  characteristic  property  of  the  spectrum  of  a  Fermi  liquid  is  that  the  energy  e 
of  the  quasi-particles  is  a  functional  of  the  distribution  function.  When  the  latter 
changes  by  a  small  amount: 


n(r,  p)=  n0(p)  +  Sn(r,  p), 

where  n0  is  the  equilibrium  distribution,  the  energy  changes  by 

Mr,  p)  =  J  f( p,  p')Mr,  p')  dy/(277fi)3. 


(74.1) 


(74.2) 


where  /( p,  p')  is  the  quasi-particle  interaction  function.  Thus  the  distribution  (74.1) 
corresponds  to  the  quasi-particle  energy 

e(r,  p)  =  e0(p)  +  Mr,  p),  (74.3) 

where  e0(p)  is  the  energy  corresponding  to  the  equilibrium  distribution. 

The  transport  equation  is 


fln  5e_  dn  _  ~ 

It  +  dp' dr  3r‘  dp~L(n) 


(74.4) 


Its  characteristic  feature  is  that  in  an  inhomogeneous  liquid  the  left-hand  side  of 
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the  equation  contains  a  term  involving  the  derivative  del  dr  even  in  the  absence  of 
an  external  field,  because  of  the  coordinate  dependence  of  e  (74.3). 

The  collision  integral  on  the  right  of  (74.4)  has  the  form 

C(n)  =  J  w(p,p];  p\pi)[n'n!(l  -  n)(  1  -rii)-  wii(1  -  n')(l  -  nj)]  x 


x  S(e  +  C]  — 


i  t\  il  ii/ft  >_ \A 

e  —e\)  a  pi  a  p 


/*?  a  c\ 


where  n,  rii,  n\n\  are  functions  of  the  momenta  p,pi,p',  pi  of  the  colliding 
quasi-particles.  The  law  of  conservation  of  momentum  in  collisions  is  assumed 
already  taken  into  account,  so  that  p  +  pi=p'  +  pi;  the  integration  in  (74.5)  is 
therefore  taken  over  only  two  momenta,  not  three.  The  conservation  of  energy  is 
ensured  by  the  explicitly  written  delta  function.  Lastly,  w  is  a  function  of  the 
momenta  which  gives  the  collision  probability.  The  two  terms  in  the  square 
brackets  give  respectively  the  numbers  of  quasi-particles  entering  and  leaving  a 
particular  quantum  state  as  a  result  of  collisions.  They  differ  from  tne  correspond¬ 
ing  terms  in  the  Boltzmann  gas  collision  integral  by  the  factors  (I  —  n),  etc.  The 
presence  of  these  factors  is  due  to  the  Fermi  statistics,  whereby  collisions  can  take 
quasi-particles  only  into  unoccupied  states. 

The  Born  approximation  is  in  general  not  applicable  to  collisions  of  quasi¬ 
particles  in  a  Fermi  liquid.  Nevertheless,  the  probabilities  of  direct  and  reverse 
scattering  processes  may  be  assumed  to  be  the  same.  We  are  consideiing  quantities 
already  averaged  over  the  directions  of  the  quasi-particle  spins.  Under  these 
conditions,  the  scattering  probability  depends  only  on  the  initial  and  final  momenta 
of  the  colliding  quasi-particles.  This  enables  us  to  apply  the  same  arguments  as 
were  used  in  §2  when  deriving  the  principle  of  detailed  balancing  in  the  form  (2.8). 
Here  it  is  important  that  in  a  Fermi  liquid  there  is  again  invariance  under  spatial 
inversion.  We  thus  arrive  at  the  equation 

H’(p',  pi;  p.  Pi)  =  H’(p,  p,;  p\  p|). 


already  used  in  the  collision  integral  (74,5).  The  function  w  depends  in  general  on 
the  state  occupation  numbers,  and  therefore  on  the  temperature.  However,  since 
the  temperature  is  low  (an  important  point  in  the  whole  theory  of  Fermi  liquids),  w 
in  the  collision  integral  is  to  be  taken  as  the  function  calculated  for  T  =  0. 

The  integral  (74.5)  vanishes  identically,  as  it  should,  when  we  substitute  for  n  the 
Fermi  equilibrium  distribution  function 

n„(€)=  lexpfe^)  +  ll  .  (74.6) 

l_  \  *  /  J 


For,  since 


we  see  at  once  that  the  law  of  conservation  of  energy  leads  to  the  equation 


(l-noXl-no,)  (I-nSXI-floi)' 


(74.7) 
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Let  us  use  the  transport  equation  to  express  the  mass,  energy  and  momentum 
conservation  laws  in  a  Fermi  liquid  in  terms  of  the  distribution  function.  The 
dependence  of  the  energy  of  the  quasi-particles  on  their  distribution  makes  this  a 
fairly  specific  problem. 

We  integrate  both  sides  of  (74.4)  over  2d3p/(2-n7i)3;  the  factor  2  takes  account  of 
the  two  possible  directions  of  the  spin.  Because  of  the  conservation  of  number  of 
quasi-particles  in  collisions,  the  integral  of  C(n)  is  zero.  On  the  left-hand  side,  the 
term  -(cbi/dp)  .  (del dr)  is  integrated  by  parts,  and  the  equation  then  becomes 

dNjdt  +  div  i  =  0, 

where  N  is  the  number  density  of  quasi-particles. 


i  =  <v>,  (74.8) 

and  \  —  deld p  is  the  quasi-particle  velocity. t  This  is  the  continuity  equation  for 
quasi-pai  tides,  and  i  is  therefore  the  quasi-particle  flux.  Since  the  number  of 
quasi-particles  in  a  Fermi  liquid  is  the  same  as  the  number  of  actual  particles,  i  is 
also  the  flux  of  actual  particles,  so  that  i  =  (p/m). 

Let  us  now  apply  the  same  operations  to  (74.4)  after  first  multiplying  both  sides 
by  p.  The  integral  of  pC(n)  is  zero,  because  of  the  conservation  of  the  total 
momentum  of  quasi-particles  in  collisions.  The  left-hand  side  in  vector  components 
is 


djpj  |  f  /  dn  de  dn  de  \  2 d3p 
dt  J  Pa\dX[}  dpp  dpp  dxp)  (27rf])3‘ 

The  integrand  in  the  second  term  can  be  rewritten  as 


_a_ 

V 


/  Be  \  Be  B  {  Be  \ 
P-5T»  +"--r  P-5T"  • 

\  i/pp  /  ua  a  vyp  \  / 


On  integration,  the  third  term  gives  zero,  and  the  second  term  gives  the  derivative 
dEjdxtl  of  the  energy  density  E  of  the  liquid,  the  quasi-particle  energy  in  a  Fermi  liquid 
being  determined  by  the  variation  of  the  internal  energy, 


8E  = 


i 


e8n .  2d3p/(27rfi)3. 


(74.9) 


Thus  we  have  the  equation  of  conservation  of  momentum  in  the  form 


d,  c>nop 

«<p“>+^=0’ 


tHerc  and  in  the  rest  of  §74,  (. . .)  denotes  integration  over  the  distribution  n: 

(...)  =  J..n.2d,pA2«fi)3 
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where  the  momentum  flux  tensor  is 


naf}  =  (paUff)  +  -  E). 


(74.10) 


Fln^llv  milltfnl  vino  hntKl  tlHpc  of*  4^  hi/  c  anrl  ml  pnr*i  firm  n;p  cimikrlu 

'  -«j—  *‘J  7  - - r‘-r  "■  - - -  \*  ■"  ■/  ^  ...wbniwii&,  Tr^  ouiiiuuij  V^uiau 


the  equation  of  conservation  of  energy: 


dEjdt  +  div  q  =  0, 


where  the  energy  flux  is 


q-(ev).  (74.11) 

In  equilibrium,  all  the  fluxes  i,  q  and  IIQp  are  zero.  We  can  derive  expressions  for 
them  that  are  linear  in  the  small  correction  Sn  in  the  perturbed  distribution  (74.1). 

The  equilibrium  function  n0  depends  only  on  the  energy  of  the  quasi-particle, 
which  in  turn  corresponds  to  the  equilibrium  distribution.  Denoting  this  fact  by  the 
suffix  zero  to  e,  we  write  the  definition  (74.1)  in  the  more  precise  form 


n(r ,  p)=  n0(eQ)  +  Sn  (r,p).  (74.12) 

If  n0  is  expressed  as  a  function  of  the  actual  quasi-particle  energy  e,  we  must  put 


I  V  \  -  ,1  _( £  1  —  fcn  T\  tl}  T\  i 


and  the  perturbed  distribution  function  then  becomes 


n(r.  p)=n0(e)  +  Sn(r,  p), 


(74.13) 


Sn  =  Sn  -  Se  .  dn0/Se 

=  Sn  ~~r  J  f( p,  p')Sn (r,  p')  d3p 7(27rfi)3, 


Since,  in  the  integrals  (74.8)-(74.11),  e  and  v=  de/dp  are  the  actual  energy  and 
velocity  of  the  quasi-particle,  it  is  sufficient  to  substitute  n  in  them  in  the  form 
(74.13),  which  gives  immediately 


i  =  j vSn  .  2d3p/(27rfi)\ 
q  =  j  e\8n  .  2d3p/(27rfi)3, 
IIQf}  =  J  puvpSn  .  2d3p/(27rfi)3; 


(74.14) 


in  the  last  expression,  we  have  also  used  (74.9).  Now,  as  the  first-order  terms  in  Sn 
have  been  separated,  we  can  of  course  treat  e  as  ed(p)  in  the  integrals  (74.14). 
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As  in  previous  cases,  we  express  8n  as 

fin  =  —  ^f>rio/dE.  (74. 15) 

In  this  case,  the  separation  of  the  factor  dn0lde  has  a  special  significance.  The 
perturbation  fin  is  concentrated  in  the  blurred  region  of  the  Fermi  distribution.  The 
derivative  dnjdt  too  is  appreciably  different  from  zero  in  just  that  region;  when  this 
factor  has  been  separated,  the  remaining  function  &  is  a  slowly  varying  one. 
Together  with  (74.15),  we  shall  write 

fin  =  —  <p  dn0lde 

=  Ho(I-fio  )<p/T,  (74.16) 


where 


<P  =  *~J  /(p,  p')  Mr,  p')  (74.17) 

In  the  zero-order  approximation  with  respect  to  the  small  ratio  T/eF,  the  function 
«o(0  may  be  replaced  by  a  step  function  cut  off  at  the  limiting  energy  eF.  Then 

fln0  lde=-8(€-€h)>  (74.18) 

and  the  integration  over  d3p  reduces  to  an  integration  over  the  Fermi  surface 
e  =  eF.  The  volume  element  between  two  infinitely  close  constant-energy  surfaces 
in  momentum  space  is 


dSdel\Bel6p\,  (74.19) 

where  dS  is  an  area  element  on  the  constant-energy  surface.  The  integration  over 
d'p  thus  becomes  one  over  the  Fermi  surface  according  to  the  formula 

[ . . .  s(f  -  fp)  dsp  =  [ . . .  dSFlvF,  (74.20) 

where  uF  is  the  velocity  on  the  Fermi  surface.  This  formula  does  not  assume  that 
the  Fermi  surface  is  spherical;  on  a  sphere,  dSF  =  pF  do  with  constant  pf.. 

After  this  transformation,  the  definition  (74.17)  becomes 

<p( r,  p)  =  tHr,  p)  +  J  /( p,  p/OiM1*,  Pf)  dSF/uf{27rfi)3,  (74.21) 

where  pF  denotes  the  momentum  (with  variable  direction)  on  the  Fermi  surface. 
The  particle  flux  is 


i  =  J  {\FfvF)(p .  2dSF/(27rft)3 


(74.22) 


and  the  momentum  flux  is  given  by  a  similar  expression.  In  the  energy  flux,  the 
approximation  (74.18)  is  certainly  inadequate:  it  would  reduce  q  simply  to  the 
convective  energy  transfer  the  first  term  in  the  expression 

q  =  €„i-Jv(e-€F)^*^.  (74.23) 

To  linearize  the  collision  integral,  it  must  be  noted  that  the  equilibrium  dis¬ 
tribution  nv(e)  as  a  function  of  the  actual  energy  e  makes  the  collision  integral 
zero.t  The  linearization  is  thus  carried  out  by  substituting  n  in  the  form  (74.13)  and 
(74.16).  The  calculations  are  similar  to  those  in  going  from  (67.6)  to  (67.17).  The 
expression  in  the  square  brackets  in  (74.5)  is  written  in  the  form 


(I  -n)(l  —  n i)(  1  —  n ')(!  J~ 

and  we  use  the  fact  that 


n  »i  1 
1-n  1-nJ* 


n  _  n  o  <p 
1-n  1  —  n{ )  T* 


The  result  is 


C(n)  =  f(<p) 

=  y  j  hvi/oi(1  “  n o)(  1  ~  Uoi)(<p'  +  <p!  -<p  ~<pi)  x 

x  6(e#  +  6i  -  6  -  6i)  dVi  d3p7(2TTfi)6- 


(74.24) 


Note  that  the  required  perturbation  of  the  distribution  function  (to  be  found  by 
solving  the  transport  equation)  occurs  in  the  collision  integral  as  the  same  Sn  that 
appears  in  the  fluxes  (74.14).  If  the  terms  in  Sn  can  be  omitted  on  the  left  of  the 
transport  equation  (as  in  calculating  the  thermal  conductivity  and  the  viscosity;  see 
§75),  then  the  quasi-particle  distribution  function  /(p,  p')  does  not  occur  explicitly 
in  the  resulting  equations:  the  equations  with  /  for  the  unknown  Sn  are  the  same  as 
those  with  /  =  0  for  the  unknown  Sn.  In  such  problems,  therefore,  the  Fermi-liquid 
effects  do  not  appear,  and  the  situation  is  formally  identical  with  that  for  a  Fermi 
gas. 


U/p  cfi'.Ul  chnu;  ttint  a  Cimilur  nPPnrs  in  n  n^rttr*i  i lt*r  place  of  nrnhlpmc  ii/Uprp 

f  i  v  uuui  a  jiivti  iiiui  *-*  Limn  tiui  v  u«v  u  mi  «-*•  p  ui  «.  lv  uiui  viuj  J  v  a.  pi  VL/ivmo  v  T  nvi  v 

the  first-order  terms  in  Sn  have  to  be  retained  on  the  left-hand  side  of  the  transport 
equation.  If  the  function  n0  is  independent  of  the  coordinates,  these  terms  are 


flSn  ^  don  deo  _  f1n()  5Se 
dt  dr  dp  dp  dr 


dSn  dSn  dn0 

- H  V - —  V - 

dt  dr  dr 


p')Sn  (r. 


P') 


dV 


tThis  is  a  general  remark,  which  applies  to  any  collision  integral  involving  Fermi  quasi-particles,  not 
only  to  (74.5). 
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With  Srt  from  (74.13),  they  become 


dSn  dSn 
dt  V‘  dr* 


(74.25) 


If  the  time  derivative  may  be  neglected,  again  only  bn  occurs  here. 

These  statements  remain  valid  not  only  for  an  electrically  neutral  Fermi  liquid, 
discussed  here,  but  also  for  the  electron  liquid  in  metals,  which  will  be  considered 
in  Chapter  IX.  For  this  reason  and  in  order  not  to  have  to  return  to  the  topic,  some 
additional  comments  will  be  made  here. 


If  #  t,  o  m  r'h  ■  /i  In  c  /**  ni***!  t  n  n  I  A /iUn  «*/vo  _  n  tli  am  tli  n  na*nr  /\f  r> 

ii  me  ijuaJL"pai  Lieie%3  vany  an  te  liiui gv,  c,  Liieu  lii  me  |jieoeuee  ui  an 

electromagnetic  field  the  derivative  p  =  —  del  dr  contains  a  further  term,  the  Lorentz 
force  on  the  charge.  Accordingly,  the  left-hand  side  of  the  transport  equation 
contains  a  term 


-«(e+~xb) 

V  c  dp  / 


dn 

dp 


The  electric  field  is  generally  assumed  to  be  weak,  and  imthe  term  -  eE .  dn/dp  it  is 
sufficient  to  put  u  =  n0.  The  magnetic  field  term  is  identically  zero  for  a  function 
n0(e)  that  depends  only  on  e.  If  the  field  is  strong,  however,  it  may  be  necessary  to 
retain  also  the  first-order  terms  in  Sh.  These  are 


e  dbn  edbe  drto_  e  ^ n  ( dSn  dn0  dfie) 

c  dp  c  dp  dp  c  (  op  de  dp  J 

where  v  =  de0ldp.  The  factor  d n0/de  which  depends  only  on  e  can  be  taken  under 
d/dp  in  the  braces;  its  derivative  is  parallel  to  v  and  gives  zero  on  multiplication  by 
v  x  B.  These  terms  are  thus  brought  to  the  form 


v  x  B 

c 


dbn 

dp 


(74.26) 


which  again  contains  Sn  only. 


§75.  Thermal  conductivity  and  viscosity  of  a  Fermi  liquid 


The  temperature  dependences  of  the  viscosity  and  thermal  conductivity  uf  a 
Fermi  liquid  can  be  established  by  simple  qualitative  arguments  (I-  Ya.  Pomeran- 


chuk  1950). 

According  to  the  elementary  formula  (8.11)  in  the  kinetic  theory  of  gases,  the 
viscosity  is  rj  —  mNiil,  where  m  is  the  particle  mass,  N  the  particle  number  density, 
u  the  mean  thermal  speed  and  l  the  mean  free  path.  In  the  present  case,  the 
particles  of  the  kinetic  theory  are  quasi-particles,  but  since  the  numbers  of  each  are 
the  same  the  product  mN  is  a  quantity  independent  of  the  temperature,  namely  the 
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density  of  the  liquid. t  The  speed  u  —  uF,  where  vF  is  the  temperature-independent 
speed  on  the  Fermi  surface.  The  mean  free  path  l  —  where  t  is  the  time 
between  quasi-particle  collisions.  This  time  varies  with  temperature  as  T-2  (see  SP 
2,  §1),  so  that  for  the  viscosity  also 


V  K  T'2.  (75.1) 

The  thermal  conductivity  is  estimated  from  (7.10):  k  ~  cNvly  where  c  is  the 
specific  heat  per  particle.  For  a  Fermi  liquid  c  *  T,  and  so 

k  T~\  (75.2) 

For  an  exact  determination  of  rj  and  k,  we  have  to  use  the  transport  equation. 
The  sequence  of  calculation  for  the  conductivity  is  as  follows. 

The  left-hand  side  of  the  transport  equation  (74.4)  is  transformed  in  a  similar  way 
to  the  procedure  in  §7  for  the  thermal  conductivity  of  a  classical  gas. 

Let  there  be  a  temperature  gradient  in  the  liquid,  which  is  macroscopically  at 
rest.  The  latter  condition  implies  that  the  pressure  is  constant  throughout  the  liquid, 
and  the  temperature  distiibution  is  steady.  On  the  left  of  (74.4),  we  substitute  for  n 
and  c  their  local  equilibrium  values  with  a  temperature  varying  through  the  liquid. 
Then  de/3r  =  0,  and  only  the  term  v  .  dn0fd r  remains  (we  omit  the  suffix  0  to  e  and 
v).  The  function  n  involves  only  the  combination  (c  —  ju,)/T,  and  since  we  shall  seek 
only  the  limiting  forms  as  T  -*  0,  the  chemical  potential  jll(T)  may  be  taken  to  have 
its  value  at  T  ~  0  (which  is  the  same  as  the  limiting  energy  e,-).  Then 

v  .  dn0ldr  —  (3n0/3T)v  .  VT 

_  HOP  ~~  Up)  €  ~  fX  ^  y-j- 


and  the  transport  equation  becomes 


Ho(l  -na)~^v.\T  =i(<p). 


(75.3) 


with  /(<p)  from  (74.24).  The  solution  of  this  equation  must  be  subjected  to  a  further 
condition  which  expresses  the  absence  of  any  macroscopic  mass  transfer: 


/ 


v<p 


dn0  JJp 
3c  (27rft)3 


(75.4) 


Because  of  this  condition,  only  the  second  term  remains  in  the  energy  flux  (74.23). 

As  already  noted  in  §74,  equations  (75.3)  and  (75.4)  do  not  explicitly  contain  the 
quasi-particle  interaction  function,  so  that  the  problem  of  thermal  conduction  in  a 
Fermi  liquid  (and  the  same  applies  to  the  viscosity  problem)  is  formally  identical 
with  that  for  a  Fermi  gas. 


tSince  we  shall  seek  the  limiting  form  of  the  function  tj(T)  at  low  temperatures,  this  limit  is  of  course 
meant  for  all  quantities  which  tend  to  a  finite  value  as  T  -*  0. 
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In  all  the  integrals,  the  most  important  region  is  that  where  e—  p  ~  T  and  the 
Fermi  distribution  is  blurred;  the  quasi-particle  momenta  are  close  to  the  radius  pF 
of  the  Fermi  sphere,  and  in  this  range  e—p~  vF{p  —  pF).  Wherever  the  momenta 
occur  other  than  as  the  difference  p  —  pF,  we  can  put  p  —  pF,  and  the  speed  can 
everywhere  be  equated  to  uF.  In  particular,  this  can  be  done  in  w,  which  then 
becomes  a  function  only  of  the  angles  which  describe  the  relative  orientation  of  the 
vectors  p,  pi,  p',  pi.  For  given  p  and  pi,  the  law  of  conservation  of  momentum  fixes 
the  angle  between  the  vectors  p'  and  pi  =  p  +  pi  —  p';  the  integration  with  respect  to 
this  angle  removes  the  delta  function  from  the  collision  integral.  There  remain 
integrations  over  the  magnitudes  pt  and  p'  (and  over  the  other  angle  variables).  The 
integration  over  these  magnitudes  is  replaced  by  one -over  T2duidu\  where 
ti  =(e  -p)/T  =  uF(p  ~pF)IT  are  variables  on  which  the  distribution  functions  nQ 
depend;  in  view  of  the  rapid  convergence,  these  integrations  can  be  taken  from  —  « 
to  We  then  find  that  the  whole  integral  f(<p)  is  proportional  to  T,  and  the  solution 
of  (75.3)  is 


<p  =  -  T  2g(i/)v  .  VT. 


When  this  is  substituted  in  (74.23),  integration  over  the  directions  of  v  puts  the  heat 
flux  in  the  form  q  =  -  kVT,  with 


87TDFpF~ 

3T 


dnu 

du 


d\t. 


Hence  we  see  again  that  k  *  T_I.  y 

The  above  simplifications  of  the  collision  integral  are  sufficient  to  solve  the 
transport  equation  exactly  (and  the  same  is  true  of  the  viscosity  problem).  The 
formulae  obtained  for  k  and  17  express  them  in  terms  of  the  parameters  pF  and  uF 
and  the  function  w  suitably  averaged  over  directions. t 


§76.  Sound  absorption  in  a  Fermi  liquid^ 

It  has  been  shown  in  SP  2  (§4)  that  the  nature  of  waves  propagating  in  a  Fermi 
liquid  depends  essentially  on  the  value  of  the  product  cot,  where  t  is  the  mean 
free  time. 

When  cot  <§  1,  we  have  ordinary  hydrodynamic  sound  waves.  The  frequency  and 
temperature  dependences  of  the  coefficient  y  for  the  absorption  of  these  waves  per 
unit  distance  can  be  found  from  the  familiar  formula  y  —  co2tj /pu3,  where  17  is  the 
viscosity,  p  the  density  of  the  liquid  and  u  the  speed  of  sound;  see  FAf,  §77.  Since 
in  a  Fermi  liquid  17  *  T-2,  we  have 


y  ^  (d2IT2. 


(76  1) 


tSee  G-  A.  Brooker  and  J.  Sykes,  Physical  Review  Letters  21,  279.  1968. 
?  1  he  results  in  this  section  are  due  to  L.  D.  Landau  (1957). 
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This  result  can  be  more  formally  derived  by  noting  that  the  absorption  is  described 
by  the  first  correction  term  (with  respect  to  the  small  parameter)  in  the  sound 
dispersion  relation: 


k  =  (co/w)(l  +  icforr),  (76.2) 

where  a  is  a  constant.  The  imaginary  part  of  this  expression  (for  a  real  frequency) 
gives  7;  since  t  «  T-2,  we  return  to  (76.1). 

When  cot  ~  1  the  absorption  becomes  very  strong,  and  the  propagation  of  sound 
waves  cannot  occur. 

When  on  1  the  propagation  of  weakly  damped  waves  ( zero  sound )  again 
becomes  possible.  The  absorption  is  described  by  a  correction  teim  in  the  dispersion 
relation,  in  this  case  involving  the  small  parameter  I/icut: 


k 


V  COT  / 


(76.3) 


where  u0  is  the  speed  of  propagation  of  zero  sound.  The  absorption  coefficient  is 
accordingly  proportional  to  the  collision  frequency:  7  a  1/t,  and  the  latter  is  in  turn 
proportional  to  the  squared  width  of  the  blurred  region  of  the  quasi-particle 
distribution.  When  fico  <§  T,  this  width  is  governed  by  the  temperature,  so  that 
1/t  T2,  and  the  absorption  coefficient  is 

7  =  uT2,  T$>fuo$>hh.  (76.4) 

If,  however,  fico  >  T  (but  still  fico  <  eF  as  the  necessary  condition  for  the  whole 
theory  to  be  applicable),  the  distribution  is  blurred  in  a  region  of  width  —fico.  The 
absorption  of  zero  sound  is  then 


7  —  boo 2,  fico  >  T.  (76.5) 

This  case  includes,  in  particular,  zero  sound  of  all  frequencies  at  T  =  0.  it  will  be 
shown  below  that  there  is  a  relation  between  the  constants  a  and  b  in  (76.4)  and 
(76.5). 

The  difference  in  the  nature  of  the  absorption  of  ordinary  and  zero  sound  is  due 
to  a  difference  in  their  physical  nature.  In  an  ordinary  sound  wave,  in  any  volume 
element  small  compared  with  the  wavelength,  the  quasi-particle  distribution  cor¬ 
responds,  in  the  first  approximation,  to  equilibrium  for  a  given  local  temperature 
and  velocity  of  the  liquid.  In  this  approximation,  there  is  no  dissipation,  and  sound 
absorption  occurs  only  when  we  take  into  account  the  effect  of  the  temperature 
and  velocity  gradients  on  the  quasi-particle  distribution.  In  a  zero  sound  wave, 
however,  the  vibrations  themselves  cause  the  distribution  function  to  depart  from 
equilibrium  in  every  volume  element,  and  the  collisions  of  quasi-particles  cause 
absorption  of  sound. 

According  to  the  basic  ideas  of  normal  Fermi  liquid  theory,  a  quasi-particle  in 
such  a  liquid  may  be  regarded  in  one  sense  as  a  particle  in  the  self-consistent  field 
of  the  surrounding  particles.  In  a  zero  sound  wave,  this  field  is  periodic  in  time  and 
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space.  According  to  the  general  rules  of  quantum  mechanics,  a  collision  of  two 
quasi-particles  in  such  a  field  is  accompanied  by  a  change  in  their  total  energy  and 
momentum  by  ho  and  fik  respectively;  we  may  say  that  in  the  collision  a  “zero 
sound  quantum”  is  emitted  or  absorbed. t  The  overall  effect  of  such  collisions  is  to 
reduce  the  total  number  of  sound  quanta;  the  sound  absorption  coefficient  is 


pi  vpvi  ILVUUl  LV  UJV  1ULV  VI  111LO  UWWIW'UOW- 


With  this  approach,  the  absorption  coefficient  of  zero  sound  is 


7  ~  j  W-frqrizO  —  n|)(l  —  «;)—  ft  In^l  ~  Wi)(l  —  ft2)}  x 

x  8(e[  +  —  ei  —  €2  —  fiw)6(pi  +  p:~  pi  -  p2  h k)  x 

x  d3pi  d3p2  dip[  dip2H2irh)nt  (76.6) 


In  The  integrand,  the  delta  functions  which  provide  for  the  conservation  of  energy 
and  momentum  in  collisions  are  shown  explicitly.  The  first  term  in  the  braces 
corresponds  to  collisions  pi,  p2-»p!,  p:  with  absorption  of  a  quantum,  the  second  to 
pup2“»pi*  P:  with  emission  of  a  quantum.  The  function  W,  which  is  related  to  the 
probability  of  “radiative”  collisions,  is  determined  by  the  properties  of  the  zero 
sound  wave;  this  wave  itself  may  be  regarded  as  propagating  at  T  =  0  (see  SP  2, 
§4),  and  W  is  then  independent  of  the  temperature.! 

It  is,  however,  not  necessary  to  know  the  function  W  if  we  seek  only  to  express 
the  absorption  coefficient  in  terms  of  its  value  in  the  limiting  case  ho  <  T.  To  do  so, 
we  note  that  in  the  integral  (76.6)  the  only  important  values  of  the  quasi-particle 
energies  are  those  in  the  region  of  blurring  of  the  Fermi  distribution.  In  this  region, 
the  only  factors  in  the  integrand  which  vary  rapidly  are  those  containing  the 
functions  n(e).  Moreover,  the  angle  integrals  in  (76.6)  are  almost  unchanged  when 
we  go  from  ho  T  to  ho  T.  It  is  therefore  sufficient  to  calculate  the  integral 


J  =  J  { n  1  m2(  1  -  nj)(l  -  M:)  -  nJnJO  “  rfi)(l  “  ft:)}  x 

x  8(e\  +  €2-  e,  -  €2-  fiw)  det  de2  de\  d'2y  (76.7) 

taken  only  with  respect  to  the  energies.  The  proportionality  factor  between  y  and  J 
depends  only  on  o,  not  on  T,  so  that  it  can  be  found  from  the  limiting  value  of  y 
when  holT  <  1. 

In  the  integral  (76.7)  we  can,  of  course,  neglect  the  slight  distortion  of  the 
distribution  function  in  the  wave,  putting 

n(e)  =  +  i]-i. 


With  the  notation 


x=(e~j a)/T,  £  =  fiw/T, 

+Such  emission  or  absorption  by  one  quasi- particle  is  impossible,  since  the  speed  of  zero  sound  exceeds 
the  Fermi  speed  vp. 

tTo  avoid  misunderstanding,  it  should  be  emphasized  that  W  is  not  the  same  as  w  in  the  collision 
integral  f74.5). 
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*  T3  r  (1  -g  €)g(xj  +  X2-*|  ~  *2  ~  £)  dx |  dx2  dx\ dx2 

J  j  J-oc  (e*1  +  \){e%2  +  1)(1  +  e_x‘)(l  +  e~xi) 


Because  of  the  rapid  convergence  of  the  integral,  the  range  of  integration  can  be 
extended  from  — to  °° 

To  carry  out  the  integration,  we  change  to  variables  y,,  y2t  Mi,  u2,  where  y  = 

v  _  v'  „  =  ru  p  tntpnruttnn  ti/tf h  rp enprt  fn  1 1  onrl  w.  ic  plpmpnton;  nnrl  /vtiror 

A  ^  9  *rX  V  >  1  1  i  V  LULV^1UUV»A  ff  LL1I  I  V  jpwi  i.  U  j  U  *  AO  V1V111V  WiUl  J  y  UUU  gL 


T  J  =  (1 


=  i'i  _  „-t- 


=  (l-e  c) 


r  r  r  r  _s 

J-oc  J-se  Jo  Jo  (^1 

a 


g(y,  +  y2  +  £)  d«i  di<2  d>’i  dy2 
+  l)(u2+ !)(«,  + ^■)(«2  +  e>i) 


yi>2S(yi  +  y2  +  0 

(i_e>.)(i_gv2) 


dy,  dy2 


To  calculate  this  difference  of  two  divergent  integrals,  we  first  put  in  a  finite  lower 
limit  —A,  writing 


Intending  to  take  the  limit  we  neglect  ey  in  the  denominator  of  the  second 

integral.  The  first  integral  is  transformed  as  follows; 

r  y  ,  f  y  ....  .  f°  y  , 
j  AF^ru>=j.  i^ra-VTj 


■!’’+£(r^=2“>),,» 


1*1  .  _  il  I  1 


cancelling  terms  ana  men  iaKing  me  umu  a we  nave  nnauy 

J=?2T^TJ(l+^/4772). 

The  proportionality  factor  between  y  and  J  is  found,  as  already  mentioned,  from 
the  condition  that  when  ^1  we  have  y  —  aT 2  from  (76.4).  This  gives 


7  =  <i[T2  +  (M2ir)2]. 


(76  8) 
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y  =  ( al47T2)(fi(i) )\ 

which  establishes  the  relation  between  the  coefficients  in  (76.4)  and  (76.5). 


(76.9) 


§77.  Transport  equation  for  quasi-particles  in  a  Bose  liquid 


If  the  mean  free  path  of  quasi-particles  in  a  Bose  superfluid  is  small  in  com¬ 
parison  with  the  characteristic  dimensions  of  the  problem,  the  motion  of  the  liquid 
is  described  by  the  Landau  equations  of  two-velocity  hydrodynamics  (see  FM, 
Chapter  XVI).  The  dissipative  terms  in  these  equations  contain  several  transport 
coefficients  (the  thermal  conductivity  and  four  viscosity  coefficients).  Their  cal¬ 
culation  requires  a  detailed  discussion  of  various  scattering  processes>  the  multi- 

rkf  *  C  rlllo  f  t  Lo  ^vtcTo  rtf  1 1  r*>n  f  n  n/I 

pn^iLj  \ji  rv  iiLvii  lj  uuv  \.\j  me  vaioiv  i ive  irv  v  i  j  |;e  j  v^l  ueieo  iv/i  ivji is  tiuu 

rotons).  Actually*  in  liquid  helium,  the  situation  is  further  complicated  by  the 
instability  of  the  initial  part  of  the  phonon  spectrum.  Such  topics  will  not  be 
discussed  here. 

The  mean  free  paths  of  the  quasi-particles  increase  as  the  temperature  falls,  if 
only  because  of  the  decrease  in  their  number  density.  Hence,  at  sufficiently  low 
temperatures,  there  can  easily  be  a  considerable  disequilibrium  of  the  quasi-particle 
system.  Under  these  conditions,  the  equations  of  two-velocity  hydrodynamics  are 
not  applicable.  The  concepts  of  the  temperature  and  of  the  normal  velocity  v*  also 
cease  to  be  meaningful  (they  can  be  defined  only  in  terms  of  an  equilibrium 
distribution  of  quasi-particles),  and  along  with  v*  so  does  the  separation  of  the 
liquid  density  into  superfluid  and  normal  parts.  The  total  density  n  and  the 
superfluid  velocity  \s,  however,  retain  their  meaning,  and  in  this  respect  are 
essentially  mechanical  variables.  The  whole  set  of  equations  describing  a  superfluid 
must  then  consist  of  the  transport  equation  for  the  quasi-particle  distribution 
function  n(f,  r,  p),  the  continuity  equation  for  the  density  p*  and  the  equation  for 
the  velocity  \s. 

The  transport  equation  has  the  usual  form'!' 


dn  dn  de 
df  dr  3p 


dn  de  ,,,  . 

a?S=C(n)’ 


(77.0 


where  e  is  the  quasi-particle  energy,  depending  on  the  superfluid  velocity  \s  as  a 
parameter;  the  symbol  e  is  retained  for  the  quasi-particle  energy  in  a  fluid  at  rest. 
The  relation  between  e  and  e  is  established  as  follows. 

By  definition,  e(p)  is  the  dispersion  relation  for  quasi-particles  in  a  frame  of 
reference  K0  such  that  vs  =  0.  That  is,  in  the  presence  of  only  one  quasi-particle  the 
energy  of  the  liquid  (relative  to  that  at  T  =  0)  is  e(p),  and  its  momentum  is  equal  to 
the  momentum  p  of  the  quasi-particle.  We  make  a  Galilean  transformation  to  a 


'i'lt  is,  of  course,  assumed  that  the  quasi-classicality  condition  is  satisfied:  all  quantities  vary  only 
slightly  over  distances  of  the  order  of  the  quasi-particle  wavelength  ft/p. 
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frame  of  reference  K  at  rest,  in  which  the  supertluid  velocity  is  vv  In  this  frame, 
the  energy  and  momentum  of  a  mass  M  of  the  liquid  are 

E  =  e(p)  +  p.vi+2Afrs2,  P  =  p  +  Afvs.  (77.2) 


From  this  we  see  that,  in  a  liquid  in  superfluid  motion,  the  energy  of  a  quasi¬ 
particle  is 

e(p)  =  e(p)  +  p.  v,;  (77.3) 


cf.  the  arguments  in  the  derivation  of  the  superfluidity  condition  ( SP  2,  §  23). 
The  derivatives  which  occur  in  the  transport  equation  are  thereforet 


De  de 
~ —  — - H  V 

dp  dp 


de 

dr 


__  de  (1 
~  T~  +  (p 
dr  3r 


Vi)  =0Vp+(  pV)v- 


(77.4) 


In  the  second  equation,  we  have  used  the  facts  that  the  energy  e  depends  on  the 
variable  density  p,  and  so  may  depend  on  the  coordinates;  and  (tn  transforming  the 
derivative  of  p .  v,)  that  the  superfluid  how  is  always  a  potential  flow: 


curl  v,  =  0. 

The  continuity  equation  for  the  density  is 

dpldt  +  div  i  =  0, 


(77.5) 


(77.6) 


where  i  is  by  definition  the  momentum  of  the  liquid  per  unit  volume.  An  expression 
for  i  can  be  found  directly  from  the  second  formula  (77.2)  by  summation  over  all 
the  quasi-particles  in  unit  volume: 


i  =  p\s  +  <p).  (77.7) 

Here  and  in  the  rest  of  §77,  the  angle  brackets  denote  integration  over  the 
momentum  distribution: 

(...>  =  J...nd'pl(2vt,y. 

It  remains  to  derive  an  equation  for  the  superfluid  velocity.  To  do  so,  we  start 
from  the  law  of  conservation  of  momentum,  expressed  by 

^+^f=0,  (77,8) 

■‘‘Formula  (77.2)  has  been  derived,  strictly  speaking,  for  a  homogeneous  superfluid  flow  (v,  = 
constant).  In  an  inhomogeneous  flow,  the  energy  may  contain  terms  in  the  spatial  derivatives  of  v,. 
However,  if  v,  is  assumed  to  vary  slowly,  these  terms  would  lead  to  corrections  of  higher  orders  of 
smallness  in  the  transport  equation. 
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where  i  is  given  by  (77.7)  and  Ilap  is  the  momentum  flux  tensor.  Let  nUp  he  the 
value  of  this  tensor  in  the  frame  of  reference  K0 .  Transformation  to  the  frame  K 
yieldst 

==  ng  +  pvSavsp  +  uJaipl0)  +  vspij® 

=  ng  +  pvsavsp  +  vsa(pp)  +  vsp(pa)\  (77.9) 


i{0)  =  (p)  is  the  momentum  per  unit  volume  of  the  liquid  in  the  frame  K0.  This 
determines  the  dependence  of  the  tensor  IIQp  on  the  velocity  \s. 

For  a  further  transformation  of  equation  (77.8),  we  go  back  to  the  transport 

pniluttnn  f'7'7  1^  mnltrrdi/  it  hi;  r>  unH  intpofatp  nvpr  /P  n  in  >rr  liV*  Tt  pfancp  thn  tnt'jl 
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momentum  of  the  quasi-particles  is  conserved  in  collisions,  the  right-hand  side  of 
the  equation  becomes  zero.  The  integral  on  the  left-hand  side  is  transformed 
exactly  as  in  the  derivation  of  (74.10),  giving 


(77.10) 


We  now  substitute  in  (77.8)  the  expressions  (77.7)  and  (77.9)  for  i  and  nuP,  and 
then  eliminate  BplBt  and  3{p )/3f  by  means  of  (77.6)  and  (77.10).  The  result  is 

3ui«+_a_^:  +  Iinl_I/3e\  3p  _IJL/P  =  Q 

at  dxa  2  P  Bxp  p  \Bpf  Bxu  p  dXp  V  0  dppf 

From  the  condition  curl  \s  =  0  (which  has  already  been  used  in  the  second  term)  it 
follows  that  the  sum  of  the  last  three  terms  must  be  the  gradient  of  some  function. 
Moreover,  the  tensor  II Up  in  the  absence  of  quasi-particles  must  be  equal  to  P0Sup, 
where  P0(p)  is  the  pressure  of  the  liquid  at  T  =0.  These  arguments  give  as  the  only 
possible  form  of  II Up 


nUp  =  <P«  de/app)  +  Sup[Po  +  p<3e/3p)].  (77.11) 

The  equation  for  vs  now'  becomes 

ir+vh!+m+(S)H  (7712> 

where  pi0  is  the  chemical  potential  of  the  liquid  (at  T  =  0),  related  to  the  pressure  P0 
by  the  thermodynamic  formula  dp,o  =  mdPJp  (where  m  is  the  mass  of  a  liquid 
particle  and  mlp  the  molecular  volume). 

Equations  (77.1),  (77.6)  and  (77.12)  for  a  complete  set  for  the  description  of  a 
superfiuid  in  the  non-equilibrium  state  (I.  M.  Khalatnikov  1 952)- 

For  completeness,  let  us  also  consider  the  law  of  conservation  of  energy.  This  is 
expressed  by 

BEIdt  +  div  q  =  0,  (77.13) 

+The  Galilean  transformation  formula  for  n.j(3  is  easily  found  by  considering  a  classical  system  of 
particles,  for  which  Flop  —  X  p,,v$  =  X  nu^t'p,  where  the  summation  is  over  all  the  particles  in  unit 
volume. 
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where  q  is  the  energy  flux  in  the  liquid.  According  to  (77.2), 

E  =  E„(p)  +  <€>  +  VS .  <p)  +  ipvs2,  (77.14) 

where  E0(p)  is  the  energy  at  T  =  0,  related  to  the  chemical  potential  by  dE0  = 
fjLodpIm.  By  differentiating  (77.14)  with  respect  to  time  and  using  the  equations 
already  available  for  the  various  quantities,  the  energy  flux  can  be  found.  Passing 
over  the  calculations,  we  shall  give  the  final  result: 

q  =  «p>  +  +  (jj)  +  *U*J] +  ((£  +  p  • Vs)  (J§  +  v*))-  (77' 15) 

The  equilibrium  quasi-particle  distribution  function  in  a  /rame  of  reference 
where  the  “quasi-particle  gas”  is  at  rest  as  a  whole  (i.e.  the  normal  velocity  v„  =  0) 
is  the  ordinary  Bose  distribution  with  the  quasi-particle  energy  e  given  by  (77.3). 
The  distribution  in  a  frame  where  the  normal  velocity  is  not  zero  is  obtained  on 
replacing  e  by  e  —  p .  v„.  Thus  the  equilibrium  distribution  of  quasi-particles  when 
both  motions  are  present  is 

.  .  r  e  +  (vs  -  vn) .  p 
ir  (iVt  =  I  exn - — -  - 

L  r  j 

By  averaging  the  above  equations  over  this  distribution,  the  equations  of  two- 
velocity  hydrodynamics  (without  the  dissipative  terms,  in  this  approximation)  can 
be  derived,  but  we  shall  not  pause  to  do  so  here. 
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PROBLEM 


Determine  the  sound  absorption  coefficient  in  a  Bose  liquid  :it  frequencies  oj  v,  where  v  is  the 
quasi-particle  collision  frequency.  The  temperature  is  assumed  so  low  that  almost  all  the  quasi-particles 
are  phonons  (A.  F.  Andreev  and  1.  M.  Khalatnikov  1963). 

Sor.UTtoN.  Under  the  conditions  stated,  we  can  neglect  the  collision  integral  in  (77.1).  We  put 
p  =  po+  bp,  n  =  mo  +  6m  (where  bp  and  bn  are  small  corrections  to  the  equilibrium  density  of  the  liquid 
and  the  equilibrium  phonon  distribution  function),  and  linearize  equations  (77.1),  (77.6)  and  (77.12)  with 
respect  to  the  small  quantities  bp,  bn  and  v,.  Assuming  all  these  proportional  to  expf-icot  +ik.r).  wc 
find 


(k  .  v  -  (u)6n  =  v  .  k^~  bp  t  p  .  v,  j, 


(1) 


to8p  —  k  .  v,p  =  J  k  -  p  6n  d'pftlTrhf 
ovi  -  kH[)28p/p  =  k  f  {n{d2eldp2)bp  +  (3e/3p)8n}  d3p/(27r ft)J. 


(2) 

(3) 


Here  we  have  used  the  thermodynamic  relations 

dipiahn)  =  dPnfp  =  Undplp , 

where  u«  is  the  speed  of  sound  at  T  =  0:  the  subscript  0  to  p  and  n  is  omitted  here  and  henceforward. 

Since  the  number  of  phonons  is  small  at  temperatures  near  zero,  the  expressions  on  the  right  of 
equations  (l)-(3)  are  small  corrections.  Omitting  them  altogether,  we  have  from  (2)  and  (3) 


itj  =  Unk,  v,  =  i/offip/pjk/k. 


(4) 
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In  the  next  approximation  we  substitute  these  on  the  right  of  (1): 


811 


tin  t1  cos  0 
tie  v  cos  6  —  (u/k 


dr  +  VC0Sflh- 


(5) 


where  0  is  the  angle  between  p  and  k.  The  phonon  dispersion  relation  is  written 

e(p)  =  Mfjpfl  +  «p'),  d  =  del tip  =  «u(l  +  3ap2). 


including  the  next  term  after  the  linear  one  in  the  expansion;  for  liquid  helium  at  ordinary  pressures, 
a  >  0,  w  hich  means  that  the  phonons  are  unstable  with  respect  to  spontaneous  decay. 

The  presence  of  a  “resonance"  denominator  in  (5)  leads  (see  below)  to  a  large  logarithmic  factor  in 
the  integration.  We  use  only  logarithmic  accuracy  and  neglect  on  the  right  of  (3)  the  term  in  8p,  which 
does  not  have  such  a  denominator.  Then,  eliminating  v,  from  (2)  and  (3),  we  finally  arrive  at  the 
dispersion  relation 

t*>‘_  2=aI^1[ _ p2  dn  d'p 

k‘  l<0  p  J  cos  8—1+  3ap:  iO  tie  (2jTh)1'  ^ 


where 


(-  ►££ ) : 


The  imaginary  part  of  the  integral  with  respect  to  cos  0  is  determined  by  passing  round  the  pole  (which 
is  in  the  range  of  integration  a  >  0).  The  real  part  is  calculated  with  logarithmic  accuracy  by  cutting  off 
the  integration  at  the  lower  limit  1  —  cos  0  —  ap2~  aTJ/u»2  and  at  the  upper  limit  1  —  cos  0—1.  The 
left-hand  side  of  equation  (6)  is  written  as  2mu(8m  -  u»y/io),  where  y  is  the  absorption  coefficient  and  8u 
the  correction  to  the  speed  of  sound  (k  =  uo-1-  8m).  Calculation  of  the  integral  gives 

8m  =  (3p,tMitA/4pHog(MnI/aT’),  7  =  3rrwp,tA/4p,  (7) 

where  p„  -  2ir2TAl45h'ua  is  the  phonon  part  of  the  normal  density  of  the  liquid.  The  frequency  and 
temperature  dependences  of  7  are,  of  course,  the  same  as  those  found  in  §73. 


CHAPTER  IX 


METALS 


§78,  Residual  resistance 


Thf.  transport  properties  of  metals  are  considerably  more  complex  than  those  of 
insulators,  if  only  because  they  contain  quasi-particles  of  different  kinds  (conduc¬ 
tion  electrons  and  phonons). 

The  electric  charge  is,  of  course,  transported  by  the  conduction  electrons.  Heat 
transfer,  on  the  other  hand,  is  by  both  electrons  and  phonons.  In  practice,  however, 
the  electrons  are  also  predominant  in  thermal  conduction  in  metals  of  sufficiently 


hinti  nuritif  mulrlv  hpr'aiiCA  thpir  i.nAPflc  f n..  n  fhp  pArml  cnrfurpl  alp  miirli  nrputpr 

1 1  R^ft  i  j-’ui  m.  j  )  RiAURiuj  uv  i-i  iv  ha  ii  |>  wvi.j  y  vu  inv  a  vi  m*  ii«i  auvv/  v  niuvn  vui  vi 


than  those  of  the  phonons  (the  speed  of  sound).  Moreover,  at  low  temperatures  the 
electron  specific  heat  considerably  exceeds  the  phonon  specific  heat. 

The  conduction  electrons  undergo  collisions  of  various  types:  with  one  another, 
with  phonons  and  with  impurity  atoms  (and  other  lattice  defects).  The  collision 
frequency  for  the  first  two  types  decreases  with  the  temperature.  At  sufficiently 
low  temperatures,  therefore,  the  scattering  of  electrons  by  impurities  is  the  deter- 

1  f  r**!  ir  r-k  I  1  yl  f  l~k  £1  rtf  nH 

la^iui  ui  nuii^pvii.  piivuumvuu,  1  uid  i,>  ^au^u  1  tjiuwut  icouutrttt: 

range,  and  we  shall  consider  it  as  the  first  topic  in  the  kinetics  of  metals. 

The  relations  between  the  electric  current  j  and  the  dissipative  energy  flux  q'  in  a 
metal,  and  the  electric  field  E  and  the  temperature  gradient,  have  the  form  (44.12), 
(44.13): 


E  +  Yfpt/e)  =  j/o-  +  aVT,  (78.1) 

q' =  q- ((p  - /u/e)j  =  aTj  -  kVT.  (78.2) 

In  this  form  they  apply  to  crystals  with  cubic  symmetry,  and  for  simplicity  this 
symmetry  will  everywhere  be  assumed.  For  crystals  that  do  not  have  cubic 
symmetry,  the  coefficients  cr,  k  and  a  are  replaced  by  tensors  of  rank  two.  The 
relation  (78.2)  is  more  convenient  to  use  if  j  in  it  is  expressed  in  terms  of  E  by 
means  of  (78.1): 


q'  =  craT[E  +  V(ple)]  -  (k  +  Taa2)VT ,  (78.3) 

The  discussion  tn  §74  about  the  transport  equation  for  a  Fermi  liquid  remains 
largely  valid  for  an  electron  liquid  in  a  metal.  The  momentum  of  the  quasi-particles 
is  here  replaced  by  their  quasi-momentum,  and  the  form  of  the  Fermi  surface  is  in 
general  complex  and  different  for  each  individual  metal. 
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The  transport  coefficients  for  a  metal  are  in  principle  calculated  by  means  of  the 
linearized  transport  equation 

—  eE.  vdn0lde  +v  ,  dtijdr  =  I(Sh), 

where  v  =  de/d  p,  and  the  collision  integral  is  linearized  with  respect  to  the  required 
small  function  Sn  defined  by  (74,13).  Differentiation  of  n0  with  respect  to  r  can  be 
arbitrarily  carried  out  with  n  =  constant,  since  the  gradient  of  would  still  enter  in  the 
combination  eE  +  Vfz,  as  it  should  by  (78.1).  Then 

dn0  _  €  —  /j.  dn0 

dT  "  T  de  ’ 

and  the  transport  equation  takes  the  form 


-  (eE  +  ■  vf  =  /(fin). 


(78.4) 


The  current  density  and  the  dissipative  energy  flux  are  given  by  the  integrals 

j  =  —e  JvSri  .  2d3p/(27ift)3,  q'  =  J(e  -  ^t)vSn  .  2d3pl(27rfif;  (78,5) 

■when  q7  is  calculated  as  the  flux  of  the  kinetic  energy  t  _  pt,  there  is  no  need  to 
subtract  the  convective  transport  of  potential  energy,  <pj 

A  characteristic  of  conduction  electron  scattering  by  impurity  atoms  is  that  it  is 
elastic.  Because  the  atoms  have  a  large  mass  and  are  “bound”  in  the  lattice,  the 
electron  energy  may  be  regarded  as  unchanged  in  a  collision.  We  shall  show  that 
the  assumption  of  elastic  scattering  is  by  itself  sufficient  to  give  a  simple  relation 
between  the  electrical  and  thermal  conductivities  of  the  metal. 

To  obtain  this,  we  note  that  the  elastic  collision  operator  does  not  affect  the 
dependence  of  the  function  Sri  on  the  energy  e;  the  collisions  simply  move  the 
particles  on  the  constant-energy  surface.  This  means  that  any  factor  in  Sn  which 
depends  only  on  e  can  be  taken  outside  the  operator  I.  We  can  therefore  seek  the 
solution  of  the  transport  equation  in  the  form 


_  dn0( 
Be  X 


eE  +  ^-^VT 


)  ■  Kpk 


(78.6) 


where  l(p)  satisfies  the  equation 


/(1)  =  -v. 


(78.7) 


The  current  density  calculated  from  the  distribution  (78.6)  is 


.I  ,1 


j— .j^E.Dv  +  ^fl.VDvjf^ 


(78.8) 
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The  first  term  gives  the  conductivity  tensor 
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- e2J  vJt 


dn0  2 d3p 


fi  de  (27ift)v 

In  a  crystal  with  cubic  symmetry,  crap  ~  cr8„p,  and  the  conductivity  is 

_ _ i  2  [  i  dn0  2d3p 

3‘  J  *  V  de 

or,  transforming  the  integral  as  in  (74.18)-(74.20)I 


(78.9) 


a 


=  WJf,  J  =  J  1 .  v  dSlv(2irh)\ 


(78.10) 


The  integration  in  is  taken  over  all  sheets  of  the  Fermi  surface  within  one  unit 
cell  of  the  reciprocal  lattice. 

Similarly,  the  second  term  in  (78.8)  gives  on  comparison  with  (78,1) 


CUT  = 


2e 

IT 


dn0  d3p 

Ac 


w'here  77  =  e  -  /u,,  The  integration  over  d3p  is  replaced  by  integration  over  the 
constant-energy  surfaces  7}  ~  constant  and  over  ij.  Again  with  J  as  in  (78.10),  we 
find 


a  a  = 


(78.11) 


The  function 


fin (i  _  _  1 

de  “  T(evr  +  \)(e'ltlT~+  1) 

decreases  exponentially  as  t)->  ±°o;  the  integration  with  respect  to  17  can  therefore 
be  extended  from  —  *  to  +00.  The  integral  is  governed  mainly  by  the  range  |tj|  ~  T; 
J(t7>,  on  the  other  hand,  varies  significantly  only  in  the  range  17  —  p  >  T.  It  is 
therefore  sufficient  to  write 


T _ T  1  J  Ji  J  _ 

J  ^JpTT]  UJ/UCf- 

On  substitution  in  (78.11),  the  integral  of  the  first  term  is  zero,  because  the 
integrand  is  an  odd  function  of  17 ;  the  second  term  gives 
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The  integral 


tjJt] 


+ 1 


using  also  (78,10),  we  find 


a  —  — 


7T~T  d  log  J 
3e  deF 


(78.12) 


In  order  of  magnitude,  |a|  ~  Tieeh% 

Let  us  now  put  E  =  0  and  calculate  the  energy  flux.  Again  using  the  cubic  symmetry, 
we  find 


q  = 


Hpr f*  it  it  «nffipu»nt  to  nut  J  =  h*  \uhirh  aivPt 

—  "u  - -  r  ~  ”  ry  -  -  e-'  — 


2t t2 

q'  =  —~-TJfVT, 


Comparison  with  (78,3)  and  (78.10)  shows  that 


k  +  Tact 2  =  7r2crT/3e2. 


From  the  estimate  of  a  given  above,  the  term  Tact2  on  the  left  is  small  compared 
with  the  right-hand  side,  in  the  ratio  (T/eF)2,  Neglecting  this  term,  we  have  finally 
the  following  relation  between  the  thermal  and  electrical  conductivities: 

k  =  (7T2TI3e2)a,  (78.13) 


the  Wiedetnann-Franz  Iau\t 

We  must  again  emphasize  that  the  proof  of  this  relation  uses  only  the  fact  that 
the  scattering  of  conduction  electrons  is  elastic.  An  examination  of  the  proof  also 
readily  shows  that  the  assumption  of  cubic  symmetry  merely  simplifies  the  for¬ 
mulae,  In  the  general  case  where  the  crystal  has  any  symmetry,  a  similar  relation 
(78.13)  exists  between  the  tensors  Knp  and  aap. 

To  find  the  temperature  dependence  of  the  coefficients  k  and  cr  separately,  the 
collision  integral  is  needed.  For  collisions  with  impurity  atoms,  its  form  is  exactly 
analogous  to  the  integral  (70.3)  for  phonon  scattering  by  impurities: 

C(n)  =  Nimp  [  w(p,  p')[n'(l  -  n)  -  n(l  -  n')]S(e  -  e') .  2d3p'/(27rfi)3.  (78.14) 

*A  formula  of  the  type  (78,13)  was  derived  qualitatively  by  P.  Drude  (1900),  who  first  formulated  the 
concept  of  conduction  electrons  participating  in  the  thermal  equilibrium  of  the  metal.  The  quantitative 
result  in  classical  statistics  was  given  by  H.  A.  Lorentz  (1905),  and  in  Fermi  statistics  by  A.  Sommerfeld 
(1928), 
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The  factors  1  —  n  and  I  —  n '  take  account  of  the  Pauli  principle  (a  transition  can 
take  place  only  to  an  unoccupied  state);  the  factors  n '  and  n  signify  that  scattering 
can  occur  only  from  an  occupied  state.  As  in  (70.3),  it  is  assumed  in  the  integral 
(78.14)  that  the  impurity  atoms  are  randomly  distributed  and  that  the  mean  distance 
between  them  is  much  greater  than  the  scattering  amplitude;  the  various  atoms 
then  scatter  independently.  The  equation  w(p,  p')  =  w(p\  p)  has  already  been  used 
in  (78.14).  The  Born  approximation  is  in  general  not  applicable  to  the  scattering  of 
conduction  electrons  by  impurity  atoms.  The  equation  as  given  can  be  justified  by 
the  arguments  used  in  deriving  the  principle  of  detailed  balancing  in  the  form  (2.8), 
Here,  however,  it  is  implied  that  the  positions  occupied  by  the  impurity  atoms  in 
the  metal  lattice  have  a  symmetry  that  allows  inversion. 

The  linearization  of  the  collision  integral  amounts  to  replacing  the  difference 
n'(l  ~  «)~  n(\  —  rt')  =  nr-  n  by  StV—Sn,  Equation  (78.7)  then  becomes 

NimpJ  iv(p,  p’)(I'-l)S(£  -  £') .  2<iyi(2i,h )3  =  -V.  (78.15) 


This  does  not  involve  the  temperature.  The  solution  g(p)  is  therefore  also 
independent  of  the  temperature,  as  is  the  conductivity  a,  by  (78.10).  Thus,  at 
sufficiently  low  temperatures,  when  the  scattering  by  impurities  is  the  chief 
mechanism  of  electrical  resistance,  the  resistance  tends  to  a  constant  (residual) 

irOilllO  A  l»  >lf  1)  ir  1  wt  f  Viir  l*n  tl  Afl  1C’  1  4" 

vuiuv.  /  wvuiuu^i)')  \11\s  Liii/i  jiiLii  vuuuuvuvujf  r\  ill  i-i  1  iau5v  iu  i  il 

For  a  rough  quantitative  estimate  of  the  residual  resistance,  we  can  use  the 
elementary  formula  (43.7),  putting  (for  electrons  in  a  metal)  p  ~  p fi 


cr 


e2Nllp 


Fj 


(78.16) 


where  N  is  the  electron  density.  For  scattering  by  impurities,  the  mean  free  path 
l  ~  1/NjmpO-!,  where  cr,  is  the  transport  scattering  cross-section.  Hence  the  residual 
resistance  prcs—  1  /cr  is 


Pres- NimpCqpf/e^N.  (78.17) 

A  further  comment  should  be  added  to  the  above  discussion.  The  general 
condition  for  the  applicability  of  the  transport  equation  to  a  Fermi  liquid  requires 
that  the  quantum  uncertainty  of  the  electron  energy  should  be  small  in  comparison 
with  the  width  (-T)  of  the  thermal  blurring  of  the  Fermi  distribution.  This 
uncertainty  is  —  ft/T,  where  t  ~  lfvF  is  the  mean  free  time.  For  scattering  by 
impurities  \lNimp<Ji ;  the  uncertainty  ft/T  is  independent  of  the  temperature,  and 
therefore  blurs  the  Fermi  boundary  even  when  T  =  0.  At  first  sight,  it  follows  from 
this  that  the  whole  of  the  above  discussion  is  subject  to  the  very  severe  condition 

T  hvtXT'Nin p,  (78.18) 


+In  this  analysis  it  is  assumed  that  equation  (78,15)  does  not  contain  quantities  that  vary  rapidly  near 
e  =  €f,  and  so  I  can  be  replaced  by  lF  in  (78.9).  This  is  true  for  scattering  by  ordinary  impurities,  but  not 
for  scattering  by  paramagnetic  atoms. 


'X'XA  ftyf  jyfnlr 

depending  on  the  impurity  concentration.  In  reality,  however,  there  is  no  such 
limitation  (L.  D,  Landau,  1934). 

The  reason  is  that,  because  of  the  fixed  positions  of  the  impurity  atoms  and  the 
elasticity  of  electron  scattering  by  them,  the  whole  problem  of  calculating  the 
electric  current  can  in  principle  be  formulated  as  the  quantum-mechanical  problem 
of  the  motion  of  an  electron  in  a  given  complex  external  field  having  a  potential. 
For  electron  states  determined  as  stationary  states  in  this  field,  the  energy  has  no 
uncertainty;  at  T  =  0,  the  electrons  occupy  a  range  of  states  bounded  by  a  sharp 
Fermi  surface,  but  in  the  space  of  quantum  numbers  for  motion  in  the  field,  not  in 
momentum  space.  With  this  formulation  of  the  problem,  conditions  of  the  type 
(78.18)  do  not  arise. 


§79.  Electron-phonon  interaction 

In  sufficiently  pure  metals,  the  chief  mechanism  for  the  establishment  of  equili¬ 
brium  over  a  wide  temperature  range  is  the  interaction  between  conduction 
electrons  and  phonons. 

The  condition  for  an  electron  to  be  able  to  emit  (or  absorb)  a  phonon  requires 
that  the  speed  of  the  electron  be  greater  than  that  of  the  phonon;  compare  the 
analogous  result  in  §68  for  the  emission  of  a  phonon  by  a  phonon.  The  speed  of 
electrons  at  the  Fermi  surface  is,  however,  usually  large  in  comparison  with  that  of 
the  phonons;  the  condition  is  therefore  satisfied,  and  the  main  contribution  to  the 
electron-phonon  collision  integral  comes  from  just  these  one-phonon  processes. 

The  collision  integral  then  has  the  following  form,  analogous  to  the  phonon- 
phonon  integral  (67.6):t 

C,,ph(np)  =  J  H’(p\  k;  p){np(l  -  np)Nk  -  np(l  -  np)(l  +  Nt)}  x 

x  S(ep—  ep- -  tok)  d'k/^w)3 
+  J  w(p';p,k){nP(l  -  nP)(l  +  Nk)-  np(l  -  np)Nt}x 
x8(€p+cok-ep)d3/c/(27r)\  (79.1) 

The  first  term  corresponds  to  processes  with  emission  of  a  phonon  having  quasi¬ 
momentum  k  by  an  electron  having  a  given  quasi-momentum  p,  and  the  reverse 
processes  with  absorption  of  a  phonon  k  by  electrons  p'  with  return  to  the 
quasi-momentum  p: 


p  =  p'  +  k  +  b;  (79.2a) 

in  these  processes,  the  transitions  take  place  between  an  electron  state  with  given 
energy  ep  and  states  of  lower  energy.  The  second  term  corresponds  to  processes 


tin  §§79-83  the  units  used  are  such  that  ft  =  1. 
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with  absorption  of  a  phonon  by  an  electron  p  and  the  reverse  processes  of  its 
emission  by  electrons  p': 

p  +  k  =  p'  +  b;  (79,2b) 

in  these  processes,  the  transitions  take  place  between  a  specified  electron  state  and 
ones  of  higher  energy.  For  the  same  reasons  as  in  the  case  of  phonon  emission  by 
phonons  (§66),  the  value  of  b  in  the  equations  (79,2)  is  uniquely  determined  by 
specifying  the  values  of  k  and  p  with  the  requirement  that  p'  should  be  in  the  same 
selected  cell  of  the  reciprocal  lattice.  The  delta-function  factors  in  (79,1)  express 
the  law  of  conservation  of  energy;  ep  is  the  electron  energy  and  &jk  the  phonon 
energy.  As  in  Chapter  VII,  the  phonon  distribution  function  (numbers  of  occupied 
states)  is  denoted  by  Nk;  the  electron  distribution  function  is  denoted  by  np,  The 
subscripts  marking  the  branch  of  the  phonon  spectrum,  and  the  signs  of  summation 
with  respect  to  these,  will  be  omitted,  for  brevity.  It  is  assumed  that  the  transition 
probabilities  are  independent  of  the  electron  spin,  which  is  unchanged  in  the 
transition. 

There  is  a  similar  expression  for  the  phonon-electron  collision  integral  which  is 
to  be  added  to  the  phonon-phonon  integral  on  the  right-hand  side  of  the  transport 
equation  for  the  phonon  distribution  function: 

Cph,c(Nk)  =  J  w(p;  p',  k){np(l  -  np)(l  +  Nk)  -  np(l  -  np)Nk}  x 

x  8(eP’  +  c ok  -  €p) ,  2dV/(27r)3,  (79.3) 

with  p  =  p'+  k  +  b.  This  is  the  difference  between  the  number  of  phonons  k  emitted 
by  electrons  with  any  quasi-momenta  p  and  the  number  absorbed  by  electrons  with 
any  p'.  The  factor  2  allows  for  the  two  possible  spin  directions  of  the  emitting  or 
absorbing  electron. 

In  first-order  perturbation  theory,  the  probabilities  of  phonon  emission  or  ab¬ 
sorption  by  an  electron  which  occur  in  these  integrals  are  determined  by  the 
electron-phonon  interaction  operator  linear  in  the  phonon  operators  £ls(n)  (66,2); 
the  linearity  corresponds  to  the  fact  that  these  operators  are  responsible  for 
transitions  in  which  only  one  of  the  phonon  state  occupation  numbers  changes  by 
unity.  Without  repeating  the  discussion  in  §66,  we  may  note  that,  in  the  limit  as  the 
phonon  quasi-momentum  k  tends  to  zero,  the  phonon  emission  or  absorption 
probability  is  proportional  to  k: 

w  «  k.  (79,4) 

According  to  a  general  property  of  transition  probabilities  in  the  Born  ap¬ 
proximation,  the  probabilities  of  the  direct  and  reverse  transitions  are  equal,  and 
sot 

v(p',  k;  p)  =  w(p;  p',  k),  (79,5) 

tThe  quantum  numbers  i  and  /  of  the  initial  and  final  states  are  always  written  in  the  order  fi  in  the 
notation  for  the  probability. 
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This  property  has  already  been  made  use  of  in  the  integrals  (79,1)  and  (79,3), 

A  further  simplification  is  achieved  by  taking  into  account  the  symmetry 
(expressed  by  the  fact  that  the  operators  U,  are  real)  with  which  the  phonon 
creation  and  annihilation  operators  appear  in  the  electron-phonon  interaction 
operator.  Because  of  this,  the  emission  of  a  phonon  with  quasi-momentum  k  is 
equivalent  to  the  absorption  of  one  with  quasi-momentum  —  k.  We  shall  also  use 
the  fact  that  the  electron  energies  ep  and  €p  are  close  to  the  Fermi  energy  eF,  Let  pF 
and  pF  be  vectors  in  the  directions  of  p  and  p',  ending  on  the  Fermi  surface,  and  let 
the  functions  w  be  expressed  in  terms  of  the  directions  of  pF  and  pF  and  the 
differences  i?p  =  ep— eF,  tjp-=  ep  -  eF  which  represent  the  closeness  of  the  electron 
energy  to  eF.  As  regards  these  variables,  w  is  a  slowly  varying  function,  which 
changes  appreciably  only  in  ranges  ~eF  Neglecting  quantities  —  T,  we  can 
put  t7p=t}p-  =  0  in  these  functions.  The  equivalence  mentioned  above  is  then 
expressed  by  the  equation 


vr(pF,  k;  pF)  =  >v(pF;  pF,  -k). 


(79,6) 


the  H'  being  functions  only  of  the  directions  of  pF  and  pF,  If  now  we  change  the 
variable  of  integration  k  to  -k  in  the  second  term  in  (79.1),  the  coefficients  w  in  the 
two  integrals  become  equal;  since  w-k  =  cok,  the  change  simply  replaces  Nk  by  N-k. 

The  integrals  (79,1)  and  (79,3)  are,  of  course,  zero  when  the  equilibrium  electron 
and  phonon  distribution  functions  are  substituted.  The  linearization  of  these 
integrals  for  small  deviations  from  equilibrium  is  carried  out  simultaneously  with 
respect  to  both  distribution  functions,  which  we  write  as 


n  =  n0(e)  +  8n,  N  =  N0(co)  +  SN, 


Sn 


-  _  dn0  _ rto(l  no) 

n  — - (p - 


de 


<P, 


8N  =  -jN«  Nrfl  +  N.) 

to  x  T  *' 


(79.7) 


The  transformation  is  exactly  similar  to  those  in  §§67  and  74.  For  example,  the 
expression  in  the  braces  in  the  first  term  in  (79.1),  rewritten  as 


(1  n)(l  n'Xl  +  +  n  1  - n  ’ 


is  put  into  the  form 


Ho(l  —  «  o)(  1  +  No  )^(<p'  — <p  +  A')’ 

This  is  conveniently  transformed  further  by  means  of  the  equation 


n0(e)[l  “  Mo(eO]  =  [n0(e)  -  riofeOlNofe  -  e'). 


(79.8) 
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which  is  easily  verified  by  direct  calculation.  We  then  find 

^NirU  +  No),  ,  ,  x  dN0,  . 

(n0-n0) - j - (<P  -<P+X)  =  — ^-(rto-no)(<p  ~(p+xh 

The  other  terms  are  transformed  similarly,  leading  to  the  following  linearized 
collision  integrals: 


C,,rh(rt)  =  L.Ph((p,  x)  =  “I  "MVp-  <Pp  +  Xk)S(ep-  ep  -  cok) 

-(<Pp-<Pp~X  k)8(ep~  ep-+  coh)}  d'k/(27r)\  (79,9) 

i  \r  c 

CphJN)  =  IphAx*  <P)  =  wfno  -  noXVp  -  <PP  +  ^k)S(cp-  fp  -  cok) .  2d'pl(2'ir)'\ 

(79,10) 


in  both  integrals,  p  =  p'  +  k  +  b. 

These  integrals  fall  naturally  into  two  parts,  the  linear  integral  operators  acting 
on  (p  and  x  respectively.  For  instance. 


Jf..ph  (v.  A')  =  Il'lhiv)  +  /ShOr ).  (79, 1 1 ) 

An  important  property  of  the  operator  /*Jh  is  that  it  does  not  change  the  parity  of 
the  function  <p(i7,  Pf)  with  respect  to  the  variable  17,  i.e.,  it  leaves  even  and  odd 
functions  the  same:  as  regards  its  effect  on  a  function  of  17, 

Jl!jh(<p(Tj))~  J K(tj,  V)[<p(V)-  <p(tj)1  <Jt7, 


where 


^77,  V  )  =  L«o(T7  )-  -  77  -(DJ-OW  7]  C0)l 


Since 


Mtj  )  —  —  tanh(7j/2T)], 


(79.12) 


and  so 


rto(rj')  -  n0(7i)  =  j[tanh(77/2T)  -  tanh(V/2T)], 


we  see  that 


and  this  immediately  yields  the  above-mentioned  property  of  the  operator,  which 
will  be  used  in  §§80  and  82. 
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The  collision  integrals  (79.9)  and  (79,10)  are  identically  zero  for  the  functions 

c p  =  constant  x  e,  x  =  constant  x  co,  (79, 13) 

with  the  same  constant.  This  “spurious”  solution  of  the  transport  equation  cor¬ 
responds,  like  the  solution  (67,18)  in  the  phonon-phonon  equation,  to  a  change  in 
the  temperature  of  the  system  by  a  small  constant  amount.  The  integrals  (79,9)  and 
(79,10)  are,  however,  also  zero  when 

(p  =  constant  (79.14) 

and  x  ~  0-  This  solution  is  due  to  the  constancy  of  the  total  number  of  electrons 
(unlike  the  total  number  of  phonons);  formally,  it  corresponds  to  a  change  in  the 
chemical  potential  of  the  electrons  by  a  small  constant  amount. 

To  proceed  to  quantitative  estimates,  we  note  that  the  orders  of  magnitude  of  the 
parameters  of  the  electron  spectrum  in  a  metal  can  be  expressed  in  terms  of  the 
lattice  constant  d  and  the  electron  effective  mass  m*  only;  for  example,  the  Fermi 
momentum  (in  ordinary  units)  is  pF  —  fi/d,  the  speed  ~  pF/w*  ~  and  the 

energy  eF  ~  vFpF  h2lm*d\  The  parameters  of  the  phonon  spectrum  and  the 
electron-phonon  interaction  also  contain  the  mass  M  of  the  atoms.  The  density  of 
the  substance  p  a  M,  and  the  speed  of  sound  u  «  p  1/2 «  M~I/2:  making  the  dimem 
sions  right  by  means  of  ft,  d  and  m*  (which  can  be  done  in  only  one  way),  we 
obtain  the  estimate 


u~vF(m*IM)m .  (79.15) 

Hence  the  Debye  temperature  is 

0  —  ftcomax  —  fluid  ~  eF(m*/M)l/2.  (79,16) 

The  mass  M  appears  in  the  electron-phonon  interaction  operator  only  through  the 
displacement  operators  II,  (66.2)  of  the  atoms;  this  interaction  involves  no  other  small 
terms  in  1/M,  its  energy  being  —  eF  when  Us  ~  d.  The  matrix  elements  of  the 
operators  U„  and  therefore  those  of  the  electron-phonon  interaction  operator,  are 
a  (Mco)  If2  «  M~l/4;  for  a  given  quasi-momentum  k,  the  frequency  co  —  uk  «  M~l/2, 
The  scattering  probability  is  given  by  the  square  of  the  matrix  element.  Hence  the 
function  w  in  the  collision  integral  is  proportional  to  M"W2,  or,  making  the 
dimensions  right. 


w-Qvpd2.  (79,17) 

This  estimate  needs  modification  in  relation  to  the  emission  or  absorption  of  a 
long-wavelength  acoustic  phonon.  The  fact  that  w  is  then  proportional  to  k  means 
that  the  estimate  must  include  an  extra  factor  /c/kmax~  kd: 


w  —  ©upkef3. 


(79,18) 
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§80,  Transport  coefficients  in  metals.  High  temperatures 

At  high  temperatures  T  >  ©,  phonons  with  all  possible  quasi-momenta  are 
excited  in  the  crystal,  up  to  the  maximum  value,  which  has  the  same  order  of 
magnitude  as  the  electron  Fermi  momentum:  kmax  —  pF  —  1/d,  By  the  definition  of  the 
Debye  temperature,  the  maximum  phonon  energy  and  so  w  <  T  for  all 

phonons. 

Under  these  conditions,  therefore,  the  phonon  energies  are  small  compared  with 
the  width  of  the  blurred  region  in  the  Fermi  distribution  of  electrons.  This  enables 
us  to  treat  phonon  emission  or  absorption  approximately  as  elastic  scattering  of  an 
electron.  The  scattering  angles  are  not  small,  since  the  electron  and  phonon 
quasi-momenta  under  these  conditions  are  of  the  same  order  of  magnitude. 

At  high  temperatures,  when  the  phonon  state  occupation  numbers  are  large,  the 
establishment  of  equilibrium  in  each  volume  element  of  the  phonon  gas  (phonon- 
phonon  relaxation)  takes  place  very  quickly.  We  can  therefore  regard  the  phonon 
distribution  function  as  being  the  equilibrium  one  when  considering  the  electrical 
and  thermal  conductivities,  i.e.  take  x  ~  0  in  the  collision  integrals  (a  quantitative 
estimate  of  x  W*H  t>e  made  at  the  end  of  this  section).  That  is,  it  is  sufficient  to  deal 
with  the  transport  equation  for  electrons  only. 

It  may  be  noted  at  once  that,  in  an  approximation  which  assumes  the  electron 
scattering  elastic,  the  results  of  §78  remain  valid  that  were  based  only  on  this 
approximation,  including  the  Wiedemann-Franz  law  (78,13)  which  gives  the  ratio 
o-/k.  To  determine  the  temperature  dependence  of  cr  and  k  separately,  however,  it 
is  necessary  to  examine  in  more  detail  the  electron-phonon  collision  integral  (79.9), 

Under  the  conditions  in  question,  this  integral  is  greatly  simplified.  Because  the 
phonon  energy  «  =  ±(e'  —  e)  is  small,  we  can  expand  the  difference  nj  —  n0  in 
powers  of  co:t 

no~  n0  ~  ±eodn0lSe, 

We  can  then  put  co  =  0  in  the  arguments  of  the  delta  functions,  obtaining 

r  ,  x_-»f  3Nodrioc/_»  w  ,  \  d3k 

h(<p)-2j  -«K* 

When  co<T  the  phonon  distribution  function  No  —  T/to,  so  that  dN0ld co  ~  —  Tfco2. 

The  derivative  dn0lde - 1/T,  The  integral  is  governed  by  the  range  k  ~  in 

which  co  ~  0,  When  the  delta  functions  are  taken  into  account,  the  integration  over 
d3k  adds  a  factor  kl^Jvp  to  the  estimate  of  the  integral: 

I***  (<p) - w(TI0XkLjvF)<plT. 


With  (79.17)  this  gives 


ft,ph((p)  ^  V*  T  5n. 


(80.1) 


"fThe  presence  of  w  in  this  difference  is  consistent  with  the  approximation  that  the  electron  scattering 
is  elastic  It  is  necessary  because,  in  bringing  the  collision  integral  to  the  form  (79.9),  we  used  equation 
(79.8),  the  right-hand  side  of  which  becomes  indeterminate  when  e  =  «'. 
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This  means  that  the  electron-phonon  collision  frequency  rc.ph  —  T  (T/fi  in  ordinary 
units),  the  mean  free  path  l  —  and  (78.16)  gives  for  the  electrical  conductivity 
(in  ordinary  units)t 


cr  —  Ne2film*T.  (80,2) 

The  electrical  conductivity  of  the  metal  is  thus  inversely  proportional  to  the 
temperature  when  The  Wiedemann-Franz  law  then  shows  that  the  thermal 

conductivity  is  constant: 


k  ~  Nfi/m*. 


(80.3) 


T  af  nC  nnuJ  acTlmrjtA  (Via  r\  /  in  tVtA  Alprfrnn  'inrl 

l  U  J  IIWT  VOOIJ1IULV  Lliv  VOI  ICCUVJl  1U11VUUUO  ^  UHU  ^  Mi  LUV  V1VVUUU  UUU  »VJ  J 

distributions  in  order  to  justify  neglecting  x  *n  the  collision  integral.  We  can  do 
this,  f  >r  instance,  in  the  case  where  there  is  an  electric  field  but  no  temperature 
gradient. 

Since  the  electric  field  does  not  affect  the  motion  of  the  phonons,  the  ieft-hand 
side  of  the  transport  equation  for  phonons  is  zero.  The  equation  therefore  reduces 
to  the  vanishing  of  the  sum  of  the  collision  integrals  for  phonons  with  electrons  and 
phonons  with  phonons: 


/'PiU<p)  +  i%hd  +  Wx)  =  o;  (80.4) 

the  superscripts  (1)  and  (2)  distinguish  the  two  parts  of  the  integral  (79.10)  in  the 
same  way  as  was  done  in  (79.11). 

The  integral  7phiP  is  estimated  similarly  to  fe, Ph  above.  Here,  however,  we  must 
take  into  account  that  the  integration  over  the  electron  quasi-momenta  p  is  in 
practice  taken  only  near  the  Fermi  surface.  Over  the  volume  of  a  layer  with 
thickness  ^T}vF  and  area  ~pF2.  The  delta  function  adds  a  factor  1  leF  to  the 
estimate  of  the  integral.  The  result  is 

/&(*) - ~  -xT/ep,  /SU<p)  ~ -<pT/fp.  (80.5) 

The  phonon-phonon  collision  integral  is  estimated  as 


Jph,phO()  ^ph.ph^-^  ^ph,ph(*f/€F)X» 


with  the  effective  collision  frequency  from  (68.3): 

vphjh  -TlMud  -  TV(m*IM). 


tNote  that  the  quantum  uncertainty  of  the  electron  energy,  ~fiF,,ph  ~  T,  is  of  Ihe  order  of  the  width  of 
the  blurred  region  in  the  electron  distribution.  This  fact,  however,  does  not  make  the  results  inapplic- 
able,  for  a  reason  similar  to  that  given  at  the  end  of  §78  in  connection  with  scattering  by  impurities. 
Because  of  the  relative  slowness  of  the  vibrations  of  atoms  in  the  lattice,  and  the  elasticity  of  electron 
scattering,  the  problem  can  in  principle  be  formulated  as  that  of  electrons  moving  in  the  given  potential 
field  of  the  deformed  lattice. 
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Thus 

Iph.ph(x) -  — (T2/©2)V(m*/A*)x  ~  T2xI&£f.  (80.6) 

Comparison  of  (80.5)  and  (80.6)  shows,  first  of  all,  that 

f  '&(*)/ Wx)  ~  0/T  lr 

the  effective  frequency  of  phonon-electron  collisions  (for  equilibrium  electrons,  i.e. 
with  (p  -  0)  is  small  relative  to  the  phonon-phonon  collision  frequency.  We  can 
therefore  neglect  the  second  term  in  (80.4).  Comparison  of  the  two  remaining  terms 
gives 

Xiv  ~  0/T  ^  1,  (80.7) 

and  this  justifies  neglecting  x  *n  the  electron-phonon  collision  integral.  It  is  easily 
seen  that  the  same  result  (80,7)  is  obtained  when  a  temperature  gradient  is  present. 

The  neglect  of  the  function  x  *n  the  electron  transport  equation  may,  however, 
be  impermissible  in  the  treatment  of  thermoelectric  phenomena. 

According  to  (78.12),  the  derivation  of  which  was  based  only  on  the  assumption 
of  elastic  scattering  of  electrons,  the  thermoelectric  coefficient  is 

a'~T/eeF;  (80.8) 

the  meaning  of  the  superscript  1  will  be  explained  later.  This  quantity  is 
“anomalously”  small  in  the  sense  that  the  order  of  magnitude  of  the  integral  in 
(78.8)  (the  second  term)  was  reduced  in  the  ratio  T/eF  because 

ip1  —  — (ij/T)l .  VT  (80.9) 

is  an  odd  function  of  tj  =  e  —  /ll.  This  property  is  in  a  sense  accidental,  and  may 
have  the  result  that  a  comparatively  small  addition  to  (p  due  to  the  non-equilibrium 
of  the  phonons  yields  a  contribution  to  a  that  is  comparable  with  (80.8), 

We  shall  seek  the  solution  of  the  electron  transport  equation 

fH?v  .  VT  =  .  VT  =  /&(*>)  +  n%(x)  (80.10) 

as  a  sum  <p  =  <pl  +  <pu,  where  <p 1  is  the  solution  of  the  equation  without  the  second 
term  on  the  right,  and  is  the  solution  of  the  equation 

i 

i  O<p)  +  /gh(*)  =  0.  (80.11) 

Here  to1  is  the  “maior”  Dart  of  w:  because  the  operator  I,1?..  is  even  with  resDect  to 

-  .  -  ‘  "  ■  '  '  r -  ’  —  -----  - - a  - 

the  variable  rj  (§79),  this  part  has  the  form  (80.9)  and  is  an  odd  function  of  17. 
Equation  (80,1 1)  sho  ws  that  (p**  ~  x*  nnd  therefore 

(phl(pl  ~  xi<Pl 0/T  1. 


_  jv 
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Unlike  <p\  however,  (pn  is  not  zero  when  e  =  i±.  In  the  calculation  of  the  cor¬ 
responding  contribution  to  the  current  density,  therefore,  the  leading  term  is  not 
■*ancelled,  and  the  result  is  small  only  in  the  sense  that  is  relatively  small.  This 
means  that  the  latter’s  contribution  to  the  thermoelectric  coefficient  is 

a11  ~  a  WT)(0/T)  ~  0/eT.  (80.12) 

At  the  lower  end  of  the  temperature  range  considered,  where  T  ~  ©,  we  have 
ea11  ~  1  in  place  of  the  small  quantity  eal~  0/eF. 

The  thermoelectric  coefficient  is  thus  composed  of  two  additive  parts.  These  may 
be  of  the  same  order  of  magnitude,  but  they  vary  differently  with  the  temperature. 
The  physical  origin  of  the  second  term  in  a  is  that  heat  transfer  in  the  crystal 
causes  a  flux  of  phonons  (a  “phonon  wind”),  which  carries  the  electrons  with  it.t 


§81.  Umklapp  processes  in  metals 

The  nature  of  electron-phonon  scattering  at  low  temperatures  is  quite  different 
from  that  when  T§>0.  When  T  <€0,  phonons  are  excited  with  energies  to  ~  T  in 
the  crystal  (and  belong  in  general  to  the  acoustic  branches  of  the  spectrum).  When 
such  a  phonon  is  emitted  or  absorbed,  the  electron  energy  changes  by  an  amount 
~  T,  i.e.  by  an  amount  of  the  order  of  the  total  width  of  the  blurred  region  in  the 
Fermi  distribution.  The  change  in  the  electron  quasi-momentum  is  equal  to  the 
phonon  quasi-momentum.  Since  k  ~  Tju  kmax,  and  kma*  ~Pf»  it  follows  that  the 
electron  quasi-momentum  changes  only  by  a  relatively  small  amount.  At  low 
temperatures,  therefore,  there  is  a  limiting  case  which  is  the  opposite  of  elastic 
scattering;  the  electron  relaxation  in  energy  takes  place  considerably  more  rapidly 
than  as  regards  the  quasi-momentum  direction. 

The  energy  relaxation  is  a  rapid  “mixing”  in  the  blurred  region  of  the  Fermi 
distribution.  The  relaxation  as  regards  direction  is  an  equalization  of  the  dis¬ 
tribution  over  this  surface;  it  takes  place  in  small  amounts  (—T/h),  i.e.  it  is  a  slow 
diffusion  over  the  surface. 

Before  going  on  to  a  detailed  consideration  of  the  transport  phenomena  under 
these  conditions,  we  shall  make  some  general  comments  about  the  role  of  Umklapp 
processes.  As  in  insulator  crystals,  the  finileness  of  the  transport  coefficients  in  an 
ideal  metal  crystal  (without  impurities  or  defects)  is  due  to  the  occurrence  of  these 
processes.  With  only  the  normal  processes  that  conserve  the  total  quasi-momentum 
of  electrons  and  phonons,  the  transport  equations  would  have  spurious  solutions 
corresponding  to  the  movement  of  the  electron  and  phonon  systems  as  a  whole 
relative  to  the  lattice.  These  are  solutions  of  the  type 

<P  =  p.SV,  *  =  k.SV  (81.1) 

with  a  constant  vector  SV;  cf.  (67.19).  They  reduce  to  zero  the  collision  integrals 

tT  he  role  of  phonon  drag  on  electrons  as  regards  transport  effects  in  metals  was  elucidated  by  L.  E. 
Gurevich  (1946). 
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(79.9),  (79.10)  if  me  emission  or  absorption  of  phonons  by  electrons  takes  place 
with  conservation  of  quasi-momentum  (p  =  p'  +  k). 

At  high  temperatures,  when  the  quasi-momenta  of  both  electrons  and  phonons 
are  large  ( —  1/d),  Umklapp  processes  take  place,  in  general,  with  the  same 
frequency  as  normal  processes.  The  need  to  take  account  of  them  therefore  does 
not  give  rise  to  any  specific  features  of  the  transport  phenomena. 

The  electron  quasi-momenta  lie  near  the  Fermi  surface,  and  in  this  sense  are 
almost  independent  of  the  temperature.  At  low  temperatures,  however,  the  phonon 
quasi-momenta  become  small,  and  Umklapp  processes  may  therefore  be  impeded, 
fn  this  respect  the  situation  is  substantially  different  for  closed  and  open  Fermi 
surfaces. 

An  open  Fermi  surface,  for  any  choice  of  the  unit  cell  in  p  space  (the  reciprocal 
lattice),  crosses  the  cell  boundaries.  In  this  case,  clearly,  Umklapp  processes  are 
always  possible  with  emission  or  absorption  of  a  phonon  with  arbitrarily  low 
energy:  even  a  small  change  in  the  electron  quasi-momentum  near  the  cell  boun¬ 
dary  can  transfer  the  electron  to  an  adjacent  cell.  In  the  course  of  their  diffusion 
over  the  Fermi  surface,  all  the  electrons  will  ultimately  reach  the  cell  boundaries 
and  may  thus  take  part  in  Umklapp  processes.  Consequently,  in  this  case  also  the 
probability  of  such  processes  contains  no  additional  small  factor  in  comparison 
with  normal  processes.  Indeed,  the  classification  into  normal  and  Umklapp  proces¬ 
ses  depends  on  the  choice  of  the  reciprocal  lattice  cell,  and  is  to  that  extent 
arbitrary.  With  an  open  Fermi  surface,  the  property  that  there  is  no  additional  small 
factor  in  the  frequency  of  Umklapp  processes  exists  for  any  choice  of  cell.  It  is 
then  desirable  to  avoid  any  distinction  of  two  types  of  scattering  event,  and  to 
regard  all  of  them  as  normal  (i.e.  conserving  quasi-momentum)  but  allow  electron 
quasi-momentum  values  anywhere  in  the  reciprocal  lattice.  For  the  phonons,  the 
unit  cell  is  chosen  so  that  the  point  k  =  0  is  at  its  centre;  then  all  the  long- 
wavelength  phonons  (the  only  ones  that  need  be  considered  when  T  <^0)  are  in  a 
small  part  of  the  volume  of  one  cell,  near  its  centre.  In  this  treatment,  the  spurious 
solution  (81.1)  is  excluded  by  applying  to  the  electron  distribution  function  the 
condition  of  periodicity  in  the  reciprocal  lattice: 

n(p  +  b)  =  n(p).  (81.2) 

The  equilibrium  distribution,  depending  only  on  the  electron  energy  e(p),  neces¬ 
sarily  satisfies  this  condition,  since  e(p)  is  periodic.  As  well  as  n0(p),  the  derivative 
dnjde  is  periodic,  and  so  therefore  is  the  factor  <p(p)  in  this  requirement 
eliminates  the  solution  (81.1),  which  does  not  satisfy  it. 

Let  us  now  consider  a  closed  Fermi  surface.  In  this  case,  we  can  choose  the 
basic  reciprocal  lattice  cell  in  such  a  way  that  the  Fermi  surface  nowhere  crosses 
its  boundaries. t  Then  Umklapp  processes  correspond  to  electron  transitions  be¬ 
tween  any  points  on  the  Fermi  surface  in  the  basic  cell  and  its  replica  in  the 


tlf,  however,  the  Fermi  surface  consists  of  a  number  of  closed  cavities,  it  may  be  necessary  to  define 
ihe  basic  cell  otherwise  than  as  a  parallelepiped  with  plane  faces.  This  is  illustrated  schematically  in  Fig. 
28  for  the  case  of  a  plane  lattice  with  Iwo  non-equivalent  closed  cavities  forming  the  “Fermi  surface”. 
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avoided  by  any  choice  of  a  rectangular  cell. 
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Fig.  28. 


adjacent  cell,  as  shown  schematically  in  Fig.  29.  The  vector  k  joining  these  points  is 
the  quasi-momentum  of  the  emitted  or  absorbed  phonon.  The  distance  k  is  in 
general  large  (—l/d),  and  at  low  temperatures  the  number  of  phonons  with  energy 
co(k)  is  exponentially  small,  being  proportional  to  exp[-w(k)/T].  The  effective 
frequency  of  Umklapp  scattering  events  then  depends  on  the  temperature  accord¬ 
ing  to 


vv  K  exp[-co(kniin)/T],  (81.3) 

where  kmin  is  the  value  of  the  phonon  quasi-momentum  (among  all  vectors  of  the 
type  concerned)  for  which  the  energy  cu(k)  has  its  minimum  value.  Here  it  is 
important,  of  course,  that  the  electron  speed  is  much  greater  than  the  phonon  speed 
(i?f  ^  h).  It  is  for  this  reason  that  we  cannot  reduce  the  exponential  in  (81.3)  by 
changing  the  length  of  the  vector  k  by  moving  away  from  the  Fermi  surface. 
Although  the  phonon  energy  may  decrease  by  an  amount  —  uSk,  the  energy  of  the 
electron  involved  in  the  process  would  simultaneously  increase  by  a  much  larger 
amount  —  urSk,  thus  reducing  vv  instead  of  increasing  it.  To  find  kmin,  it  is 
sufficient  therefore  to  consider  the  Fermi  surface  as  such,  without  taking  into 
account  the  blurring  of  the  distribution  near  it.  The  points  important  in  practice  are 
usually  those  near  the  closest  approach  of  the  Fermi  surface  to  its  replica  in  the 
adjacent  cell. 

The  solution  (81.1)  implies  that  there  is  a  macroscopic  flux  of  electrons  in  the 
absence  of  an  electric  field,  i.e.  an  infinite  electrical  conductivity.  The  exponentially 
small  frequency  of  Umklapp  processes  causes  an  exponentially  large  electrical 
conductivity  (R.  E.  Peierls). 

The  thermal  conductivity  of  a  metal  having  a  closed  Fermi  surface  remains  finite 
even  when  Umklapp  processes  are  neglected.  This  is  because,  by  (78.2),  the  ther- 
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mal  conductivity  k  defines  the  heat  flux  in  the  absence  of  an  electric  current,  and 
the  condition  j  =  0  necessarily  excludes  the  spurious  solution  (81.1).  The  inclusion 
of  Umklapp  processes  can  alter  the  value  of  k  only  if  it  is  small.  The  same  applies 
to  the  thermoelectric  coefficient  a,  which,  by  the  definition  (78.1),  relates  the 
temperature  gradient  and  the  electric  field,  again  with  the  condition  j  =  0;  see  §  82, 
Problem. 

The  above  remarks,  however,  do  not  apply  to  compensated  metals  having  closed 
electron  and  hole  Fermi  surfaces,  i.e.  to  metals  with  equal  numbers  of  electrons 
and  holes,  N?  =  Nj,  (see  SP  2,  §61).  The  reason  is  that  in  this  case  the  solution 
(81.1)  is  not  dependent  on  the  presence  of  an  electric  current.  The  current  density 
corresponding  to  this  solution  is 


(dn0  2  d3p 

J=£jv  — p.SV— 3 


—  e 


f 


dn0 


dp  r  (2tt)j 

r  ^ ii  W  O  f 

■‘“I*  y  I  *"I0 

T p  -  O  V  — rr  £  I  - p 

dp  F  (2 7T)3  J  dp  F 


0 

SV(2^7 


The  two  integrals  are  taken  over  the  electron  and  hole  cavities  respectively  of  the 
Fermi  surface;  in  the  second,  the  hole  distribution  used  is  nfh)  =  1  -  n.  We  can  now 
integrate  by  parts;  the  resulting  integrals  over  the  surfaces  of  the  cell  faces  are  zero 
because  of  the  rapid  deciease  of  rtor)  and  nf?0  away  from  the  respective  Fermi 
surfaces.  The  result  is 


j  =  eSV(N„  -  Ne). 


(81.4) 


For  a  compensated  metal,  j  =  0. 

This  means  that  the  electrical  conductivity  of  a  compensated  metal  is  finite  even 
when  Umklapp  processes  are  not  taken  into  account.  The  thermal  corjuctivity  and 
the  thermoelectric  coefficient,  on  the  other  hand,  are  governed  by  the  Umklapp 
processes  and  would  be  infinite  if  these  were  ignored,  since  the  condition  j  =  0  then 
does  not  exclude  the  spurious  solution  (81.1). 

In  the  arguments  and  estimates  in  §§81  and  82,  we  are  essentially  implying  the 
simplest  assumptions  as  to  the  form  of  the  Fermi  surface,  namely  that  it  is  either 
closed  or  open,  with  all  its  characteristic  dimensions  of  the  order  of  I/d.  The  Fermi 
surfaces  of  actual  metals,  however,  in  general  have  a  complex  form,  and  may 


H  n  i  r  ♦  rtf  nAiiarnl  /I  I  l-f  Ot-rt  n  f  1-*  rt  rt  4-  rt  -  H  r/1  rkknll  H  rt  4-  m  ■  ■  n  A  4-  rt  r,  H  r,  1y  rn  A  iLrt  a 

vuiia idi  ui  ^tvuai  umucm  anemia,  w ^  dimn  iiul  jjau^t  iu  analyst;  me 

complications  in  the  behaviour  of  the  transport  coefficients.  For  example,  the 
sheets  of  open  Fermi  surfaces  in  different  cells  of  the  reciprocal  lattice  may  be 
connected  by  narrow  bridges  (of  width  A p  <^pp).  The  presence  of  the  small 
parameter  A pjpF  in  the  problem  may  create  new  intermediate  temperature  ranges 
with  a  different  temperature  dependence  of  the  transport  coefficients.  The  sheets  of 
closed  Fermi  surfaces  may  come  “anomalously”  near  together,  and  this  may  move 
the  exponential  law  (81.3)  into  the  range  of  “anomalously”  low  temperatures. 
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In  lhf»  m m ntir^f ctiirfv  nf  trancnnrt  ntiPnnmpra  lit  low  fpmnpratnrPS  u;*1  ctv.ill 

*'*  ll,v  - *V/.-  ^““*1 

have  in  mind  the  case  of  open  Fermi  surfaces,  and  therefore  pay  no  special 
attention  to  Umklapp  processes. 

First  of  all,  we  shall  show  that  relaxation  in  the  phonon  system  takes  place  (when 
T  <^0)  mainly  by  phonon-electron  (not  phonon-phonon)  collisions. 

To  estimate  the  phonon-electron  collision  integral  (79.10),  we  note  that  at  low 
temperatures  co  ~  T,  e  -  f±  ~  T,  and  therefore  N0~  n0~  1,  dNoldto  —  1/T.  The  in¬ 
tegration  over  d3p  is  taken  over  the  volume  of  a  layer  with  thickness  ~  T/ vF  along 
the  Fermi  surface.  Since  kip  is  small,  the  argument  of  the  delta  function  can  be 
expressed  as 


e(p)  —  e(p~  k)~  co(k)~  k  .  del  dp  —  co  ~  vF .  k—  u>.  (82.1) 

The  delta  function  is  removed  by  integration  over  the  directions  of  p  (or, 
equivalently,  over  those  of  vr)  for  a  given  k,  adding  a  factor  l/u^/c  to  the  integrand. 
Lastly,  tv  is  estimated  by  means  of  (79.18).  The  result  is 

UW  ~ -x(m*IM)'a  ~  -  T(m 
so  that  the  effective  collision  frequency  is 

Vpk,  ~  TV(m*/M).  (82.2) 

The  effective  frequency  of  phonon-phonon  collisions  at  low  temperatures  is, 
according  to  the  estimate  (69.15), 

~  TV(m*/M)(T/0)4  -5=  i>.„  (82.3) 

and  this  proves  the  above  statement. 

We  shall  henceforward  neglect  phonon-phonon  collisions.  The  phonon  transport 
equation  is  then 


dN o  __  co  dNp 
dr  T  dco 


U  .  V  J  =  Iph.eUi  <PT 


/Cir\  A  \ 

KOZ.M) 


This  equation  can  be  solved  explicitly  for  the  phonon  function  x-  Since  k  in  this 
equation  is  given,  ^  can  be  taken  outside  the  integral,  and  we  find 


co 


Tv 


-U.VT+  -J—  [  w(no  -  n0)6(e  -  e'  -  co)(<p  -  =  X\  +  *2,  * 

,e  ^ph.eJ 

(82.5) 


where 


^ph.e  =  J  tv(no  -  n0)8(e  -  e'  -  co) .  2d3p/(27r)3. 


(82.6) 
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It  is  easy  to  see  that  X2>  AT  from  the  definition  of  at  it  follows  that  xi  ~  <P  (the 
integrals  in  the  numerator  and  denominator  differ  only  by  the  factor  <p  —  in  the 
integrand),  and  the  order  of  magnitude  of  ip  is  governed  by  the  electron  transport 
equation, 


v  .  VTdrioldT  =  I€,ph((p ) - r'f.phSrl - ^.phcp/T, 


whence 


ip  ~  vF\VT\lve,ph' 

The  effective  electron-phonon  collision  frequency  is  estimated  in  the  same  way  as 
yph.c  above,  the  only  difference  being  that  the  integration  over  d3k  in  f€iph  is  taken 
over  a  volume  ~(T/n)3  in  momentum  space,  instead  of  ~pFTlvF  in  the  integration 
over  d3p  in  Iph,e: 


ve#h  ~  T3/©2. 


(82.7) 


Finally,  since  ~  |VT|«/vPh.e,  we  have 

X\ wveiph/i?FVph.e  ~  T2/©2  <  1,  (82.8) 


as  was  to  be  proved. 

In  calculating  the  electrical  and  thermal  conductivities  (but  not  the  thermoelec¬ 
tric  coefficient;  see  below)  we  can  neglect  the  small  quantity  at  Substituting 
therefore  x  ~  A7  from  (82.5)  in  the  linearized  electron-phonon  collision  integral  in 
the  form  (79.11),  we  find 


Ic.ph(<P*  X)  =  f  t!Jh(<p)  +  Jf.ph ,r(<p),  (82.9) 

where  /e,Phlf((p)  denotes  the  result  of  substituting  X2  in  the  integral  /£Ph(x)*  The  first 
term  in  (82.9)  is  the  collision  integral  for  electrons  and  equilibrium  phonons;  the 
second  term  may  be  called  the  collision  integral  between  electrons  via  phonons. 

As  in  §79,  we  take  as  independent  variables  in  the  function  <p(p)  the  quantity 
7)  ~  —  [I  and  the  vector  pF  which  has  the  direction  of  p  and  ends  on  the  Fermi 

surface.  Both  terms  in  (82.9)  have  in  their  integrands  the  difference 

<p(1?j  Pf)  —  tpiv’i  P/-),  (82.10) 


with 


71  —  7l'  =  ±0),  pr  — pf=K, 

where  k  is  the  projection  of  k  on  the  tangent  plane  to  the  Fermi  surface  at  the 
point  pF. 

With  regard  to  the  variable  pF,  the  function  <p(tj,  pF)  varies  considerably  over 
ranges  ~pF;  the  difference  k  —  k  <  pF.  In  this  sense,  <p  varies  slowly  with  pF,  and  in 
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a  first  approximation  we  can  take  Pf  =  Pf  in  the  difference  (82.10),  i.e.  replace  it  by 

<p(v*  Pf)  ~  (piv'i  Pf)*  (82.11) 

The  dependence  on  17,  however,  is  strong,  in  the  sense  that  —  tj'\  =  co  —  T  is  of 
the  same  order  of  magnitude  as  the  range  over  which  <p  varies  considerably. 

Let  L0  be  the  operator  obtained  from  L,ph  (82.9)  on  replacing  (82.10)  by  (82.11); 
then 


LlPh(<p)  —  L0(<p)  +  Li((p), 

and  Lo^Li.  The  electron  transport  equation  (in  the  presence  of  both  an  electric 
field  and  a  temperature  gradient)  is 

-(eE+^VT)-v^  =  L„(<p)  +  L,(v).  (82.12) 

The  two  terms  on  the  right  have  quite  different  physical  meanings:  the  first  causes 
rapid  energy  relaxation,  the  second  causes  slow  diffusive  relaxation  with  respect  to 
the  direction  of  the  quasi-momentum. 

There  are  two  obvious  properties  of  the  operator  L0.  First,  it  is  zero  for  any 
function  of  pF  only,  since  the  difference  (82.1 1)  is  zero.  Second,  the  integral 

Ju<f)d  tj  =  0;  (82.13) 


Ln  describes  collisions  in  which  only  the  energy  changes,  and  (82.13)  simply  states 
the  conservation  of  the  number  of  electrons  having  a  given  direction  of  p. 

We  shall  seek  the  solution  of  the  transport  equation  in  the  form 


_  n  \  _  \  i  L,/„  „  \ 

Wbvrj  —  “VFF;  1  "V'M'F/i 


/GO  1A\ 
(ut.  i~r) 


where  a(pf)  is  a  function  of  pF  only,  and  |«| ^ |i?|.  The  fact  that  a  (for  which  the 
part  L0  of  the  collision  integral  is  zero)  is  large  expresses  the  rapidity  of  the  energy 
relaxation.  Substituting  (82.14)  in  (82.12)  and  neglecting  the  relatively  small  term 
Li(b),  we  find 


(eE  +  ^ Vj)  •  v^2  =  I*(b)  +  Mo). 


(82.15) 


The  two  terms  on  the  right  are  in  general  of  the  same  order  of  magnitude. 

HnuiPVPr  in  tilp  P'jlpiil'jtinn  of  plprtnpal  or  thprmnl  Ponfliiptii/ili/  onlv  nnp  of  tliPCP 

*  *V  V  I  Vi  )  Hit  iiiv  VL41V  U1UUVII  Vi  viv  vil  AVU1  HlVl  111  Ml  W**VUVU  V  II  j  )  V1IA  J  Vi-  IliVOV 

terms  is  important,  as  can  be  seen  by  means  of  the  fact  that  the  linearized 
electron-phonon  operator  /CiPh  (and  therefore  L0  and  L()  acting  on  the  function 
< p(t7,  Pf )  does  not  change  its  parity  with  respect  to  rjt.  We  therefore  divide  (p  into 


^This  has  been  shown  in  §79  for  li!ph.  We  shall  not  pause  to  give  the  exactly  similar  proof  for  J,.Ph.*. 
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parts  (pK  and  (pu  even  and  odd  with  respect  to  tj: 

a  4"  bgJ  (p>u  bu 

(the  function  a  independent  of  7j  is  obviously  even).  Substitution  of  tp~(pg+tpu  in 
(82.15),  followed  by  separation  of  the  terms  odd  and  even  in  tj,  gives  two 
equations: 


~ff^F‘VT  =  Lo(<’“)’  (82-l6) 

-~eE  .rF  =  Lo(be)+L,(a);  (82.17) 

o€ 

on  the  left-hand  sides,  the  velocity  v  has  been  replaced,  with  sufficient  accuracy,  by 
the  velocity  vf  on  the  Fermi  surface,  which  is  independent  of  tj.  Integration  of  the 
second  equation  with  respect  to  tj  gives 


eE .  vp  = 


(82.18) 


since  by  (82.13)  the  L0  term  disappears. 

The  heat  flux  (for  E  =  0)  is  entirely  determined  by  the  solution  of  equation 
(82.16),  which  contains  only  the  operator  L0:  as  we  should  expect,  it  depends  on  the 
electron  energy  relaxation  processes.  It  is  calculated  from  that  solution  as  the  integral 

q'  =  f'rVSn.2d'pl(lv?™-f  Vfi (82.19) 

the  part  of  <p  that  is  even  in  7j  makes  no  contribution,  because  the  resulting 
integrand  is  an  odd  function. 

The  operator  LQ  is  the  principal  part  of  the  electron— phonon  collision  integral. 
The  corresponding  effective  collision  frequency  is  therefore  veph  from  (82.7);  more 
precisely,  this  quantity  is  the  effective  collision  frequency  as  regards  energy 
exchange.  The  corresponding  electron  mean  free  path  is  l-~vFlv€i ph.  The  thermal 
conductivity  can  be  estimated  from  the  formula  (7.10)  in  the  kinetic  theory  of 
gases:  k  —  cvIN.  In  the  present  case,  N  is  the  number  density  of  electrons,  c  the 
electronic  part  of  the  specific  heat  (per  conduction  electron)  and  v  ~  vF.  The 
quantities  N  and  vF  are  independent  of  the  temperature;  the  specific  heat  of  an 
electron  Fermi  liquid  is  proportional  to  T,  and  from  (82.7)  the  mean  free  path 
l  a  T~ 3.  Since  the  heat  flux  thus  calculated  refers  to  E  =  0,  the  coefficient  in  it  is  not 
the  thermal  conductivity  k  itself  but  k'  =  k  +  Taa2;  see  (78.3).  Thus  k'  *  T~2.  The 
term  Taa2  is  small  in  comparison  with  k'  (see  the  next-but-one  footnote),  and  so 
Kx  x^2.  Putting,  for  a  rough  estimate,  c  ~  m*pFTlNfii  in  ordinary  units  ( SP  2, 
(1.15)),  we  find 


K 


(€FpFlft2)<d2fT2. 


(82.20) 
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The  electrical  conductivity  is  obtained  by  solving  the  equation  (82.18),  which 
contains  only  the  operator  L%:  as  is  to  be  expected,  the  electric  current  depends  on 
t'ic  processes  of  relaxation  with  respect  to  directions  of  the  electron  quasi- 
momentuin.  It  has  been  noted  at  the  beginning  of  §81  that  these  processes  are  of 
the  nature  of  diffusion  along  the  Fermi  surface.  We  shall  show  in  §83  how  the 


4  — _ _  — - 4  _ _ 4. 


_  _  /oo  i  o\  _  c 4  i 4  ;_4„  iU„  c  . . — .  ..  c  „  j:af „ 4 1 

iidlispun  equation  (oz..  10;  ean  in  laei  uc  yui  uiiu  me  iumi  ui  a  uiilumuii  equauun. 

The  temperature  dependence  of  the  electrical  conductivity,  however,  can  be 

ascertained  from  the  following  simple  arguments. 

The  movement  along  the  Fermi  surface  takes  place  in  small  jumps  k  ~  T/u;  this 

aefs  as  the  “mean  free  path”  fp  in  momentum  space,  and  the  frequency  of 

“scattering  events”  is  the  same  as  the  electron-phonon  collision  frequency  ve4th. 

The  diffusion  coefficient  along  the  Fermi  surface  can  be  estimated  by  the  formula 

D  ~  Iv  ~  l2v  from  the  kinetic  theory  of  gases,  with  l  and  v  replaced  by  lp  and  vevtl. 

We  thus  have  (in  ordinary  units) 


A,~(Pf©/*)(T/©)5. 


(82.21) 


From  this  we  can  find  the  relaxation  time  which  is  to  appear  in  the  estimate  of 
the  electrical  conductivity  according  to  (78.16):  cr  ~  e2NvpTlpF.  It  is  the  time  in 
which  the  electron  quasi-momentum  changes  by  an  amount  of  the  order  of  itself. 
That  is,  in  the  time  t  the  electron  must  diffuse  a  distance  ~pF  along  the  Fermi 
surface.  In  a  diffusional  motion,  the  mean  square  of  the  displacement  is  proportional  to 
the  time  (and  to  the  diffusion  coefficient).  We  thus  find  pF2~DpT,  and  for  the 
conductivity  (in  ordinary  units) 


cr  —  (fie2N/m*©)(©/T)5. 


(82.22) 


At  low  temperatures,  therefore,  the  conductivity  is  proportional  to  T  5.t 
Let  us  now  consider  the  thermoelectric  coefficient.  Here  the  position  is  similar  to 
that  at  high  temperatures.  If  the  current  j  is  calculated  from  the  function  bUl  the 
solution  of  (82.16),  then,  since  this  is  an  odd  function  of  77,  the  integral  is  zero  in  the 
first  approximation,  and  a  non-zero  result  is  obtained  only  when  we  include  the 
next  term  in  7 in  the  expansion  of  the  integrand.  As  when  T  ^>©,  this  gives  the 
thermoelectric  coefficient  (in  ordinary  units) 


a'~T/eeF,  (82.23) 

instead  of  the  “normal”  order  of  magnitude  a  ~  1/e.t 

Another  contribution  to  the  thermoelectric  coefficient  arises  from  the  term 
neglected  in  (82.5),  in  the  phonon  function  this  contribution  is  due  to  the  phonon 
drag  acting  on  the  electrons.  If  this  term  is  retained,  the  collision  integral  (82.9) 


tThu  rPUlIt  \iroc  firct  i3prn/P/1  hu  f  SlCVXVt 

a  ai-o  ivu-it  »iUO  Uwaftvwu  *->J  4  >  UlOCI  I  \i 


tFrom  the  estimates  (82.20)— <82.23)  we  see  that  ToV/k  ~  (0/cr)J^  1,  and  this  justifies  the  ap¬ 
proximation  used  in  deriving  (82.21), 
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contains  a  further  term 

fSh(xi)  ~  tVphXidNo/dco - Ve4>hii\'VT\lvph.eTt  (82.24) 

which  may  then  be  taken  to  the  left-hand  side  of  the  transport  equation  (82.12), 
where  it  is  to  be  compared  with  the  term 

_lrfv‘VT'  (82.25) 

The  term  (82.24)  is  small  in  comparison  with  (82.25),  in  the  ratio  T2/©2;  the  estimate 

is  analogous  to  (82.8).  The  inclusion  of  it,  however,  gives  a  term  proportional  to  VT 
in  the  solution  <p  of  the  transport  equation,  and  this  is  not  an  odd  function  of  77. 
Hence,  in  calculating  the  relevant  contribution  to  the  current,  there  is  no  further 
small  factor,  and  the  thermoelectric  coefficient  contains  a  term 

T2/e©2  (82.26) 


(L.  E.  Gurevich,  1946).t 

As  the  temperature  decreases,  so  does  the  electron-phonon  collision  frequency, 
and  ultimately  the  collisions  between  electrons  and  impurity  atoms  become  pre¬ 
dominant  in  causing  the  electrical  and  thermal  resistance.  Because  of  the  different 
temperature  dependence,  the  transition  to  “residual  thermal  resistance”  takes  place 
later  than  that  to  residual  electrical  resistance. 

In  very  pure  metals,  there  can  exist  a  range  of  temperatures  in  which  the 
transport  properties  of  the  metal  are  governed  by  collisions  between  electrons.  The 
corresponding  mean  free  path  in  the  electron  liquid  in  a  metal,  as  in  any  Fermi 
liquid,  varies  with  the  temperature  as  T"2,  and  the  small  expansion  parameter  is  the 
ratio  Tleh  (see  §75).  When  T  ~  eF ,  this  mean  free  path  must  become  and  so 

Ut  ~  d(€FlT)2.  (82.27) 

The  temperature  dependence  of  the  electrical  and  thermal  conductivities  is  then 

(j  a  T"\  k  a  (82.28) 

(L.  D.  Landau  and  1.  Ya.  Pomeranchuk  1936).  When  the  temperature  falls,  the 
effective  electron-electron  collision  frequency  vc,  decreases  more  slowly  than  the 
electron-phonon  collision  frequency  veMph.  However,  since  the  small  parameter  in  v„ 


“Here,  the  following  comment  is  necessary.  Since  the  phonon  quasi-momentum  is  small,  the  law  of 
conservation  of  energy  gives  e(p)  —  e(p  —  k)  =  v^.  k  ±oj(k),  from  which  we  see  that  the  angle  6 
between  v/  and  k  is  almost  2?r:  cos  6  ~  tojvhk  ~  u{vf  1.  In  the  isotropic  case  the  quasi-momentum  k 
and  the  velocity  u  of  the  phonon  are  in  the  same  direction,  and  so  the  product  u  .  Vi  is  also  small.  A 
similar  product  occurs  in  the  integral  which  gives  the  current  in  terms  of  the  function  <p  proportional  to 
u  XT ;  this  would  cause,  in  the  isotropic  case,  an  additional  small  factor  in  a".  In  an  anisotropic  crystal, 
however,  including  those  with  cubic  symmetry,  there  is  in  general  no  reason  for  such  a  small  factor  to 
occur. 
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is  T/^fj  and  not  TV©  as  in  vCiPh,  electron— electron  collisions  can  play  a  predominant 
role  only  at  very  low  temperatures. 

Note  also  that  the  laws  (82.28)  can  in  principle  relate  to  cases  with  either  open  or 
closed  Fermi  surfaces.  Since  the  electron  quasi-momenta  are  large,  the  necessary 
existence  of  U mklapp  processes  does  not  in  general  give  n sc  to  any  additional 
small  factor  for  closed  Fermi  surfaces. 


FKObLFM 

Calculate  the  thermoelectric  coefficient  a  for  a  metal  with  a  closed  Fermi  surface  at  low  temperatures, 
neglecting  U mklapp  processes. 

Solution.  The  electron  transport  equation  is 


r  dnr> 

eE - 


dp 


e  —  p,  d«o 
T  ~de 


v .  VT  =  C,.ph(fl). 


The  phonon  transport  equation  may  be  written 


to  5  No 
T~d k" 


•VT  =  Cph.,(N), 


(1) 


(2) 


since 


jiNp  __  to  dNd  to  dNp 

U  (iT  ~  ~T~d ZT u  “  “tIT' 


Multiplying  equations  (1)  and  (2)  by  p  and  k  respectively,  and  integrating  them  over  2d3p/(27r  )3  and 
d'kKlir?  respectively,  we  add  them  term  by  term:  the  right-hand  side  is  zero,  by  the  conservation  of  the 
total  quasi-momentum  of  electrons  and  phonons  in  ihe  absence  of  Umklapp  processes.  The  result  is 


dn0  2t/Jp  ,  f  e  -  p  dno  2d3p  ,  i  ^  f  to  /aN0  ,\ 

J  eE-^I’(2^  +  ,VT  J  — irv-p(2^,  +  lVTJ  Tl'5T  k) 


d'k  -a- 


(3) 


the  second  and  third  integrals  are  written  on  the  assumption  that  the  crystal  has  cubic  symmetry. 

The  first  integral  in  (3)  is  transformed  as  in  the  derivation  of  (81.4),  and  gives  —  eE(Ne~  Nh).  The 
second  integral  is  calculated  as  in  the  derivation  of  (78.12),  and  is  — ATVT ,  where 


the  integral  is  taken  over  a  surface  of  constant  energy  e.  The  third  integral,  after  integration  by  parts, 
becomes 


-^jNoO^+k.ufef 

the  integral  over  the  faces  of  the  reciprocal  lattice  cell  is  zero,  because  of  the  rapid  decrease  of  No  with 
increasing  to  at  low  temperatures.  For  long-wavelength  acoustic  phonons  (the  only  ones  that  are 
important  at  low  temperatures),  the  velocity  u  and  the  ratio  k  =  k/to  depend  only  on  the  directions  of  k, 
not  on  to.  Using  for  the  integral  with  respect  to  to  the  usual  expression,  we  find  that  the  third  integral  in 
(3)  is  —  BT3VT,  where 


B=T5 


(1  +  JK.  u)k2 


dok 

(277?’ 


and  the  summation  is  over  the  three  acoustic  branches  of  the  phonon  spectrum. 
Equation  (3)  thus  becomes 


-  cE(N,  -  Nh)  =  VTWT  +  BT1). 
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Comparison  with  (78.1)  (for  j  =  0)  gives  the  thermoelectric  coefficient 

a={AT  +  BTi)J(Nh-Nt).  (4) 

The  condition  j  =  0  can  be  met  by  means  of  a  suitably  chosen  term  of  the  form  (81.1)  in  the  solution  of 
the  transport  equation.  In  accordance  with  the  discussion  in  §81,  the  expression  (4)  is"  finite  for  an 
uncompensated  metal,  but  becomes  infinite  when  JV,  =  Nh. 


§83.  Electron  diffusiou  ou  the  Fermi  surface 

In  this  section  we  shall  show  how  the  transport  equation  (82.17)  for  the  problem 
of  electrical  conduction  at  low  temperatures  can  be  reduced  to  a  diffusion  equa¬ 
tion^  Having  only  this  problem  tn  mind,  we  shall  consider  only  the  part  of  the 
function  <p  that  is  independent  of  7}  =  e  —  u.  and  denote  it  by  <p(pf.-)  instead  of  n(pi-) 
as  in  §82.  We  shall  again  have  in  mind  the  case  of  open  Fermi  surfaces. 

The  function 


Sri  chi0  <p 

(2-jr)3  3e  (277  )3 

is  the  non-equilibrium  change  in  the  electron  distribution  in  momentum  space. 
From  this  we  can  go  to  the  distribution  over  the  Fermi  surface  by  writing  the 
volume  element  d3p  as  de  dSfv  (74.19),  integrating  over  de  =  dr],  and  approximately 
replacing  the  area  element  dS  on  the  constant-energy  surface,  and  the  speed  vy 
which  depend  on  e,  by  their  values  dSF  and  vF  on  the  Fermi  surface.  The  function 
(p  is,  by  hypothesis,  independent  of  e,  and  the  integration  of  the  factor  —dn0/de 
gives  unity.  The  distribution  density  on  the  Fermi  surface  is  then 

<p(Pf)/(277  )3uf-  (83.1) 

For  clarity  in  the  derivation,  we  first  write  the  transport  equation  (82.17)  with  the 
partial  derivative  with  respect  to  time  on  the  left-hand  side,  as  if  the  distribution 
were  not  stationary: 


dn0  dtp  dn0  _  r  ,  \ 

eE-VF17-L,(v)- 


Here  the  term  in  L0  is  omitted  which  in  any  case  disappears  when  the  equation  is 
integrated  over  di]lvF: 


■H-?-  - Il, («,)&  = -eE.v,JvF.  (83  2) 

at  Vp  J  VF 

The  first  term  on  the  left  is  the  rate  of  change  of  the  electron  density  on  the  Fermi 
surface.  This  equation  must  have  the  form  of  a  coutinuity  equation,  i.e.  the  second 


tThe  proof  given  below  is  that  of  R.  N.  Gurzhi  and  A.  I.  Kopeliovich  (1971), 
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term  on  the  left  must  be  the  divergence  of  the  electron  hux  s  on  the  Fermi  surface, 
and  the  electric  field  term  on  the  right  acts  as  the  source  or  sink  density.  Here  we 
are  concerned  with  a  two-dimensional  divergence  on  a  curved  surface,  but  it  may 
be  conveniently  written  in  three-dimensional  terms: 

~j  M<p)  drjlvF  =  {Vp-uF(uF.  Vp)}.s,  (83.3) 

where  Vp  is  the  ordinary  operator  of  differentiation  with  respect  to  Cartesian 
coordinates  in  p-space,  and  the  operator  in  the  braces  is  its  projection  on  the 
tangent  plane  to  the  Fermi  surface  at  any  specified  point  (nr  being  a  unit  vector 
along  the  normal).!  The  vector  s(pF)  is  specified  on  the  Fermi  surface,  but  in  (83.3) 
it  is  formally  regarded  as  being  specified  in  all  space  (though  depending  only  on  the 
direction  of  pF).  The  transport  equation,  in  which  we  now  omit  the  time  derivative, 
becomes 


{Vp  -  uF(nF .  Vp)}s  =  -eE .  \h-f uF. 


(83.4) 


The  problem  is  to  find  the  flux  s  in  terms  of  <p. 

We  use  Cartesian  coordinates  in  p-space,  with  the  origin  on  the  Fermi  surface  at 
the  point  where  s(pF)  is  being  calculated,  and  the  2-axis  along  the  normal  there.  By 
definition,  the  flux  component  sx  is  the  difference  between  the  numbers  of  electrons 
per  unit  time  crossing  (as  a  result  of  collisions)  a  strip  of  unit  width  in  the  yz-plane 
from  left  to  right  (i.e.  in  the  positive  x-direction)  and  from  right  to  left. 

Let  us  consider  the  difference  between  the  number  of  events  in  which  a  phonon 
with  quasi-momentum  k  in  a  given  range  d3k  is  emitted  by  an  electron  with 
quasi-momentum  in  a  range  t/3p,  and  the  number  of  inverse  events  in  which  such 
a  phonon  is  absorbed.  It  is  minus  the  first  term  in  the  integrand  in  (79.9): 

d3p  -0?  ^ w(n h  -  n„) SU  -e'~  cok)(<p„- -  «pP  +  *k),  (83.5) 

with  p  =  p'  +  k.f  The  phonon  function  Xk  here  is  to  be  expressed  tn  terms  of  (p  by 


tThis  operator  appears  in  the  two-dimensional  analogue  of  Gauss’s  theorem, 

<|>e .  s  dl  =  J {V  —  n(n .  V)} .  s  dS. 

The  integral  on  the  left  is  taken  round  a  closed  contour  on  the  surface  in  question  (e  being  a  unit  vector 
along  the  outward  normal  to  the  contour  in  the  tangent  plane  to  the  surface  at  the  point  considered);  the 
integral  on  the  right  is  taken  over  the  part  of  the  surface  that  is  enclosed  by  the  contour. 

tin  the  foregoing  arguments  we  have  omitted  a  factor  {2 7r)“3  in  the  definition  of  the  surface  density 
(83.1).  A  corresponding  factor  is  accordingly  omitted  from  (83.5)  also. 

We  have  agreed,  in  the  case  of  open  Fermi  surfaces,  to  include  values  of  the  electron  quasi- 
momentum  throughout  the  reciprocal  lattice  (see  §81);  the  law  of  conservation  of  quasi-momentum  is 
therefore  written  without  the  b  term. 
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(82.5): 


Xk 


f  W(Mo  rto)S(€  €  Wk)((ppr  (pp)/^  \5> 

^ph,f  J  (Z7r  ) 


(83.6) 


with  yph>e  from  (82.6). 

If  kx  <0,  the  emission  of  the  phonon  will  result  in  the  passage  through  the  strip 
(from  left  to  right)  of  those  electrons  for  which  the  x-component  of  the  original 
quasi-momentum  is  in  the  range 


kx  <px  <  0;  (83.7a) 

for  such  values  of  p,  (83.5)  gives  a  positive  contribution  to  the  flux  sx.  If  kx  >  0,  the 
emission  of  the  phonon  results  in  the  passage  through  the  strip  (from  right  to  left) 
of  electrons  with 

0  <px<kx;  (83.7b) 

the  corresponding  contribution  to  sx  is  negative. 

It  is  now  clear  that  to  find  sx  we  must  (1)  integrate  the  expression  (83.5)  over  a 
unit  range  of  py  and  over  the  whole  range  of  pz  (because  of  the  rapid  convergence, 
the  latter  integration  can  be  extended  from  —<*>  to  +°°);  (2)  integrate  over  the  range 
(83.7)  of  px  (in  view  of  the  slow  variation  of  all  quantities  with  px  on  the  Fermi 
surface,  this  reduces  simply  to  multiplication  by  the  length  of  the  range,  i.e.  by  —kx 
when  we  take  account  of  the  sign  of  the  result  in  sx);  (3)  integrate  over  d3k. 

The  flux  component  sy  differs  from  sx  only  in  that  kx  is  replaced  by  ky  in  the 
integrand.  The  flux  may  therefore  be  written  in  the  vector  form 

s(Pf)  =  no)5(e  w)((pp.-(pp  +  xk)J  dpz ,  (83.8) 

where  k  is  the  projection  of  k  on  the  tangent  plane  at  the  point  pF. 

First  of  all,  we  write  dJ/c  =  dk:  d2K  and  integrate  with  respect  to  kz.  Since  k  is 
small,  we  can  transform  the  argument  of  the  delta  function  in  (83.8): 

6(ep -  ep  k  -  wk)  ~  S( k  .  vF  -  w)  =  —  S(k2  -  co/uF); 

vF 

vF  is  along  the  normal  to  the  Fermi  surface.  The  integration  with  respect  to  kz 
removes  the  delta  function  and  replaces  kz  everywhere  by  coivF.  Since  w/ vF  — 
kujvF  <§  k,  we  can  put  simply  kz  =  0,  i.e.  make  the  change 

k^K.  (83.9) 

The  integration  over  dpz  =  delvz  can  also  be  carried  out  in  a  general  form,  since  the 
only  rapidly  varying  function  of  e  in  the  integrand  is  the  difference 

n(t(e  co)  «0(e)  ^  -codtidde; 
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the  integration  with  respect  to  e  converts  this  factor  into  co.  The  expression  (83.8) 
now  becomes 


s(pf) = -shJ  k(°-  + (83-  io> 

To  transform  the  integral  further,  we  again  use  the  smallness  of  k  to  write 

<p(p  —  k)  —  <p(p)  ~  —  k .  d(pld p  ~  —k.  dtpld p  =  —  Kt .  dtpld p, 

where  t=  k/k  is  a  unit  vector  tangential  to  the  Fermi  surface,  in  the  direction  of 
k.  Since  a  similar  difference  occurs  in  the  integral  (83.6),  we  can  put  ^(k)  in  the 
form 


X(k)  =  k  .  a(t). 


Lastly,  from  (79.4), 


w  =  kM(pf,  t). 


(83.11) 


(83.12) 


Wifh  th  lc  nntutirm 


s 


tK3&)K 


dN0 


M 


dtp  \  k  d.K  d(f> 
dp)  (2 tt)2 


(83.13) 


where  <J>  is  the  polar  angle  of  directions  of  k  in  the  tangent  plane. 

The  integration  with  respect  to  k  in  (83.13)  reduces  to  the  calculation  of  the 
integral 


J  = 


dNp 


da; 


because  of  the  rapid  convergence,  the  integration  may  be  extended  to 
energy  of  a  phonon  with  a  small  quasi-momentum  k  =  Kt  is  coK  =  n(t)K.  Hence 

J=jsl  co5^dcu  =  -4|  N0w4dw  =  -^T:|  -^7 

n  J0  dd)  u  Jo  u  Jo  e  —  1 

=  — 120f(5)T5/«5; 


i  ne 


the  value  of  the  zeta  function  is  £(5)  =  1.037. 

We  thus  arrive  at  the  followiug  expression  for  the  electron  flux  along  the  Fermi 
surface: 


s  = 


30£(5)T5 

2 


3p 


(83.14) 


where  the  angle  brackets  denote  averaging  over  the  directions  of  t  in  the  tangent 
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plane  at  a  giveu  point  pF  on  the  Fermi  surface.  It  remains  for  us  to  simplify  as  far 
as  possible  the  expression  for  a. 

With  the  definition  (83.11),  we  have  from  (83.6) 

j M(n'0—  n0)8(e  —  e'  —  £u)(d<p/3p)  d’p 
a  —  7  , 

J  n0)S(e  -  e' -  to)  d3p 

where  common  factors  in  the  numerator  and  the  denominator  have  been  cancelled. 
The  integration  over  d3p  is  replaced  by  one  over  dSFdefvF  (see  the  beginning  of 
this  section).  Only  the  factor  n0(e  —  co)  —  n0(e),  which  is  the  same  in  both  integrals, 
depends  on  e;  the  result  of  the  integration  over  de  caucels  in  the  numerator  and 
denominator.  The  argument  of  the  delta  function  may  then  be  written  in  the  form 
k.  vF  —  w  ~k.  V/-,  quantities  of  relative  order  ulvF  being  neglected.  The  final  result 
is 


i 


vf2MS(u  .  t)(3cp/3p)  dSF 


j  uF2MS(u  .  t)  dSj 


(83.15) 


M  being  a  function  of  the  position  pF  on  the  Fermi  surface  and  of  the  direction  t, 
and  u  being  the  unit  vector  along  the  normal.  As  a  consequence  of  the  presence  of 
the  delta  functions,  the  integrals  are  in  fact  taken  only  along  a  curve  on  the  Fermi 
surface  where  the  normal  is  perpendicular  to  the  direction  t  of  the  phonon 
quasi-momentum. 

Formulae  (83.4).  (83.14)  and  (83.15)  solve  the  problem  of  bringing  the  transport 
equation  iuto  the  form  of  a  diffusion  equation.  The  result  is  an  integro-differential 
equation.  The  flux  (83.14)  may  be  written  as 


sc r  =  -  Daf}(d<pldpfi  -  £lp). 


(83.16) 


where 


Dap 


530j;(5)/M(t) 
tt2vf  \n5(t) 


(83.17) 


and  a,  /3  are  two-dimensional  vector  suffixes.  The  first  term  has  the  usual  differen¬ 
tial  form  with  the  diffusion  coefficient  tensor  DqP;  it  relates  to  electron  scattering  by 
equilibrium  phonons.  The  second,  integral,  term  is  due  to  electron  drag  by  non¬ 
equilibrium  phonons. 

The  current  density  is  calculated  from  the  functions  as  the  integral 


2e 

(27FJ  <pu  aSF- 


It  is  clear  from  (83.4),  with  s  from  (83.16)  and  (83.17),  that  <p  (and  therefore  the 
conductivity  of  the  metal)  varies  with  temperature  as  T-5,  in  accordance  with  die 
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result  in  §82.  Note  that  the  electron  drag  by  phonons  Qoes  not  affect  this  law, 
though  it  does  affect  the  form  of  the  transport  equation. 


§84.  Galvanoinagnetic  phenomena  iu  strong  fields.  Geueral  theory 

The  characteristic  dimensionless  parameter  governing  the  effect  of  a  magnetic 
field  on  the  electrical  conductivity  of  a  metal  is  the  ratio  rB/f,  where  rB  is  the 
Larmor  electron  orbit  radius  and  l  the  mean  free  path. 

It  is  known  (SP  2,  §57)  that  the  motion  of  a  conduction  electron  in  a  magnetic 
field  is  almost  always  quasi-classical,  because  the  ratio  hcoBleF  (where  coB  is  the 
Larmor  frequency)  is  very  small.  The  trajectory  in  momentum  space  is  then  the 
circumference  of  a  cross-section  of  a  constant-energy  surface  e(p)  —  constant  by  a 
plane  pz  =  constant,  the  z-axis  being  parallel  to  the  field.  Since  the  energy  of  the 
electrons  is  close  to  the  limiting  energy  eF,  the  constant-energy  surfaces  in  question 
are  close  to  the  Fermi  surface.  Hence  the  size  of  the  trajectory  in  momentum  space 
is  given  by  the  linear  dimension  pF  of  the  appropriate  cross-section  of  the  Fermi 
surface.  The  size  of  the  trajectory  in  ordinary  space  is 

rD  ~  cvpleB. 

and  is  inversely  proportional  to  the  magnetic  field.  In  galvanomagnetic  phenomena, 
there tore,  fields  are  to  be  regarded  as  weak  for  which  rB>l,  and  as  strong  for 
which 


rB<l.  (84.1) 

For  weak  magnetic  fields,  the  transport  treatment  does  not  (for  a  general  electron 
dispersion  relation)  lead  to  anything  beyond  the  results  of  the  purely 
phenomenological  theory.  The  nature  of  the  magnetic  field  dependence  of  the 
conductivity  tensor  components  in  this  case  corresponds  simnlv  to  an  exnan- 

_  ..  -  -j  -  -  -  —  r  w —  ”  -  “  •  _  -r  -  1  j  -  —  -  r 

sion  in  powers  of  B,  taking  account  of  the  requirements  imposed  by  the  principle  of 
symmetry  of  the  kinetic  coefficients  (see  ECMt  §21). 

In  strong  magnetic  fields,  however,  the  transport  treatment  is  needed  in  order  to 
find  this  dependence.  The  condition  (84.1)  for  a  strong  field  is  in  practice  satisfied 
only  at  low  temperatures,  where  \he  mean  free  path  l  is  sufficiently  long.  The  metal 
is  then  usually  in  the  range  of  the  residual  resistance  due  to  electron  scattering  by 
impurity  atoms,  and  we  shall  have  this  case  in  mind.  The  interaction  of  the 
conduction  electrons  with  an  impurity  atom  takes  place  at  distances  of  the  order  of 
the  lattice  constant  d.  If  rB  but  rB  >d,  the  presence  of  the  magnetic  field  does 
not  affect  this  interaction,  nor  therefore  the  collision  integral.  Under  these  con¬ 
ditions,  the  magnetic  field  dependence  of  the  conductivity  tensor  is  not  affected  by 
the  specific  form  of  the  collision  integral.  It  does  depend  considerably,  however,  on 
the  structure  of  the  conduction  electron  energy  spectrum,  i.e.  on  the  form  of  the 
Fermi  surf  ace.  t 

tThe  theory  given  below  is  due  to  I.  M.  Lifshitz,  M.  Ya.  AzbeP  and  M.  I.  Kaganov  (1956). 
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Let  us  now  construct  the  transport  equation  describing  galvanomagnetic 
phenomena. 

The  distribution  function  is  here  suitably  expressed  not  in  terms  of  the  Cartesian 
components  of  the  quasi-momentum  p  but  in  terms  of  other  variables  i elated  to  the 
electron  trajectory:  the  energy  e,  the  quasi-momentum  component  pz  along  the 
magnetic  field  (the  z-axis)  and  the  “time  for  the  electron  to  move  along  the 
momentum  trajectory”  from  some  fixed  point  to  the  point  in  question.  This  latter 
variable,  which  we  denote  by  t,  is  brought  in  by  means  of  the  quasi-classical 
equation  of  motion  of  a  conduction  electron  in  a  magnetic  field, 

dp/dT  =  ~e\  x  B/c,  v=de/3p; 
the  x-  and  y-components  of  this  are 


dpjdr  =  —  euvB/c,  dpjdr  =  evxB}c. 


(84.2) 


taKing  tne  sum  or  tne  squares  oi  inese  equations  ana  using  ine  element  or  icngtn 


ds  on  the  momentum  trajectory  in  the  xy-plane  (ds2  =  dp2  +  dp2),  we  obtain 

dr  =  ( cleB )  dsjv±,  v±2  =  v2  +  i?v2;  (84.3) 

integration  of  this  equation  gives  the  new  variable  t  in  terms  of  the  old  variables  pt. 


Pw  Pr- 

The  left-hand  side  of  the  transport  equationt  is,  in  the  new  variables. 


dn  (in  .  Bti  .  dti  . 
dt  iie€  flpz  ^ :  Hr  T‘ 

The  distribution  function  will,  as  usual,  be  sought  in  the  form 


(84.4) 


n  =  ri0(e)  +  Sn(e,  pz,  t).  (84.5) 

It  has  been  shown  at  the  end  of  §74  that,  in  static  electric  and  magnetic  fields,  the 
transport  equation,  linearized  with  respect  to  Sii,  for  quasi-particles  in  a  Fermi 
liquid  has  the  same  form  as  for  particles  in  a  Fermi  gas.  The  derivatives  e,  pz  and  t 
are  to  be  expressed  by  means  of  the  equation  of  motion  of  an  individual  electron  in 
an  electromagnetic  field: 


p--eE-evX  B/c. 


(84.6) 


Hence  we  have 


e  -  (de/dp) .  p  =  —ev  .  E; 


*The  use  of  the  quasi-classical  transport  equation  implies  the  neglect  of  effecls  due  to  quantization  of 
energy  levels  in  the  magnetic  field.  These  will  be  discussed  in  §90. 
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the  magnetic  field  does  not  appear,  since  it  does  no  work  on  the  charge.  For  a  field 
B  in  the  z-direction  we  have  pz  =  —  eEz.  Lastly,  a  comparison  of  (84.2)  and  (84.6) 
shows  that  the  derivative  d-r/dt  differs  from  unity  only  because  of  the  field  E;  and 
this  difference  need  not  be  taken  into  account. 

Since  the  equilibrium  distribution  function  »o  depends  only  on  e,  and  e,  pz  and  t 
are  independent  variables,  we  have  dno/dpz  =  0,  rW0T  =  O.  The  electric  field  is 
regarded  as  being  extremely  weak,  and  in  linearizing  the  transport  equation  the 
terms  which  contain  both  the  small  quantities  Sn  and  E  are  to  be  omitted.  The 
expression  (84.4)  then  reduces  to 

dn  dn0  „  ,  9Sn 


We  write 


Sri  =  (3ri0/de)eE.g,  g  =  g(e,  pz,  t);  (84.7) 

cf.  (78.6).  The  left-hand  side  of  the  transport  equation  then  becomes  finally 


dn  /  flo\ 

dt  Be  \  dr) 


(84.8) 


The  collision  integral  on  the  right  of  the  transport  equation,  after  linearization,  is 
written  in  the  form 


C(n)  =  (0no/3e)eE  . /(g);  (84.9) 

in  the  collision  integral  for  elastic  scattering  by  impurity  atoms,  any  factor  in  Sn 
that  depends  only  on  e  can  be  taken  outside  the  integral.  The  specific  form  of  the 
linear  integral  operator  1(g)  need  not  be  stated. 

Equating  (84.8)  and  (84.9),  we  have  fiually  the  transport  equation  determining  the 
function  g: 


flg/0T-/(g)  =  v. 


(84.10) 


The  conductivity  tensor  is  given  by  the  integral  (78.9): 


2  f  0Uo 
e  J  ^  uagp 


2d3p 

(2ttIi)3‘ 


In  this  integral,  the  change  to  the  new  variables  is  made  by  the  substitution 
d3p  -*  |  J|  de  dpz  dr,  where 


J  =  d(px,  Py»  Pz)/3(t,  e,pz) 


is  the  Jacobian  of  the  transformation,  which  is  easily  found  directly  from  the 
equations  (84.2)  which  define  the  variable  t.  Writing  both  sides  of  the  first  equation 
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(84.2),  for  instance,  as  Jacobians, 

eB  rife.  m.  n.1 

*7  r  r  <■  *  _ _  _  _ •  \  y  f  A>  f 

6(t,  e,p,)  ~  c  a(py,px,  pz)’ 

and  multiplying  both  sides  by  3(pv,  pt,  pz)/3(e,  p„  pz),  we  find  |J|  =  eB/c.  Neglecting 
the  thermal  blurring  of  the  distribution  we  put  as  usual  dnjde  =  -  fi(e  —  eF), 
obtaining  as  the  final  expression 


vfT  p  — 


2e3B 

c(27rfi) 


i  J  drdpz , 


(84.11) 


the  integration  being  taken  over  the  Fermi  surface. 

According  to  the  definition  (84.3),  t  is  proportional  to  1/B.  The  term  dgldr  in  the 
linear  equation  (84.10)  is  therefore  proportional  to  B,  and  is  thus  large  compared 
with  the  other  terms.  This  makes  it  possible  to  solve  the  equation  by  successive 
approximation  as  a  series  in  powers  of  1/B: 


g  =  g(0)  +  g(I)  +  --, 

where  gfn)  K  B“".t  The  terms  in  this  series  satisfy  the  equations 


3g(I)/dT  -  f(g'0))  +  v, 
Cgi2)ldr  =  I( g(0), . .  . 


The  solution  of  these  equations  is 


g(oj  ^  C(« 


1 


gn,=  fW(0,)+v(T)]  dT  +  C(l), 
Jo 

g<2>=  rr(g<n)dT  +  c® 

Jo 


(84.12) 


(84.13) 


(84.14) 


where  C(0),  C(I), .  . .  are  functions  of  e  and  pz  only. 

The  function  g  must  satisfy  certain  conditions.  If  the  electron  momentum 
trajectories  (i.e.  the  perimeters  of  cross-sections  of  the  Fermi  surface  by  planes 
pz  =  constant)  are  closed,  the  motion  of  the  electrons  is  periodic;  accordingly,  the 


n/ c  n  m  lift  hp  «PnnHlP  In 

.  feV'-i  yzi  ■/  F . 


fth  p  nPtir\rl  T  n  A  Tf 

(n*  v  pvi  IVU  J.  UU  yif*  . 


trajectory  is  open,  however,  the  motion  in  momentum  space  is  infinite  and  g  need 
only  satisfy  the  condition  of  being  finite. 

Let  us  now  average  equations  (84.13)  with  respect  to  t.  If  the  functions  g  are 


tAs  in  §59  when  calculating  the  transport  coefficients  of  a  plasma  in  a  strong  magnetic  field. 
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periodic,  the  mean  value  over  the  period, 

^  1  fT3gar=:g(T)-g(Q> 

3t  TJ o  At  T 

is  zero,  since  g(T)  =  g(0).  If  they  are  not  periodic,  the  averaging  is  over  an  infinite 
range  of  t.  and  the  mean  value  is  zero  since  g  is  finite.  In  all  cases,  therefore,  averaging 
the  equations  gives 


I(g(l>)  =  0,...;  (84.15) 

these  relations  determine  in  principle  the  functions  C®1,  C°\ . . . 

In  going  on  to  calculate  the  conductivity  tensor,  let  us  first  recall  some  general 
properties  of  it  which  follow  from  the  phenomenological  theory  (ECAf,  §21). 

The  principle  of  the  symmetry  of  the  kinetic  coefficients  gives 


(84.16) 

The  tensor  ctoP  may  be  separated  into  symmetric  and  antisymmetric  parts: 

,T  =  <')  4-  „(«) 

f:rnp  (TuP  i  (T  „p. 

For  these  we  have,  with  (84.16), 

o::i(B)  =  a£(B)  =  a3(-B),  1 

<r!j!(B)  =  -<ri2(B)  =  -o^-B).  1 

The  components  rrjfp  and  are  therefore  even  and  odd  functions  of  B  respectively. 
Instead  of  the  antisymmetric  tensor  we  can  use  its  dual  axial  vector  a,  defined  by 

aXy  azt  a2x  a  ayi  ft*. 

The  components  of  the  current  density  vector  are  then 


(84.17) 


(84.18) 


j«  =  o-«pEp  ~  <t«pEp  +  (E  x  a)„.  (84. 1 9) 

The  dissipation  of  energy  when  the  current  flows  is  determined  only  by  the  symmetric 
part  of  the  conductivity  tensor:  j .  E  =  crlspEaEp.  The  inverse  tensor  poP  =  cr'lap  can 
thus  also  be  separated  into  symmetric  and  antisymmetric  parts,  the  latter  having  a  dual 
axial  vector  b.  Then  E  is  expressed  in  terms  of  j  by 

H„  =  pf4iP  +  (jxb)0.  (84.20) 

The  terms  E  x  a  in  the  current  and  j  x  b  in  the  field  represent  the  Hall  effect. 
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Closed  trajectories 

Let  us  begin  with  cases  where  all  the  momentum  trajectories  of  electrons  (i.e.  for 
all  pr)  with  a  given  direction  of  B  are  closed.  This  is  true  for  any  direction  of  B  if 
the  Fermi  surfaces  are  closed.  With  open  Fermi  surfaces,  cases  can  occur  where 
the  trajectories  are  closed  for  any  direction  of  B,  and  where  the  cross-sections  are 
closed  only  for  certain  directions  (or  certain  ranges  of  directions)  of  the  field. 

In  movement  in  a  closed  trajectory  (in  the  xy-plane),  the  mean  values  of  the 
velocities  in  the  plane  are  zero:  =  0,  as  is  clear  from  the  equations  of  motion 

(84.2)  with  allowance  for  the  fact  that  px  and  py  return  to  their  initial  values  after  a 
traversal  of  the  whole  trajectory.  The  value  of  T£  is  always  nou-zero,  because  the 
motion  in  the  direction  of  the  field  is  infinite.  The  first  equation  (84.15)  now  gives 

7(C?j  =  7(0®}  =  o. 


whence  Cj0)  =  C?1  =  O.t  The  solution  (84.14)  then  becomes 

gx  —  (cf  eB)py  +  Cx*  +  g?  +  '  ‘  ,  1 

g*  =  — (c/eB)px  +  C\l)  +  gf  +  ■  ■  ■  , 
fc  =  Cf»  +  g«»+-  ; 


(85.1) 


the  integration  of  v(t)  is  carried  out  by  means  of  equations  (84.2). 

The  components  of  the  stress  tensor  are  calculated  from  equation  (84.11).  For 
example. 


a“  a-ntifH  dTV[eBP,  +  C'n+8'*,]t,TdP” 

with  vx  again  given  by  (84.2).  Since  C?’  is  independent  of  t,  the  integration  with 
respect  to  r  in  the  first  two  terms  amounts  to  that  of  the  derivatives  dp^ldr  and 
dpjdr,  and  gives  zero.  Thus  the  only  contribution  to  the  integral  comes  from  the 
g?1  term,  so  that  o\x  *  B  3. 

Next  we  calculate 


2e2 


OVv  = 


(277ft) 


4 Kt[^P' +  C"'] 


Integration  of  the  second  term  again  gives  zero,  and  in  the  first  term 

j>Px^rdr  =  | f  ‘  dPy  =  ±S(P^)> 


+  There  is  no  reason  why  the  linear  homogeneous  equation  /(C)  =  0  should  have  any  solution  other 
than  i  he  trivial  C  =  0. 
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where  S(dz)  is  the  area  of  the  cross- sec tiou  of  the  Fermi  surface  by  the  plane 

p~  =  constant.  The  plus  and  minus  sigus  relate  to  cases  where  the  perimeter 

encloses  a  region  of  smaller  and  larger  energies  respectively,  i.e.  the  closed 
trajectory  is  an  electron  and  a  hole  trajectory  respectively  (see  SP  2,  §61);  we 

f  hi-.  C  Ull  C  nvti-1  C  IV*  tliAnn  rtn  f.nr,  T*h  n  yl  I  fT  n  v«  n  n  *  Wt  C'  4  1  f  l  1  n  *  <  . 

UWlUIAs  Uic  exiled  O  U>  0€  duu  Oh  ill  UlCJiC  l  WU  LddCd*  1  11^  U1IIU  111  uu^  iu  a 

change  in  the  direction  of  traversal  of  the  trajectory.  The  integration  of  S  with 
respect  to  pz  gives  the  volume  fl  in  momentum  space  within  the  Fermi  surface;  if 
the  closed  trajectories  are  on  an  open  Fermi  surface,  then  fi  is  the  volume  between 
that  surface  and  the  faces  of  the  reciprocal  lattice  cell.  Thus 


_  ec  2 (Slh-ne)  _ec  ,^T 
axy  B  (2ir ft)3  B {Nh 


Ne), 


(85.2) 


where  £2,.  and  £2h  are  the  volumes  of  the  electron  and  hole  cavities  of  the  Fermi 
surface.  The  quantities 


Ne  =  2£U(27Tfc)3,  Nh  =  2fih/(27Tft)3 


are  respectively  the  numbers  of  electron-occupied  states  with  energies  e  <  eF  and 
free  states  with  e  >  eF,  per  unit  volume  of  the  crystal.  For  closed  Fermi  surfaces 
these  concepts  have  a  quite  definite  meaning;  Ne  and  Nh  are  characteristics  of  the 
electronic  spectrum  of  the  metal  and  independent  of  the  direction  of  the  field  B. 
For  open  surfaces,  their  meaning  becomes  more  conventional,  as  they  may  depend 
on  the  direction  of  B. 

The  expression  (85.2)  is  an  odd  function  of  B  and  therefore  belongs  to  the 
antisymmetric  part  of  the  tensor  crQp.f  The  component  eri*?  of  the  symmetric  part  is 

kii  n  tinvt  f  ♦  ll  rt  A  /\f  a.  lc<  -WS  n  1  D-2 

5tvui  u)  liii^  ucai  Li'iui  in  uil  ui  u Xyy  wiiiLii  «  |ji  u|jui  uuuai  IV  u 

The  dependence  on  B  of  the  remaining  components  is  found  similarly.  For 
example, 


(27Tl,)\jfV2C^dT  dP“ 

The  integration  with  respect  to  t  brings  in  a  factor  B_I,  and  Cz0)  is  independent  of 
B ;  hence  azz  also  is  independent  of  B. 

The  result  is 


o’zz’  =  constant,  other  o-^  ^  B  2,  a  «  B  *.  (85.3) 

All  components  and  a  depend  on  the  form  of  the  collision  integral,  except 


az  =  {eclB){Nh-Ne). 


til  is  dear  from  the  derivation  of  the  transport  equation  that  B  appears  in  it  not  as  the  magnitude  of 
the  vector  B  but  as  the  component  Bz  =  B.  The  change  B->-  B  therefore  requires  also  B  B  in  the 
formulae  given. 
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All  the  c rQp  except  crzz  tend  to  zero  as  B  -*  oo.  The  physical  reason  for  this  behaviour 
is  the  localization  of  electrons  on  orbits  small  compared  with  the  mean  free  path;  <rzz 
is  finite  because  the  motion  of  electrons  along  the  magnetic  field  always  remains 
infinite. 

The  smaii  parameter  in  the  expansion  is  the  ratio  rB/'i.  Hence  the  components 
that  are  proportional  to  B-2  may  be  estimated  in  order  of  magnitude  as 

o-(s)  ~  cr0(rB/02,  Oo  ~  Ne2llpF. 

Note  that  cr(s)  «  1/1;  this  means  that,  as  the  mean  free  path  increases,  the  transverse 
conductivity  in  the  magnetic  field  tends  to  zero,  not  to  infinity  as  when  the  field  is 
absent. 

The  components  of  the  antisymmetric  part  of  the  tensor  cr0p  are  estimated  as 

cr(fl)  —  a0rBll  ~  ecNIB. 

It  must  be  emphasized,  however,  that  the  fact  that  this  estimate  is  independent  of  l 
does  not  mean  that  the  exact  values  of  the  o-jjj  (apart  from  trSj*)  are  independent  of 
the  specific  form  of  the  collision  integral;  an  exact  calculation  of  the  tensor 
would  require  a  complete  determination  of  the  functions  C0)  and  gf2)  by  solving  the 
specific  transport  equation. 

From  (85.3)  we  can  find  also  the  limiting  dependences  on  B  for  the  components 
of  the  inverse  tensor  =  cr-1^. t  Retaining  only  the  terms  of  the  lowest  order  in 
1/B,  we  find 


Pop  =  constant,  bXy  by  =  constant,  bz  «  B,  (85.4) 

and  all  these  quantities  depend  on  the  form  of  the  collision  integral,  except  for 

bz  -  -1/a,  =  B/ec(Ne  -  Nh).  (85.5) 

All  the  components  pJJ  tend  to  constant  limits  as  B  -*<». 

Compensated  metals,  in  which  Ne  =  N*,  need  special  treatment.  The  expression 
(85.2)  is  then  zero,  and  the  expansion  of  o-^  begins  with  the  term  proportional  to 
B“3.  In  this  case,  therefore. 


aXl  fly  a  B  a2  a  B  3; 


(85.6) 


tThe  inverse  tensor  must,  of  course,  be  calculated  from  crc(B  =  o-^  +  and  only  then  be  separated 
into  symmetric  and  antisymmetric  parts.  We  thus  find 

+  aaap},  ba  = 

cr  (T 

where  tr  =  o-fl)  +  is  the  determinant  of  <7np,  and  crf,)  is  the  determinant  of  its  symmetric  part;  see 

ECM,  §21,  Problem. 
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the  dependence  of  o-^  on  B  is  as  before.  For  the  inverse  tensor,  we  now  have 


p[sx  =  constant,  p(v?,  p^  =  constant, 
p(/>,  p«,  P yy  “B2,b«  B. 


(85.7) 


Open  trajectories 

For  metals  with  open  Fermi  surfaces,  which  allow  open  trajectories,  several 
cases  are  possible;  we  shall  here  consider  only  one  of  these,  which  illustrates  the 
characteristic  features  of  the  situation. 

Let  us  take  a  Fermi  surface  of  the  corrugated-cylinder  type,  passing  con¬ 
tinuously  from  one  reciprocal  lattice  cell  to  the  next  (Fig.  30).  If  the  magnetic  field 
is  not  perpendicular  to  the  cylinder  axis,  all  cross-sections  are  closed,  and  the 
asymptotic  dependence  of  o-^  on  B  is  again  given  by  (85.3). 

If,  however,  the  magnetic  field  is  perpendicular  to  the  cylinder  axis,  there  are 
open  cross-sections.  As  usual,  we  take  the  z-axis  parallel  to  the  field  and  the  x-axis 
here  parallel  to  the  cylinder  axis;  Fig.  31  shows  a  cut  across  the  part  of  the  Fermi 
surface  in  one  cell.  The  trajectories  are  open  when  |pz|<|pi|,  and  are  infinite  in  the 
direction  of  the  p*-axis.  The  mean  velocity  values  are 


vx  =  (c/eB)  dpyldT  =  0,  vy  =  -  (c/eB)  dpjdr  ^  0, 

since  px  varies  without  limit;  as  always,  vz  ^0.  The  non-zero  components  of  C(0)  in 
the  solution  of  the  transport  equation  are  now  Cy0)  and  C?*;  in  (85.1),  the  second 
line  is  therefore  replaced  by 


&  =  cr+g<;,+ 


FIG.  30. 
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In  the  same  manner  as  above,  we  now  find 

cr«  »  B_~  other  constant,  ax  «  B-3,  n¥,  o.z  «  B_I,  (85.8) 

Hence,  for  the  inverse  tensor, 

p{S  a  B2,  other  pSp  constant,  bx  «  B_I,  b„  bz  a  B.  (85.9) 

Thus  there  is  a  sharp  anisotropy  of  the  resistance  in  the  plane  perpendicular  to  the 
magnetic  field:  the  resistance  pJV  along  the  y-axis  tends  to  a  constant,  whereas  that 
along  the  x-axis  increases  as  the  square  of  the  field. t 

Another  feature  of  the  galvanomagnetic  properties  of  metals  with  an  open  Fermi 
surface  is  their  considerable  dependence  on  the  direction  of  a  strong  magnetic  field. 
Here  the  change  takes  place  as  the  direction  of  B  approaches  the  plane  per¬ 
pendicular  to  the  cylinder  axis,  and  the  relations  (85.3)  and  (85.4)  are  replaced  by 
(85.8)  and  (85.9).  When  B  is  at  a  small  angle  6  to  that  plane  (Fig.  30),  the  momentum 
trajectory  of  the  electron  becomes  large,  with  dimensions  of  the  order  of  pr/0, 
where  p,.  is  the  transverse  dimension  of  the  cylindrical  Fermi  surface.  Accordingly, 
the  trajectories  in  actual  space  also  become  large,  with  dimensions  of  the  order  of 
rB!6,  where  rB  is  the  Larmor  radius  corresponding  to  the  momentum  p,\  For  angles 
such  that  rB/dl  —  1,  the  expansion  in  powers  of  rD/l  used  above  becomes  inapplic¬ 
able,  and  it  is  in  this  range  of  angles  that  the  field  dependence  of  the  resistance 
changes. 

The  whole  of  this  discussion  has  related,  of  course,  to  single  crystals.  In 
polycrystalline  materials  there  is  an  averaging  of  the  anisotropic  galvanomagnetic 
properties,  depending  on  the  directional  distribution  of  the  crystallites. 


fThe  electron  trajectory  in  the  jty-plane  of  actual  space  differs  from  that  in  the  pKpy-plane  of 
momentum  space  only  in  scale  and  in  a  rotation  through  90°  (SP  2,  §57).  In  the  present  case,  therefore, 
ihe  motion  of  the  electron  in  actual  space  is  infinite  in  the  y-direction. 
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The  thermomagnetic  phenomena  in  a  metal  in  a  strong  magnetic  field  could  be 
discussed  similarly.  In  particular,  the  components  of  the  electronic  thermal  con¬ 
ductivity  tensor  would  be  found  to  tend  to  zero  as  Under  these  conditions, 

the  transfer  of  heat  by  phonons  becomes  important,  it  is  necessary  to  take  account 
of  the  electron-phonon  interaction,  and  the  whole  situation  is  greatly  complicated. 


j\  Q/!  A  #vw  n  1  nlrin  nffnni 
sou.  miuuiaiuud  anm  cucti 

It  is  known  from  macroscopic  electrodynamics  that  an  alternating  electromag¬ 
netic  field  is  damped  within  a  conductor,  and  not  only  the  field  but  also  the 
resulting  electric  current  is  concentrated  near  the  surface  of  the  conductor.  This  is 
called  the  skin  effect.  The  following  formulae  have  been  given  in  ECAf,  §§45  and 
46. 

The  quasi-steady  electromagnetic  field  in  the  metal  satisfies  Maxwell’s  equations 

curl  E  =  “(l/c)3B/3f,  (86.1) 

curl  B  =  47rj/c,  div  B  =  0;  (86.2) 

the  metal  is  assumed  non-magnetic,  so  that  H  =  B  in  it.  Here,  of  course,  we  assume 
that  the  general  condition  for  validity  of  the  macroscopic  equations  is  satisfied:  the 
distances  S  over  which  the  field  varies  significantly  are  large  in  comparison  with 
atomic  dimensions.  If  moreover  these  distances  are  large  in  comparison  with  the 
conduction  electron  mean  free  path  l,  then  the  relation  between  the  current  density 
j  and  the  field  E  is  given  by  linear  expressions  connecting  their  values  at  one  point 
in  snace:  L  =  a„aE0.  where  cr„0  is  the  conductivity  tensor.  The  skin  effect  is  then 

i  '-J-'  M' 

said  to  be  normal.  In  discussing  this  case,  we  shall  assume  the  medium  isotropic,  or 
else  a  crystal  with  cubic  symmetry;  the  tensor  o-„p  then  reduces  to  a  scalar,  and 
j  =  crE. 

Let  us  take  a  simple  geometry  in  which  the  metal  occupies  the  half-space  x  >  0 
bounded  by  the  plane  x  =  0.  A  uniform  external  electric  field  is  applied,  parallel  to 
the  surface  of  the  metal  and  varying  in  time  with  frequency  co.  Equations  (86.1)  and 
(86.2)  become 


curl  E  —  icoB/c,  curl  B  =  4'7ro-E/c,  div  B  =  0.  (86.3) 

The  symmetry  of  the  problem  shows  that  the  distributions  of  all  quantities  in  the 
metal  are  functions  of  the  coordinate  x  only.  The  first  equation  (86.3)  then  shows 
that  the  magnetic  field  B  is  everywhere  parallel  to  the  boundary  plane.  We  can 
satisfy  all  the  equations  by  supposing  that  the  electric  field  E  is  everywhere  in  that 
plane  also.  This  also  fulfils'automatically  the  necessary  boundary  condition  that  the 
current  component  normal  to  the  surface  of  the  metal  is  zero:  from  Ex  =  0,  it 
follows  that  jx  =  0  everywhere.! 


tThe  situation  is  different  in  an  anisotropic  medium.  To  satisfy  this  condition  there,  an  electric  field 
normal  to  the  surface  would  have  to  be  present,  as  well  as  the  tangential  one. 
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Eliminating  B  from  the  first  two  equations  (86.3),  we  find 

curl  curl  E  =  grad  div  E  —  AE  =  47ricoo-E/c2. 

For  the  tangential  field,  which  depends  only  on  x,  div  E  =  0,  and  this  equation 
becomes 


E"=  -4ttiWE/c2,  (86.4) 

the  prime  denoting  differentiation  with  respect  to  x.  The  solution  which  tends  to 
zero  as  jc  — »  oc  is 


E  =  E0e 


— iarfefu'  —  I  )xJ8 


(86.5) 


where  E0  is  the  field  amplitude  at  the  surface  of  the  metal,  and 

8  =  c/V  (27T(T£l>).  (86.6) 

The  quantity  8  is  called  the  field  penetration  depth ;  it  decreases  with  increasing 
frequency  of  the  field.  The  magnetic  field  in  the  metal  decreases  according  to  the 
same  law;  it  follows  from  (86.3)  that  E  and  B  are  everywhere  related  by  E  =  £B  x  n, 
where  n  is  a  unit  vector  normal  to  the  surface  and  into  the  metai,  i.e.  in  the  positive 
x-direction,  with 


f  =  ( 1  -  i)o>8l2c  =  ( 1  -  i) V(fi)/8mr).  (86.7) 

In  particular,  this  relation  exists  between  the  values  of  the  fields  at  the  surface  of 
the  metal: 


Eo  —  £Bo  x  n.  (86.8) 

The  quantity  £  is  called  the  surface  impedance  of  the  metal.  Its  real  part  governs 
the  field  energy  dissipation  in  the  metal  (ECM,  §67). 

In  order  that  the  relation  j  =  <tE  should  hold  between  the  current  and  the  field  at 
the  same  point  and  the  same  time,  the  electron  mean  free  path  l  and  mean  free  time 
t  ~~  l}vF  must  satisfy  the  conditions  l  <8  and  1,  i.e.  I  must  be  small  in 

comparison  with  the  characteristic  distance  8  over  which  the  field  varies,  and  t  small 
in  comparison  with  the  field  period.  When  the  first  of  these  conditions  is  not  satisfied, 
the  relation  between  the  field  and  the  current  is  no  longer  local  and  there  is  a  spatial 
dispersion  of  the  conductivity.  When  the  second  condition  is  not  satisfied,  there  is  a 
frequency  dispersion  of  the  conductivity.  The  transport  equation  is  then  needed  to 
determine  the  relation  between  the  current  and  the  field. 

The  nature  of  the  skin  effect  thus  depends  on  the  relative  magnitude  of  the  three 
characteristic  dimensions  8,  1,  and  vF/co.  The  normal  skin  effect  described  by 
(86.5)— (86.8)  corresponds  to  the  lowest  range  of  frequencies,  such  that 


i  <s  8,  i  <s  vFlo). 


(86.9) 
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As  the  field  frequency  increases,  or  the  mean  free  path  increases  (with  decreasing 
temperature  of  the  metal),  the  penetration  depth  decreases.  In  metals,  the  condition 
l  <€  8  is  usually  the  first  to  be  violated,  and  the  current-field  relation  becomes 
non-local;  the  skin  effect  is  then  said  to  be  anomalous.  In  this  section,  we  shall 
consider  the  limiting  case  where 


8<l,  8<vfI(d.  (86.10) 

There  may  be  any  relation  between  l  and  vF/aj.t 

The  solution  of  the  boundary  problem  of  the  skin  effect  begins  from  the  auxiliary 
problem  of  the  relation  in  an  infinite  metal  between  the  current  and  the  electric  field 

E  =  E0ei(kr“w,) 


variable  in  time  and  space.  The  wave  vector  of  the  field  is  assumed  to  satisfy  the 
inequalities 


lfk<l,  l/k^Dp/co, 


(86.11) 


corresponding  to  (86.10).  The  change  Sn  in  the  electron  distribution  varies  in  the 
same  manner  as  the  field. 

Since  t'/k  >  vFll  ~  1/t,  the  collision  integral  C(n)~  Sm/t  in  the  transport  equation 
may  be  neglected  in  comparison  with  the  spatial  derivative  term  v.  fln/dr  —  D,kSn. 
Since  kvt -  >  to,  we  can  also  neglect  the  time  derivative  dnldt  ~  coSn. 

With  the  latter  approximation,  the  transport  equation  for  the  quasi-particles  in  an 
electron  Fermi  liquid  again  reduces  to  the  equation  for  a  gas  when  the  distribution 
function  is  redefined,  Sn  being  replaced  by  Sn  from  (74.13).  In  the  present  case, 
these  approximations  bring  the  transport  equation  to  the  simple  form 


v  .  dSiildr  -  eE  .  dnjd p  =  0. 


Putting 


d8nfdr  =  ik8n,  dnQldp  =  \dn0lde. 


we  then  find 


8ii  ~  -i(eE .  v/k .  \)dn0lde.  (86.12) 

This  expression  has  a  pole  at  k  .  v  =  0.  To  calculate  the  current 


■  —  _ a  «i ! 

J  —  *-  T  l 


n  If) 


+The  equality  S~/  is  reached  when  to  ~  cVcr/1.  i.e.  (with  the  estimate  tr  ~  le2Nlp*)  when  to  — 
c2pife2l3N.  This  is  compatible  with  the  inequality  S~l<vFlto  if  I  ^  c/O.  where  {Ne2lm*)m  is  the 
plasma  frequency  of  the  metal  (m*~  pflvF  being  the  effective  mass  of  the  conduction  electrons).  For 
ordinary  metals,  fi~  10l'-10|f*s"1. 
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I  = 


v(E  .  v)  dn0  2 d3p 
k .  v  —  iO  Be  (27 rfi) 


3- 


(86.13) 


Neglecting  as  usual  the  thermal  blurring  of  the  equilibrium  distribution  function, 
we  write  dn0Jde  =  -8{e~  eF)  and  transform  the  integral  over  d3p  into  one  over  the 
Fermi  surface  by  (74.20).  According  to  the  usual  formula  of  differential  geometry, 

. i  _ _i _ *  jo  _  .i .  its  ...i j~  i: j - 1„  „i _ *  *i,„  j; _ *:  — 

me  aiea  cicnicm.  uo  —  wucic  uuv  a  sunu-aiigic  element.  iui  me  uuceiiuii 

ofithe  normal  v  to  the  surface  and  K  is  the  Gaussian  curvature  of  the  surface,  i.e. 
K  =  I/R1R2,  the  reciprocal  of  the  product  of  its  principal  radii  of  curvature  at  the 
point  concerned.  Noting  also  that  the  direction  of  the  normal  at  any  point  on  the 
Fermi  surface  is  the  same  as  that  of  the  velocity  v  =  de/dp,  we  find 


lie1 


(27rfiyj  K(v)  k  .  v  -  i0‘ 


Y 


(E .  v)  dov 


(86.14) 


If  the  direction  of  v  is  specified  by  the  azimuthal  and  polar  angles  p  and  0  relative 
to  the  direction  of  k  as  polar  axis,  k .  v  —  k  cos  6  and  dov  =  sin  6  dp  d6. 


n, 


in  (Rf\  \i;i  th  rpCnp>r*t  tn  thp  varinhlp  11  =  rne  A  i c  (ntpn  ru/rr  (tip 

a  A  k  LV^i  uuvn  v*  1.  f  /  f  *1**  i  vup  vva  iv  mv  »  ui  iuviv  wu  V  10  iun  VO  v  t  v*  mv 


segment  -1  <  p.  <  1  of  the  real  axis,  passing  along  a  semicircle  below  the  pole 
p  =  0.  It  is  easy  to  see  that  the  integral  along  the  straight  segments  (i.e.  the 
principal  value)  is  then  zero,  leaving  only  the  contribution  from  the  semicircle.  To 
prove  this,  we  note  that  the  function  e(p)  is  even,  and  therefore  the  Fermi  surface 
e(p)  =  eF  is  unchanged  when  p^>  — p;  since  a  change  in  the  sign  of  p  changes  the 
sign  of  the  normal  vector  v ,  it  follows  that  K(-v)=  K{v).  The  integral  in  (86.14) 
can  therefore  be  written  as 


If  f  r(E .  y)rfo„  f  y(E .  v)dov  1 

2lJ  K(y)(k  .v-  iQ)  J  K(p)(k  .  ^  +  iO)J’ 

where  the  braces  contain  the  sum  of  the  integrals  obtained  from  each  other  by  the 
change  of  variable  of  integration  v-*  —  v\  the  statement  made  above  is  then 
obvious. 

At  the  pole  of  the  integrand,  k .  v  —  k  cos  6  =  0,  i.e.  the  normal  v  is  perpendicular 
to  the  given  direction  of  the  wave  vector  k.  The  residue  with  respect  to  the  variable 
cos  6  is  therefore  the  integral 


v(E.  v) 

WC(iO 


dp 


taken  along  the  geometric  locus  of  points  on  the  Fermi  surface  for  which  y±k. 
Thus  we  have  finally  the  relation  between  the  current  and  the  field  in  the  form 


Ji*  o"ftp(k)Fp, 


(86.15) 


*This  corresponds  to  the  usual  oj  -*  to  +  iO  in  w  -  k .  v. 


372 


Metals 


where 


trQp(k) =  27re2Aap/(27rft)3/c,  Aap  =  [  [rai^/K(<p)]d(p  (86.16) 

Jo 

is  a  real  tensor  in  the  plane  perpendicular  to  k;  if  the  direction  of  k  is  taken  as  the 
x-axis,  a  and  /3  take  the  values  y  and  z.  The  vector  j  lies  in  this  plane,  and  is 
therefore  transverse  to  k. 

The  contribution  to  the  current  comes  only  from  electrons  with  v .  k  =  0,  i.e. 
moving  perpendicular  to  the  wave  vector.  This  is  a  natural  consequence  of  an 
approximation  in  which  the  mean  free  path  is  regarded  as  indefinitely  long:  in 
motion  at  an  angle  to  k,  the  electron  passes  through  a  field  oscillating  in  space,  and 
these  oscillations  reduce  to  zero  the  overall  action  of  the  field  on  the  electron.  In 
the  next  approximation,  when  the  finite  value  of  kl  is  taken  into  account,  there  is  a 
contribution  to  the  current  from  electrons  moving  in  a  small  range  of  angles  —  1  /k/ 
to  the  plane  perpendicular  to  k. 

Let  us  now  go  on  to  the  subject  of  field  penetration  in  the  anomalous  skin  effect. 
This  is  a  half-space  problem,  to  be  solved  with  the  boundary  conditions  at  the 
surface  of  the  metal.  These  conditions  for  the  distribution  function  depend  on  the 
physical  properties  of  the  surface  with  respect  to  electrons  incident  on  it.  It  is 
important,  however,  that  in  this  case  the  current  is  due  essentially  only  to  electrons 
moving  almost  parallel  to  the  metal  surface.  For  these,  the  law  of  reflection  is 
largely  independent  of  the  degree  of  perfection  of  the  metal  surface,  and  ap¬ 
proximates  to  specular  reflection,  the  electrons  being  reflected  with  reversed 
components  of  the  velocity  v  normal  to  the  surface  but  unchanged  tangential 
components;  in  order  not  to  interrupt  the  discussion,  a  more  detailed  treatment  of 
this  will  be  postponed  to  the  end  of  the  section. 

Specular  reflection  corresponds  to  the  following  boundary  condition  on  the 
distribution  function: 


Sn(i)x,  Dy,  vz)  —  8n(—vx,  vy,  vz)  for  x=0. 


(86.17) 


With  this  condition,  the  half-space  problem  is  equivalent  to  that  of  an  infinite 
medium  in  which  the  field  distribution  is  symmetrical  about  the  plane  x=0: 

tt1  / .  „\ _ ¥7/*  r?i _ . _ _ _ n _ . „ ,]  r _ _ .l .  i _ _ ,] _ .1 _ 1 _ 1  r _ f\\ 

a )  —  ihi,  —  E-ieuuuua  iciiccicu  num  me  uuuuuiiiy  m  me  iimi-spiicc  va  -"w 

problem  correspond  to  electrons  passing  freely  through  the  plane  x  =  0  from  the 
side  x  =0  in  the  infinite-medium  problem. 

In  the  problem  of  the  extreme  anomalous  skin  effect,  we  can  suppose  that  the 
field  E  (which  depends  only  on  the  one  coordinate  x)  is  everywhere  parallel  to  the 
plane  x  =  0.  According  to  (86.15),  the  current  vector  j  lies  in  the  same  plane,  and  so 
the  condition  of  zero  current  component  normal  to  the  metal  surface  at  all  points 
on  the  surface  is  necessarily  satisfied.! 


tin  subsequent  approximations,  when  the  finiteness  of  the  ratio  dll  is  taken  into  account,  there  are 
components  crOI  and  crXJ£  of  the  conductivity  tensor  as  well  as  crn|B.  To  satisfy  the  boundary  condition 
h  =  0-  we  must  then  include  the  field  Ex  normal  to  the  surface,  as  already  noted  in  the  first  footnote  to 
this  section. 
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Without  the  assumption  that  j  =  <xE,  we  have  for  the  two-dimensional  vector  E, 
in  place  of  (86.4), 

E"  =  —  47rico  j/c2.  (86.18) 

We  shall  leave  the  time  factor  e-"1’1  implicit  in  the  subsequent  formulae,  so  that  E,  j, 
etc.,  will  be  functions  of  x  only. 

The  function  E(x).  continued  symmetrically  into  the  range  x  <0,  is  continuous  at 
x  =0,  but  the  derivative  E'(x),  being  an  odd  function  of  x ,  has  a  discontinuity  there, 
changing  sign  as  x  passes  through  zero-  According  to  (86.1),  these  derivatives  are 
related  to  the  magnetic  field  by 


E'  =  icoB  x  u/c. 


where  u  is  again  a  unit  vector  in  the  x -direction.  In  the  half-space  problem,  the 
condition  at  x=0  would  therefore  be  E'  =  fcoB0Xu/c,  where  B0  is  the  field  at  the 
boundary  of  the  metal.  In  the  infinite-medium  problem,  this  corresponds  to 

E'(+0)  -  E'(-O)  =  2 ico B0  x  u/c. 

We  multiply  both  sides  of  (86.18)  by  e~Ax  and  integrate  with  respect  to  x  from  -^c 
to  oo. t  On  the  left-hand  side,  we  write 


f  E ,fe  ikxdx=\  (E 'e^ydx+l  (E'e‘fc)f  dx  +  ik  f  E te~*xdx. 

J  —  DC  J  — DC  JO  J  —CIO 


Since  the  field  E(x)  is  zero  at  infinity,  the  first  two  integrals  give  just  the  difference 
E'(-O)-  E'(+0).  In  the  last  term  we  can  simply  integrate  by  parts,  since  E(x)  itself 
is  continuous.  The  result  is 

2icoBo  X  u/c  +  k2E(k)  =  47r/cuj(/c)/c2, 


where  E(k)  and  j(k)  are  the  Fourier  transforms  of  E(x)  and  j(x). 

According  to  (86.15),  these  transforms  are  related  by  Jw(k)  =  crap(k)Ep{k)r  We 
then  find  the  expression 

E«(k)  =  £*(k)(B0xu)Pi  (86,19) 

where  £Q(3(k)  is  a  two-dimensional  tensor  specified  by  means  of  its  inverse*, 

C\*(k)  =  -2^[fc2g«f  (86-20) 
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vector  k. 


tThe  subsequent  calculations  are  formally  identical  with  those  in  the  problem  of  magnetic  field 
penetration  into  a  superconductor  (SP  2,  §52). 
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The  function  E(x)  itself  is  obtained  from  (86,19)  on  multiplying  by  e,kx  and 
integrating  over  dkilir.  Since  £Qp(/c)  is  even,  we  have 


Ea(x)  =  —  f  faP(k)  cos  kx dk .  (B0  x  u)p.  (86.21) 

K  J  o 

In  particular,  the  field  at  the  boundary  of  the  metal  is 

Eo  =  L/)(Bo  x  n)p,  U  =  UW  dk.  (86.22) 


For  an  actual  calculation  of  the  surface  impedance,  we  take  the  principal  axes  of 
the  symmetrical  tensor  o-ag(k)  as  the  y  and  z  axes.  The  tensor  £ap  is  brought  to 
principal  axes  along  with  <tqP,  and  its  principal  values  are 


rM  =  2lC0  r  dk 
7tc  J0  k2-ibMlk' 


h(a)- 


coe2Aia) 
7 rc2ft3  ’ 


where  the  Aia)  are  the  principal  values  of  the  tensor  Aap.  The  integration  gives! 


£fo,=  (l-iV3) 


27r,,3ft 

~Y]r~ 


(86.23) 


The  quantities  A(f°  depend  only  on  the  shape  and  size  of  the  Fermi  surface.  The 
impedance  (86.23)  does  not  depend  at  all  on  the  electron  mean  free  path.  For  an 
order-oF magnitude  estimate,  we  can  assume  that  the  radii  of  curvature  of  the 
Fermi  surface  are  ~pF;  then  A  —  pF2,  and 

{-(hWlceW)'13.  (86.24) 

The  real  part  of  the  impedance  determines  the  dissipation  of  the  field  energy  iu 
the  metal.  In  the  approximation  concerned  (where  electron  collisions  are  ignored) 
this  dissipation  is  of  the  Landau-damping  type.$ 

tThe  contour  of  Integration  (the  right-hand  half  of  the  real  axis)  can  be  turned  through  -tt/6  in  the 
complex  k-plane  without  crossing  any  poles  of  the  integrand.  Integration  along  the  line  k  =  ue~,7rlf>  gives 

udu 

'"Jo  V^ib~e  )077Tb’ 

and  on  substituting  u3+  b  =  b/f, 

.  ro/3)r(2/3) 

3b'nn\)  e 

_  7r(V3  +  i) 

”  '  3 * 

tThe  pheromena  which  are  the  essence  of  the  anomalous  skin  effect  were  first  noted  by  H.  London 
(1940).  The  qualitative  theory  of  the  effect  is  due  to  A-  B.  Pippard  (1947),  and  the  quantitative  theory 
given  here  is  due  to  G.  E.  H.  Reuter  and  E.  H.  Sondheimer  (1948)- 
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The  law  of  damping  of  the  electric  field  within  the  metal  in  the  anomalous  skin 
effect  is  not  exponential,  and  so  the  concept  of  the  penetration  depth  has  not  the 
same  literal  significance  as  in  (86.5),  Since  the  integrand  in  (86,21)  contains  the 
oscillating  factor  cos  kx,  the  integral  for  any  given  x  is  mainly  governed  by  the 
range  k  ~  Mx.  A  considerable  decrease  of  the  function  E(x)  occurs  when  these 
k>  The  penetration  depth  8  is  therefore  of  the  order  of  or 

8  ~(cMcue2/\)m~(c2fiWpF2)J/3-  (86.25) 

As  the  frequency  increases,  this  depth  continues  to  decrease,  but  more  slowly  than 
for  the  normal  effect.  The  values  given  by  (86.6)  and  (86.25),  which  we  denote  by  8n 
and  8a ,  are  comparable  in  order  of  magnitude  when  8  ~  L  Since  one  of  them 
decreases  as  co  1,2  and  the  other  as  co  J/\  it  is  clear  that  for  a  given  value  of  co  we 
have  S0 3  ~  8n2i 

Lastly,  some  comments  about  the  nature  of  electron  reflection  from  the  metal 
boundary.  If  the  surface  is  ideal  (free  from  defects)  and  coincides  with  a  crystallo¬ 
graphic  plane,  the  configuration  of  atoms  in  it  has  the  periodicity  corresponding  to 
the  translational  symmetry  of  the  crystal  lattice.  In  that  case,  the  reflection  of  an 
electron  conserves  not  only  the  energy  but  also  the  tangential  components  py  and  pz 
of  the  electron  quasi-momentum-  The  normal  component  pi  of  the  quasi-momen¬ 
tum  of  the  reflected  electron  is  determined  from  the  value  px  for  the  incident 
electron  by  means  of  the  equation 


e(p«  Pv»  Pi)  e(P«  P>>  Pi)?  (86.26) 

and  we  must  have  v'x—  de/dpi  >  0,  the  reflected  electron  moving  away  from  the 
boundary  (the  velocity  of  the  incident  electron  is  vx  =  deldpx  <0).  Equation  (86.26) 
may  have  several  such  solutions,  and  in  general  ¥=  —  ux- 
For  electrons  at  glancing  incidence,  however,  these  solutions  always  include  one 
that  corresponds  to  a  small  change  in  the  quasi-momentum,  with  =  —vx  (i.e,  the 
reflection  is  literally  specular):  an  electron  moving  almost  parallel  to  the  boundary 
has  a  small  vx  =  deldpx ,  and  this  means  that  the  electron  corresponds  to  a  point  P 
on  the  constant-energy  surface  in  p-space  that  is  near  the  extremum  of  €  as  a 

f i lnr-tir^n  n  ( «/liPrp  ,*)*;/ ,*)r>  Wpur  cur'll  n  nPiint  r*n  flip  rsthpr  ciHp  r*f  flip 

yX  V  *  '  —  ''-I  'll  '’/•  ^  •<  «■-•'- 

extremum,  there  is  always  a  point  Pf  where  the  derivative  deldpx  differs  only  in 
sign  from  its  value  at  P. 

It  can  be  shown  that  the  reflection  of  such  an  electron  takes  place,  with  very  high 
probability,  with  this  change  of  quasi-momentum.  Moreover,  the  statement  remains 
true  for  reflection  from  an  imperfect  surface  having  roughness  of  atomic  dimen¬ 
sions,  when  there  is,  strictly  speaking,  no  conservation  of  the  tangential  com¬ 
ponents  of  the  quasi-momentum.  An  intuitive  explanation  is  that  the  wave  function 


•When  jc  >  fi,  the  integral  (86.21)  is  governed  by  k  hilJ.  Then  f(k)  —  k,  and  the  field  E(x)  decreases  as 


of  the  electron  varies  slowly  in  the  x-direction  and  so  does  not  “notice”  the  atomic 
roughnesses  of  the  surface.! 

It  is  noteworthy  that  the  value  of  the  surface  impedance  in  the  highly  anomalous 
skin  effect  is  in  fact  fairly  insensitive  to  the  nature  of  the  electron  reflection.  For 
example,  in  diffuse  reflection  (when  all  directions  of  the  reflected  electron  are 
equally  probable,  whatever  the  angle  of  incidence),  the  value  of  the  impedance 
differs  from  (86.23)  only  by  a  factor  9/8.  The  boundary  condition  for  diffuse 
reflection  from  a  plane  surface  is  >0,  uy,  u,)  =  0  for  x  =  0.  Here,  however, 
the  Fourier  method  is  unsuitable,  and  the  problem  has  to  be  solved  by  what  is 
called  the  Wiener-Hopf  method.! 


§87.  Skin  effect  in  the  infra-red  range 

We  have  now  considered  two  limiting  cases  of  the  skin  effect:  the  normal  effect, 
when  the  mean  free  path  l  is  the  smallest  of  the  three  characteristic  distances  S,  l 
and  v,lco ;  and  the  anomalous  effect,  when  the  penetration  depth  6  is  the  smallest. 
Let  us  now  take  a  third  case,  in  which  the  smallest  is 

(87.1) 

This  is  reached  in  a  natural  way  from  the  anomalous  effect  by  further  increasing 
the  frequency;  although  the  penetration  depth  then  decreases,  the  product  coS 
increases  as  com.  For  ordinary  metals,  the  conditions  (87. 1)  are  satisfied  in  the  infra-red 
range. 

These  conditions  put  a  lower  limit  on  the  frequency.  However,  the  validity  of  the 
results  below,  which  are  based  on  the  theory  of  Fermi  liquids,  is  also  subject  to  an 
upper  limit  of  frequency:  fiw  <^eF.  If  this  is  not  satisfied,  quasi-particles  are  excited 
from  the  depth  of  the  Fermi  distribution,  and  these  have  no  meaning  in  the  Fermi 
liquid  theory. 

To  determine  the  relation  between  the  current  and  the  electric  field,  we  must 
again  go  back  to  the  transport  equation.  Now,  however,  because  of  the  condition 
co  vFl 6,  the  term  containing  the  time  derivative  is  large  compared  with  the  term 
containing  spatial  derivatives,  and  because  of  the  condition  o  >  vFil  it  is  also  large 
compared  with  the  collision  integral.  Neglecting  these  terms,  we  have  the  transport 
equation  in  the  form 


d8n 

dt 


-eE.v^  =  0. 

0€ 


Putting  dSnidt  =  -itoSn,  we  obtain  from  this 

S/i  =  —  (dn0ld€)tpy  =  eE .  v/iw. 


(87.2) 


fThcse  statements  are  proved  in  the  review  article  by  A.  F.  Andreev,  Soviet  Physics  Vspekhi  14,  609, 
1972. 

!See  G.  E.  H.  Reuter  and  E.  H.  Sondheimer.  Proceedings  of  the  Royal  Society  A,  195.  336,  1948. 


The  absence  of  the  term  containing  the  coordinate  derivatives*  means  that  there  is 
no  spatial  dispersion.  In  this  sense  the  skin  effect  is  normal  again.  The  presence  of 
the  time-derivative  term,  however,  causes  frequency  dispersion  of  the  conduc¬ 
tivity.  The  situation  here  is  similar  to  that  in  calculating  the  permittivity  of  a 
collisionless  plasma.  The  only  difference  lies  in  the  anisotropy  of  the  metal  and  in 
the  Fermi-liquid  effects.  The  latter  have  the  result  that  the  current  density  is  given 
by  an  integral  that  depends  not  only  on  the  distribution  function  Sn  but  also  on  the 
interaction  function  /(p,  p')  of  the  quasi-particles  (the  conduction  electrons).  It 
should  be  noted  that,  because  of  the  presence  of  the  term  dfinldt  in  the  transport 
equation,  it  is  not  possible  here  to  eliminate  the  interaction  of  the  quasi-particles  by 
using  the  effective  distribution  function  Sn. 

According  to  (74.21)  and  (74.22),  the  current  density  is  expressed  in  terms  of  the 
correction  to  the  electron  distribution  function  by 

where  v  is  a  unit  vector  in  the  direction  of  the  velocity  vF,  which  is  the  same  as  the 
normal  vector  to  the  Fermi  surface.  Substituting  tjj  from  (87-2),  we  find  the  relation 
between  the  current  and  the  field  in  the  form  ja  —  a„B(co)Epy  with  the  conductivity 
tensor 


<TaP  =  -(e2/fwm)NU,) 

X  r  fefn  _  f  r  I  ffr,  2dS^ 

N  au  -  |  va  I  vFv6  +  I  /(pF,  pt)vB,^  >vd^ 


{/.'rrn)  j  {z.7rn) 


(87.3) 


The  symmetry  of  the  tensor  Nap  is  determined  by  that  of  the  crystal,  and  does  not 
depend  on  the  direction  of  the  field  as  in  (86-15)-  In  a  crystal  with  cubic  sy  :metry, 
which  we  shall  assume  for  the  sake  of  simplicity,  this  tensor,  and  therefore  aa 
reduce  to  a  scalar:  N„p-  NfeflFtS(,p,  and 

ff(co)  =  -  (e2/imco)N,eff\  (87-4) 


The  description  of  the  properties  of  the  metal  by  means  of  this  conductivity  can  be 
replaced,  in  the  usual  manner,  by  a  description  in  terms  of  the  permittivity 


e(co)=  1  +  i  -  47ra(co)lco  =  1  -  47re2Nfefr)/mw2.  (87-5) 


The  notation  Nicffi  is  used  by  analogy  with  the  limiting  expression  (ECAf.  §59)  for 
the  permittivity  at  very  high  frequencies:  e  =  I  -  47re2N/mco2,  where  N  is  the  total 
number  of  electrons  per  unit  volume  of  the  substance.  Thus  N'eff)  in  the  infra-red 
optics  of  metals  represents  the  effective  number  of  electrons;  it  depends  on  the 


intprar-tinn  fiinrtinn  nf  thf*  rnnrliirtinn  plprtrnnc 


Together  with  it  is  useful  to  define  also  the  effective  plasma  frequency 


n  =  (4ire-N“'D/rn)"2. 


(87.6) 
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The  conductivity  is  then 


a  =  ift2/4mo-  (87-7) 

The  value  of  ft  is  determined  only  by  the  parameters  of  the  electron  spectrum  of  the 
metal;  as  a  rough  estimate,  therefore,  it  is  equal  to  eF/ft,  the  Fermi  limiting  energy. 
Since  the  present  theory  is  restricted  by  the  condition  tia>  <§  eF,  we  have  ft  >  w. 

The  penetration  of  the  field  into  the  metal  is  described  by  equation  (86-4),  which, 
on  substitution  of  <r  from  (87.7),  becomes 

E"-(ft2/c2)E  =  0. 

The  solution  which  tends  to  zero  as  x-»°°  is 

E-Eoe^,  fi  =  c/n;  (87-8) 

for  typical  metals,  c/ft  ~  l(T5cm.  The  field  is  therefore  damped  exponentially,  the 
penetration  depth  being  independent  of  the  frequency.  The  relation  between  the 
electric  and  magnetic  fields  is  now  given  (as  is  easily  seen  by  means  of  the  first 
equation  (86.3))  by  (86.8)  with  impedance 

C  =  -icofi/c  =  -iw/ft.  (87.9) 

The  purely  imaginary  impedance  denotes  total  reflection  of  the  electromagnetic 
wave  from  the  surface  of  the  metal,  without  dissipation.  This  is  to  be  expected, 
since  the  approximation  used  has  taken  no  account  of  collisions  of  electrons,  which 
are  the  cause  of  dissipation. 

With  (87.7),  the  basic  conditions  for  this  theory  to  be  valid  may  be  written 


A  -  A  /  /On  an\ 

ILZ*  CO  \LVFfC.  (0/.|U) 

The  left-'Mnd  inequality  is  usually  compatible  with  fico^©,  where  ©  is  the  Debye 
temperature.  The  Fermi  parameter  uF  and  the  function  /  in  (87.3)  must  then  be 
taken  not  on  the  Fermi  surface  itself  but  for  \e  —  eF|  >  ©.  It  has  been  shown  in  SP 
2,  §65,  that  the  electron-phonon  interaction  has  the  result  that  vF  in  this  range 
differs  from  that  in  the  range  |e  —  tF|<S0  (which  is  important,  for  instance,  as 
regards  the  static  properties  of  the  metal  at  low  temperatures);  the  same  is  true  of 
the  quasi-particle  interaction  function  /. 


§88.  Helicon  waves  in  metals 

The  fact  that  an  external  alternating  magnetic  field  does  not  penetrate  into  a 
metal  means  that  undamped  electromagnetic  waves  with  frequencies  up  to  the 
plasma  frequency  (co  ~  ft)  cannot  propagate  in  a  metal. 

The  position  is  quite  different,  however,  in  the  presence  of  a  static  magnetic  field 
B.  This  field  alters  the  motion  of  the  electrons  and  therefore  greatly  affects  the 
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electromagnetic  properties  of  the  metal.  It  is  important  that  the  motion  becomes 
finite  in  the  plane  perpendicular  to  the  field.  In  strong  fields,  when  the  Larmor 
radius  rB  ~  cpFleB  of  the  orbit  becomes  small  in  comparison  with  the  mean  free 
path, 


rB<l.  (88.1) 

or  (equivalently)  cobt>  1,  where  coB  ~vpirB  ~eBlm*c  is  the  Larmor  frequency  and 
t~Uvf  the  mean  free  time,  the  electrical  conductivity  in  directions  transverse  to 
the  field  is  greatly  reduced,  tending  to  zero  as  B -» °°.  We  may  say  that  in  these 
directions  the  metal  behaves  like  an  insulator,  and  so  the  energy  dissipation  is 
reduced  in  waves  whose  electric  field  is  polarized  in  the  plane  perpendicular  to  B. 
The  propagation  of  such  waves  without  damping  (in  the  first  approximation)  thus 
becomes  possible.  The  permissible  wave  frequencies  are  limited  by  the  condition 

co  ^  i  (88.2) 

only  if  this  is  satisfied  can  the  electron  trajectories  undergo  appreciable  curvature 
during  the  period  of  the  field,  thus  altering  the  electromagnetic  properties  of  the 
metal  with  regard  to  these  frequencies. 

The  finite  motion  of  the  electron  (in  the  plane  perpendicular  to  B)  presupposes 
that  its  momentum  trajectory,  a  cross-section  of  the  Fermi  surface,  is  also  finite* 
The  above  discussion  therefore  applies  to  metals  with  closed  Fermi  surfaces  for 
any  direction  of  B,  but  to  those  with  open  surfaces  only  for  directions  of  B  such 
that  the  cross-sections  are  closed.  With  open  cross-sections,  the  electron  motion 
remains  infinite  in  the  magnetic  field,  the  conductivity  does  not  decrease,  and  the 
propagation  of  electromagnetic  waves  in  the  directions  concerned  cannot  occur* 
Undamped  electromagnetic  waves  in  a  metal  may  be  regarded  as  Bose  branches 
of  the  energy  spectrum  of  the  electron  Fermi  liquid.  The  macroscopic  nature  of 
these  waves  is  shown  by  the  wavelength,  which  is  large  compared  with  the  lattice 
constant.  For  this  reason,  the  excitations  correspond  to  only  a  very  small  relative 
phase  volume,  and  their  contribution  to  the  thermodynamic  quantities  in  the 
metal  is  negligible. 

We  again  write  Maxwell’s  equations: 

curl  B  =  47rj/c,  curl  E  =  -(l/c)3B/5f,  (88.3) 

where  B  denotes  the  weak  alternating  magnetic  field  of  the  wave,  in  contrast  to  the 
constant  B.  Elimination  of  B  from  these  equations  gives 

curl  curl  E  =  grad  div  E  -  AE 
=  -(47r/c2)aj/df. 

For  a  monochromatic  piane  wave,  this  becomes 


(-/cjc,  -\-k28ay)Ey-  47ricoja/c2. 


(88.4) 
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The  field  E  is  expressed  in  terms  of  the  current  by  Eu  =  p^,  where  pnp  =  a  \ip  is 
the  resistivity  tensor.  We  then  obtain  a  set  of  linear  homogeneous  equations, 

[k2pap  ~  kakypyp  -  47ricoSQp/c2]jp  =  0.  (88.5) 


The  determinant  of  this  yields  the  dispersion  relation  for  the  waves. 

In  §§84  and  85  we  have  derived  the  conductivity  tensor  for  a  metal  (in  the 
residual  resistance  range)  in  a  strong  magnetic  field,  for  the  stationary  case*  Let  us 
now  see  how  the  results  must  be  modified  in  the  non-stationary  case. 

The  periodicity  of  the  electric  field  in  time  and  space  (and  therefore  that  of  the 
alternating  part  of  the  electron  distribution  function)  causes  the  presence  of  terms 
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Sri  in  the  form 


8ti  =  (ario/ae)eE  .  h,  Sri  ■=  (dnj Be)eE .  g. 

According  to  (74.21),  the  functions  h  and  g  are  related  by  the  linear  integral 
expression 


g  =  h  +  [ /( p,  pah'  dSklvH 2irfi)3  =  Lh. 

The  transport  equation  then  becomes 

ag/at  -[/(g)+  iwL  'g-  i(k.  v)g]  =  v.  (88.6) 

It  differs  from  (84.10)  in  that  /(g)  is  replaced  by  the  expression  in  the  square 
brackets,  which  depends  not  only  on  the  nature  of  the  electron  scattering  by 
impurity  atoms  but  also  on  the  interaction  between  the  electrons. 

Because  of  the  condition  rB  <  l,  the  term  /(g)  in  (88.6)  is  much  less  than  dgldr,  as 
it  was  in  (84. 10).  Because  of  the  condition  to  <5  cob,  the  term  itoL~lg  ~  itog  is  also 
small.  We  shall  impose  also  a  condition  on  the  wave  number,  kvF  <  toB,  i.e., 

krB<  1:  (88.7) 

the  wavelength  must  be  much  greater  than  the  Larmor  radius.  Then  the  last  term  in 
the  square  brackets  in  (88.6)  is  small  also.  The  method  of  solving  the  transport 
equation  by  successive  approximation  (§84)  then  remains  valid,  and  therefore  so  do 
the  results  found  there  for  the  leading  terms  in  the  expansion  of  the  conductivity 
tensor  in  powers  of  1/B.  However,  because  of  the  presence  of  c o  and  k  in  (88.6), 
there  will  in  general  be  frequency  and  spatial  dispersion  of  the  conductivity. 

The  presence  of  several  characteristic  parameters  of  length  and  time,  and  the 
variety  of  geometrical  properties  of  the  Fermi  surfaces,  causes  a  multiplicity  of 
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phenomena  relating  to  the  propagation  of  electromagnetic  waves  in  metals.  We 
shall  consider  in  §§88  and  89  only  some  typical  cases. 

Let  us  take  the  case  of  an  uncompensated  metal  with  a  closed  Fermi  surface. 
According  to  (85.4)  and  (85.5),  the  largest  component  of  the  resistivity  tensor  is 


P*y  =  ~Pyx  =  Blec(N'  -  Nh)\ 


(88.8) 


this  belongs  to  the  non-dissipative  (anti-Hermitian)  part  of  the  tensor.  This  com¬ 
ponent  is  entirely  independent  of  the  form  of  the  collision  integral,  and  therefore  of 


t  fm*m  r\f  flip  nVnrAt’cmn  in  cnimrA  Lrn/'l/Atf’  m  /CO  TKa  /CO  G\ 
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valid  in  the  wave  field,  therefore. 

The  description  of  the  medium  by  means  of  the  resistivity  tensor  pap  (or  the 
conductivity  tensor  (rn(J)  is  equivalent  to  the  use  of  the  permittivity  tensor 


=  47ricrftp/&),  e  -  copafi} 4irl 
The  tensor  here  has  only  the  components 

e~lxv  -  —€~lyj  =  coBI4irice(Ne  -  Nh). 


This  is  the  same  as  that  found  in  §56  for  waves  in  plasmas,  except  that  the  electron 
density  N,  is  replaced  by  the  difference  N,  —  N*.  The  results  of  §56  may  therefore 
be  applied  immediately  to  these  waves  in  metals,  which  are  likewise  called  helicon 
waves,  t 

The  dispersion  relation  for  them  is 

w  —  cB|cos  &\i4ire\Ne  -  Nh\,  (88.9) 

where  6  is  the  angle  between  k  and  B.  The  electric  field  of  the  wave  is  elliptically 
polarized  in  the  plane  perpendicular  to  the  magnetic  field  B.  Taking  the  direction  of 
B  as  the  z-axis  (as  in  §56),  and  the  plane  through  k  and  B  as  the  xz-plane,  we  find 
the  electric  field 


Ey  —  ±i|  cos  0|Ejc,  (88.10) 

the  upper  and  lower  signs  relating  to  the  cases  Ne  >  Nh  and  N,  <Nh  respectively. 


§89.  Magnetoplasma  waves  in  metals 

Let  us  now  consider  waves  in  a  compensated  (N,  =  Nh)  metal  having  a  closed 
Fermi  surface.  In  addition  to  the  obligatory  conditions  (88.1)  and  (88.2),  we  shall 


tThe  possibility  of  the  propagation  of  such  waves  in  metals  was  noted  by  O.  V.  Konstantinov  .ind  V. 
I.  Perel’  ( 1960). 
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assume  that  the  inequalities 


co  >  Vp/ly  co  >  kvp  (89.1) 

are  also  satisfied.  The  first  of  these  implies  that  the  collision  integral  f(g)  in  the 
transport  equation  (88.6)  is  much  less  than  the  term  icoL~‘g,  and  the  second 
condition  implies  that  the  term  i(k.v)g  is  also  small.  Neglecting  these  terms,  we 
have  the  equation 


dg/dr  —  icoL  'g  =  v,  (89.2) 

which  is  obtained  from  (84.10)  on  replacing  the  term  1(g)  by  icoL~Jg. 

The  results  derived  in  §85  for  the  resistivity  tensor  in  the  stationary  case 
therefore  remain  valid,  except  that  the  small  parameter  in  the  expansion  in  powers 
of  1/J3  is  not  rBjl  but  -ico/coB.  There  is  no  spatial  dispersion  of  the  conductivity,  but 
there  is  frequency  dispersion. 

According  to  (85.7),  in  the  stationary  case  the  leading  terms  in  the  expansion  of 
the  resistivity  tensor  for  a  compensated  metal  are 

pzz  =  constant;  p„,  pyy,  px)  «  B2;  pxz,  pyz  «  B.  (89.3) 

To  bring  out  the  parameter  rBjl  in  this  tensor,  however,  we  must  ascertain  how  not 
only  B  but  also  l  occurs  in  its  components.  To  do  so,  we  write,  for  example,  the 
estimate 


Pxx  —  po(HrB)2  —  (BlecN)UrB . 
where  p0~  pFINe2L  Similarly 


pyz  —  Poll rB  ~  BJecN,  pz.  ~  p0  ~  ( BlecN)rttll . 


Now,  with  the  above-mentioned  change  of  expansion  parameter,  we  find  the  tensor 
Pap(w)  as 


Pap  ~  (BfecN) 


r iw)c \xx 

(coB/-ico)cixy 


(wBl~io))axy 
(coB/—  ico)fly). 
-ayz 


axz 

(lyx 

(  ico/ G)B)a2Z 


(89.4) 


where  all  the  aa$  —  1  are  dimensionless  real  coefficients;  the  quantities  N  and  m* 
(in  coB  =  eBjm*c)  are  to  be  regarded  here  as  parameters  chosen  in  some  manner 
and  having  the  correct  order  of  magnitude.  All  the  terms  in  (89.4)  belong  to  the 
anti-Hermitian  (i.e.  non-dissipative)  part  of  the  tensor.  It  is  therefore  evident  that 
including  only  these  terms  will  give  undamped  waves.  In  the  general  case  where  the 
directions  of  B  and  k  are  arbitrary,  the  wave  dispersion  relation  is  expressed  bv 
fairly  lengthy  formulae.  We  shall  consider  only  a  particular  case  which  illustrates 
the  fundamental  properties  of  these  waves. 
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We  shall  suppose  that  the  metal  crystal  lattice  has  an  axis  of  symmetry  with 
order  higher  than  2,  and  that  the  field  B  is  along  this  axis  (the  z-axis).  The  quantities 
axx,  nyv  and  u*y  =  uyA  form  a  two-dimensional  symmetrical  tensor  in  the  xy-plane, 
which  with  the  symmetry  stated  reduces  to  a  scalar:  axx  =  nyy  =  Uj,  nty  — 0.  The 
quantities  axz  and  ay2  form  a  two-dimensional  vector  in  the  same  plane,  and  with 
the  symmetry  stated  are  zero.  Thus  there  remain  only  the  components 

pxx  =  pyy  =  (BlecN){a)Bl-ito)au  p..  =  ( BlecN)(~  ico/coB)n2-  (89.5) 

We  again  take  the  xz-plane  to  contain  the  directions  of  k  and  B.  If  pZ2,  which  is 
small  compared  with  pXXy  is  neglected,  the  dispersion  relation  separates  into  the  two 
equations 


47riw/c2 -  k2pyy  =  0,  A'nmjc2 -  k2pxx  =  0; 

here  we  assume  that  the  angle  6  between  k  and  B  is  not  too  close  to  so  that 
k 2  is  not  too  small  (cos  6  >  oj/gjb).  Hence  we  find  as  the  dispersion  relations  for  the 
two  types  of  wave 


wtJ,=  ki^Vuj, 
oj(2>  =  kuA|cos  P|V«j, 


wheret 


uA  =  B/(47rNm*))/2. 


(89.6) 


(89.7) 


These  are  called  tnagnetoplasma  waves.  The  two  types  are  respectively  analo¬ 
gous  to  the  fast  magnetosonic  waves  and  the  Alfven  waves  in  plasmas. $  Oscil¬ 
lations  corresponding  to  the  slow  magnetosonic  waves  cannot  have  a  speed  w//c 
that  satisfies  the  second  condition  (89.1),  and  therefore  cannot  occur  in  metals. 


§90.  Quantum  oscillations  of  the  conductivity  of  metals  in  a  magnetic  field 

The  theory  of  galvanomagnetic  effects  given  in  §§84  and  85  was  quasi-classical, 
in  the  sense  that  quantum  behaviour  appeared  only  in  the  electron  distribution 
function;  the  discreteness  of  the  energy  levels  in  the  magnetic  field  (with  closed 
electron  trajectories)  was  not  taken  into  account.  This  discreteness  causes, 
however,  a  qualitatively  new  effect,  namely  oscillations  of  the  conductivity  as  a 
function  of  the  magnetic  field,  called  the  Shubnikov-de  Haas  effect .  This  is 
analogous  to  the  oscillations  of  the  magnetic  moment  (the  de  Haas-van  Alphen 


tWith  the  dispersion  relations  (89.6),  (89.7),  the  condition  kvr  oj  signifies  that  we  must  have  uA  >  vf- 
In  attainable  fields  B ,  this  can  in  practice  be  satisfied  only  in  semi-metals  (such  as  bismuth)  with  a  low 
carrier  density. 

tThe  possibility  of  such  waves  was  noted  by  S.  J.  Buchsbaum  and  J.  Golt  (1961).  The  theory  given 
here  is  due  to  E.  A.  Kancr  and  V.  G.  Skobov  (1963). 
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effect),  but  the  theory  of  it  is  more  complex  because  it  is  a  transport  effect  and  not 
a  thermodynamic  effect.  We  shall  consider  it  in  terms  of  a  model  of  non-interacting 
electrons,  leaving  aside  the  question  (which  does  not  appear  to  have  been  in¬ 
vestigated)  of  Fermi-liquid  effects. 

As  in  §84,  the  magnetic  field  will  be  assumed  strong  in  the  sense  of  the  condition 
(84.1),  which  we  write  in  the  form 


cjbt  >  1,  (90. 1) 

where  t  is  the  electron  mean  free  time  and 

coB-eBlm*c  (90.2) 

the  Larmor  frequency;  m*  is  the  cyclotron  mass  of  the  electrons. t 
At  the  same  time,  of  course,  the  field  must  not  be  so  strong  as  to  violate  the 
quasi-classicalitv  condition 


hcou  <  eF. 


(90.3) 


There  may  be  any  relationship  between  h<vB  and  T. 

We  shall  examine  only  the  quantum  oscillations  of  the  transverse  (relative  to 
the  magnetic  field,  which  is  in  the  z-direction)  conductivity,  and  assume  in 
order  to  simplify  the  formulae,  that  the  crystal  has  a  symmetry 
axis  (of  order  >2)  parallel  to  the  magnetic  field.  In  such  a  crystal  the 
symmetric  (dissipative)  part  of  the  conductivity  tensor  has  only  the  components 
=  <xvy  and  azz.  The  comparative  simplicity  of  the  problem  for  the  transverse 
components  arises  because  for  them  the  influence  of  collisions  may  (as  we  have 
seen  in  §84)  be  regarded  as  a  small  perturbation  in  comparison  with  the  influence  of 
the  magnetic  field;  this  is  not  so  for  the  longitudinal  conductivity  crzz.% 

As  in  §84,  we  consider  a  metal  in  the  residual  resistance  range,  so  that  we  are 

h  kfif  n/AAti  irvmnntii  nfAmf-  thaco 
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collisions  are  elastic,  electrons  with  different  energies  take  part  independently  in 
producing  the  electric  current. 

Let  g(e)  be  the  number  of  quantum  states  of  an  electron  per  unit  energy  range. 
Then  the  spatial  number  density  of  electrons  with  energies  in  the  range  de  is 
n(e)g(€)d€,  where  n(e)  denotes  the  state  occupation  numbers.  Let  jy(e)  be  the 
transverse  current  density  generated  by  these  electrons.  When  both  an  electric  field 
and  an  electron  density  gradient  are  present,  the  current  density  is  the  sum 


j,(f)=  eD(e)g(e)dnldy  +  an(e)E,. 


(90.4) 


tThe  definition  (SP  2  (57.6))  is  m*  =  (l/27r)3S/fle,  where  S(e,  pz)  is  the  area  of  the  cross-section  of  the 
constant-energy  surface  by  a  plane  pz  =  constant;  this  surface  is  here  defined  in  p-space,  not  m 
p/fi-space  as  in  SP  2. 

tFor  the  antisymmetric  part  of  the  conductivity  tensor,  the  quantum  oscillations  occur  only  in  the 
second  approximation  with  respect  to  1/wbt. 
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The  first  term  is  the  diffusive  charge  transfer;  D(e)  is  the  diffusion  coefficient  (in  actual 
space)  for  electrons  with  energy  e.  The  current  (90.4)  must  be  zero  for  the  distribution 

n0(e  —  n0(e)  -  eydnol 

which  corresponds  to  statistical  equilibrium  of  the  electron  gas  in  a  weak  static 
electric  field  with  potential  (p(r)  (n0  being  the  Fermi  distribution).  Hence  we  have  as 
the  relation  between  o^fe)  and  D(e ) 

<Tyv(€)  -  -e2g{€)D(e)dnoide. 

The  total  electrical  conductivity,  including  the  contributions  from  electrons  of  all 
energies,  is 


«>v  =  -e'-f  g(e)D(e)^de  =  -e2~Z  ,90.5) 

The  summation  in  the  last  expression  is  over  all  qiantum  states  of  the  electron;  s 
conventionally  denotes  the  set  of  all  the  state  quantum  numbers.  This  formula 
reduces  the  calculation  of  the  conductivity  to  that  of  the  electron  diffusion 
coefficient  in  the  absence  of  the  electric  field. 

The  diffusion  coefficient  is  in  turn  expressed  in  terms  of  the  properties  of  the 
microscopic  scattering  events  by  a  formula  of  the  type  (21.4): 


£>  =  E(Ay)2/2Sr, 


where  the  summation  is  over  the  collisions  undergone  by  an  electron  in  the  time  St, 
and  Ay  is  the  change  in  the  mean  value  of  the  electron  coordinate  y  in  the  collision 
(the  electron  motion  is  finite  in  the  plane  perpendicular  to  the  field,  and  in  the 
intuitive  picture  of  quasi-classical  orbits  Ay  is  the  displacement  of  the  orbit  centre). 
Let 


NimpW5'S8(€5  -  es-) 

denote  the  probability  of  an  electron  transition  from  state  s  to  state  s'  in  scattering; 
the  delta  function  expresses  the  fact  that  the  scattering  is  elastic,  and  the  factor 
N inip,  the  concentration  of  impurity  atoms,  expresses  the  fact  that  scattering  by 
randomly  distributed  atoms  takes  place  independently.  The  diffusion  coefficient  is 
then 


U{€s)  =  iN 


imp 


2,(y.-yiO‘WJ1-o(€S-€#-j, 


where  ys  is  the  mean  value  of  the  coordinate  in  state  s.  Substituting  this  expression 
in  (90.5),  we  find  the  conductivity 
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ayy 


y*j 


2  dno(es) 


de 


Ws-sS(e5  -€s  ) 


(90.6) 


(§.  jijeica  1935,  B.  [.  Davydov  and  I.  Ya.  Pomeranchuk  1939). t 

In  practical  applications  of  this  formula  the  significance  of  s  must  be  made 
explicit.  Discrete  quantization  of  conduction  electron  energy  levels  in  a  magnetic 
field  occurs  when  there  are  closed  quasi-classical  trajectories  in  p-space  (i.e.  closed 
cross-sections  of  the  constant-energy  surfaces),  and  we  shall  assume  that  this  is  so. 
The  quantum  states  are  defined  by  four  numbers: 


s=(ri,PXyPz  =  pZy<r),  (90.7) 

where  n  is  a  (large)  positive  integer;  a  —  ±  1  denotes  the  value  of  the  electron  spin 
component;  Px  and  Pz  are  components  of  the  generalized  quasi-momentum  P  = 
p-eA/c.  The  vector  potential  of  the  magnetic  field  is  chosen  in  the  gauge 
Ax  =  —  By,  Ay  —  Az  —  0.  Because  the  coordinates  x  and  z  are  cyclic,  the  generalized 
quasi-inomentum  components  Px  and  Pz  are  conserved;  see  SP  2,  §58.  The  energy 
levels  depend  on  only  the  three  quantum  numbers  n,  pz  and  cr;  they  are  given  by 

ert„(p2)  =  e(n,  pz)  +  <r/3B£„(p2),  (90.8) 

the  function  e(n,  p;)  being  the  solution  of  the  equation 

S(«,  pz)  =  2n(et]Blc)(n  +  i).  (90.9) 

In  the  second  term  in  (90.8),  |3  ~  ehilmc  is  the  Bohr  magneton,  and  the  factor  £„(p.) 
represents  the  change  in  the  electron  magnetic  moment  due  to  spin-orbit  inter¬ 
action  in  the  lattice. 

The  conductivity  tensor  considered  in  §§84  and  85  is  actually  the  result  of 
averaging  the  exact  functions  cr^fB)  over  small  quantum  oscillations.  In  particular, 
from  (85.3),  the  transverse  conductivity  thus  averaged  is  «  B"2.  We  shall  show, 
first  of  all,  that  this  result  follows  from  (90.6),  and  ascertain  the  relation  between 
the  quantities  Ws>s  in  this  formula  and  the  function  vv(p',p)  in  the  quasi-classical 
collision  integral  (78.14)  for  electrons  and  impurities. 

It  has  been  noted  in  §84  that  the  condition  for  quasi-classical  motion  of  the 
electrons  ensures  also  that  the  scattering  process  is  independent  of  the  magnetic 
field.  The  scattering  probability  in  the  absence  of  the  field,  with  change  of 
quasi-momentum  from  p  to  p',  has  been  expressed  in  the  collision  integral  (78.14)  as 

w(p',  p)6(e  -  e')  d3p7(27rft)3.  (90.10) 

In  order  to  put  this  in  a  form  suitable  also  for  scattering  in  a  magnetic  field,  it  need 


tin  scattering  by  impurities,  the  Pauli  principle  does  not  affect  the  formulae;  cf.  the  collision  integral 
(78.14),  in  which  the  products  nn'  associated  with  this  principle  cancel. 
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only  be  changed  to  .  ariables  which  remain  meaningful  for  motion  in  the  field: 

w(Px,  P2,  tr;  Px>  p„  e)S(e  -  e')  dPx  dpz  de/(27rft)3uy ;  (90. 1 1) 

the  derivative  vy  ~  Bejdpy  also  is  understood  to  be  expressed  in  terms  of  the  new 
variables.  The  y-coordinate  in  motion  in  a  quasi-classical  trajectory  is  related  to  the 
generalized  quasi-momentum  by  Px~  px  +  eBylc;  hence  the  mean  value  over  the 
trajectory  is 

y  =  ( cfeB)[Px  -  px(e ,  pz)]  ^  k/B.  (90.12) 

The  conductivity  cryv  averaged  over  the  oscillations  is  found  from  (90.6)  by 
replacing  the  summation  over  the  discrete  variable  s  by  integration  over  the 
continuous  variable  e.  Using  for  brevity  the  notation 


a(e,  pz,  pz )  =  ^  J(k  -  Kf)2w  dPx  dPxlvyVy(27iii)4, 


we  find 


—  c  j  ^  imp 

fr"  = - 


f  j_i2  dpz  dp z 

jo-SU-e)dede-^F, 


(90.13) 

(90.14) 


the  factor  2  comes  from  the  two  directions  of  the  electron  spin,  and  the  scattering 
probability  is  assumed  independent  of  the  spin,  so  that  the  spin  component  is 
unchanged.  The  delta  function  is  removed  by  the  integration  over  c';  in  that  over  e, 
we  can  regard  the  slowly  varying  factor  a  as  constant,  and  equal  to  its  value  for 
€  =  /x,  and  integrate  only  the  derivative  3n0/3e.  The  result  is 


(Tyv 


.2m  r 
e  Wimp  j 

B  J 


a 


o  j  j_  t  1 

z  upz  ap  z  .=  * 

(2irfl  y  ~Bi 


I  b(p.).2dp. 


(90.15) 


Let  us  now  take  into  account  the  discreteness  of  the  levels.  The  integration  in 
(90.14)  over  the  continuous  variable  €  (with  fixed  Px  and  pz)  must  then  be  replaced 
by  a  summation  over  n,  with 


1 


de  — >  hcoB  2 

n 


where 


ficoB  —  3e(n,  pz)/3n. 


as  is  clear  from  (90.9)  and  the  definition  of  the  cyclotron  mass  m*.  With  the 
notation  given  above,  we  have 


fj>v 


o{ena,  p\ 


,  SrioCe, 
Pz)- 


Be 


x 


xS{ena 


£n'a)fttOB$ ito 


,  dpz  dpz 

w 


(90.16) 
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because  of  the  integration  over  both  variables  pz  and  p',  the  function  a  may  be 
regarded  as  symmetrical  with  respect  to  them. 

The  oscillatory  part  <ryy  of  this  expression  is  separated  by  means  of  the  Poisson 
summation  formula  (cf.  SP  2,  §  63): 

oc  rx  *  r  x 

iF(0)  +  2  f(n)  =  F(jc)djc  +  2re£  F^e2”"  dx,  (90.17) 

rt-J  Jo  f=lJo 


and  arises  from  the  sum  over  l  in  this  formula,  whereas  the  averaged  d\v  comes 
from  the  first  (integral)  term. 

We  shall  suppose  that  the  oscillation  amplitude  is  small  in  comparison  with  the 
averaged  d-yy;  this  imposes  a  certain  condition  on  the  magnetic  field  strength  (see 
(90.26)).  It  is  then  sufficient  to  take  account  of  the  oscillatory  part  in  only  one  of  the 
sums  over  n  and  ri '  in  (90.16).  Using  the  symmetry  of  a  with  respect  to  p,  and  pZy 
and  defining  b  by  analogy  with  (90.15),  we  have 

(Tyy=^i  re  2  X  Jfci*  (90.18) 

ti  f  =  I  tr  =  z  I 

where  JIa  is  the  oscillatory  part  of  the  integral 

r  f  j  f  l  /  \  ^o(^nu)  „2ni}n  j 

Jb  =  -  J#  dn  J  h(cm  p,)— -- dPl. 


With  e(n,  pz)  from  (90.8)  as  a  variable  of  integration  in  place  of  n,  we  integrate  by 
parts  with  respect  to  e  (and  can  regard  the  slowly  varying  factor  b  as  a  constant). 
The  integrated  term  does  not  give  an  oscillatory  dependence  on  the  field  (and  is 

1 1 7  ri  r  m  1 1  ts~\  77-  ^  •  /xmiMinA  *#■  n;a  Iriira 

uai  J  u  oaiuu  vv/i  i  wuuit  iu  w  yy }  ,,  v/auiLUi^  al9  vr  V/  iiutv 


L  =  2771/  J 


b(e,pz) 


dn 


exp[(f  -  ix„)IT]  +  1  Be 


dp.  de. 


(90.19) 


Here  jx„~  and 


=  (90-20) 

(cf.  (90.9));  in  the  argument  of  the  function  b(ena,  pz),  the  term  /3 has  been 
neglected  in  comparison  with  the  large  quantity  e. 

The  integration  over  pz  in  (90.19)  is  carried  out  in  exactly  the  same  way  as  that 
which  occurred  in  SP  2  (63.8)  in  the  study  of  the  de  Haas-van  Alphen  effect.  The 
integral  is  governed  by  the  ranges  near  the  points  pz  ~  pzex(e)  at  which  n(c,  p,)  (t.e. 
the  cross-sectional  area  S)  has  an  extremum  as  a  function  of  pz.  The  result  is 

r  y  f"27riVf  exp{27rifnex±(l/4)i7r}bex(e)  dnex  , 

f(J  «  Jo  {exp[(e  -  p.a)fT]  +  1} .  |d2n/dpz2[2T  de 


(90.21) 
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where 


Hcx(<0  =  n(e,  priex(<0).  Me)  =  b(e,  pwx(c)), 

and  the  ±  signs  in  the  exponent  refer  to  the  cases  in  which  p-mCX  is  respectively  a 
maximum  or  a  minimum  of  n(e,  p:);  the  summation  is  over  all  extrema. 

The  integral  (90.21)  in  turn  is  exactly  analogous  to  the  integral  SP  2  (63.9), 
differing  only  in  the  slowly  varying  factors  b  and  dncJde  —  cmfJetiB  in  the 
integrand;  these  factors,  and  |32n/0pz2|'x)/2,  may  be  replaced  by  their  values  at  €  =  p, 
i.e.  on  the  Fermi  surface.  The  integration  over  e  and  the  summation  over  <x  then 
lead  to  the  final  result 


=  ^  rfi (_  1),(T”  cos{'  IIb  -  i  ^}* 


>5/2 _ J/2. 


(et<)"2bC!l  32Sj 


(T  y  V 


1/2 


clliB>/2l'i2 


A, 


dpz  [  ex  sinh  A, 


cos(irl&xm?Jm), 


A,  -  27r2lT/hcoB,  (oB  =  eBjm*  c. 


(90.22) 


where  Scx,  and  bcx  are  taken  at  c  =  p  on  the  Fermi  surface.! 

If  for  a  given  direction  of  B  there  is  only  one  extremal  cross-section  of  the  Fermi 
surface,  there  is  proportionality  between  the  oscillatory  parts  of  the  conductivity 
<xvv  and  the  longitudinal  magnetic  susceptibility.  Comparison  of  (90,22)  with  SP  2 
(63.13)  gives 


(27r)4fi3m£fcCK  dMz 
sL  3B  ■ 


(90.23) 


The  foregoing  calculations  presuppose  that  the  oscillation  amplitude  of  the 
conductivity  is  small  in  comparison  with  its  averaged  value.  This  requirement  is 
indeed  the  condition  for  the  whole  theory  in  §§84  and  85  to  be  applicable:  it  is  clear 
that  the  averaged  values  have  real  significance  only  if  they  form  the  major  part  of 
the  conductivity  tensor. 

When  hcoB  T,  the  oscillation  amplitude  is  determined  by  the  leading  terms  in 
the  sum  in  (90.22),  with  I  —  1»  Ar  —  1.  According  to  the  definition  in  (90.15),  the  value 
of  hex  can  be  estimated  as  bex  ~  aB2fpF.  The  derivative  d2  Si  dp 2  ~  1,  Hence  we  have 
the  following  estimate  of  the  oscillation  amplitude: 

ala~(fiwBlfF)u\  tic„B  ~  T.  (90.24) 

This  ratio  is  small,  because  of  the  obligatory  condition  (90.3). 

If  T  <h(OB,  however,  the  estimate  is  changed.  The  oscillation  amplitude  is  then 
determined  by  the  sum  of  a  large  number  of  terms  in  (90.22),  having  Ar  —  I ,  i.e. 
I  ~  ticosIT  >  1.  The  number  of  such  terms  is  of  the  order  of  l  itself.  In  comparison 
with  the  previous  estimate,  we  now  have  an  additional  factor  l~U2l  ~(fi wb/T)1/2,  so 


tThe  oscillations  of  the  conductivity  were  discussed  by  A.  I,  Akhiezer  (1939)  and  by  B.  I.  Davydov 
and  I,  Ya.  Pomeranchuk  (1939)  for  a  quadratic  electron  dispersion  relation,  and  by  A.  M.  Kosevich  and 
V.  V.  Andreev  (1960)  for  any  dispersion  relation. 
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that 

or/cr  ~  (fi&)B/€f.")l/2(fioJB/T)l/2. 


The  requirement  that  this  ratio  be  small  leads  to  the  condition 

h(i)B  ^^fT)*^2. 


(90.25) 


(90.26) 


PROBLEM 

Determine  the  transverse  conductivity  of  an  electron  gas  with  a  quadratic  dispersion  relation 
(e  =  p2/2 in).  The  electrons  arc  scattered  isotropically  by  impurity  atoms,  with  a  cross-section  that  is 
independent  of  the  energy. 

Solution,  The  problem  amounts  to  the  calculation  of  b(pz)  in  (90,15)  and  (90.23).  With  a  quadratic 
dispersion  relation,  p=  mv,  and  p  =  0  since  the  mean  velocity  along  a  closed  trajectory  is  v  =  0;  hence, 
by  (90,12),  k  =  cPx{e.  According  to  the  discussion  in  the  text,  when  calculating  the  mean  value  of 
(k  —  k')2  we  can  regard  the  scattering  process  as  independent  of  the  magnetic  field.  The  difference 
between  P  and  p  is  then  unimportant:  if  the  position  of  the  scattering  atom  is  taken  as  r  =  0.  we  have 
P=p* 

In  the  case  under  consideration,  the  scattering  probability  has  the  form  vwdo'lATT,  where  do’  is  the 
solid-angle  element  for  directions  of  the  momentum  p’  after  scattering,  and  oo  is  the  constant  total 
scattering  cross-section.  This  expression  may  be  put  in  the  equivalent  form 

((jo/47rm)  dp’z  dip’  5(e  —  e’)  de\ 

where  <p’  is  the  azimuthal  angle  for  the  direction  of  n'  in  the  xy-planc,  and  it  here  replaces  (90,11). 
Similarly,  we  write  the  volume  element  in  p-space  as  a  p  -*  m  dpz  dtp  de,  and 

px  =  (2 me  —  pz2)l/2  cos  o>. 


We  then  find 


and 


al€. 
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TOttVF 


where  1  =  l/croN,mp  is  the  mean  free  path. 

The  averaged  conductivity  is  calculated  from  (90.15): 

(Tyy  =  C2pi  N/B21, 

where  N  —  prl 3-7r2ft5  is  the  number  density  of  electrons.  The  cross-sectional  area  of  the  Fermi  sphere  is 
greatest  at  pt  =0,  and  Sex  —  ttpf.  Hence 


b„=5c2N/16/. 

The  oscillatory  part  of  the  conductivity  is,  form  (90.23), 

-  _  r>2-  ^  BMZ 

6 Nep  dB  - 


That  of  the  magnetization,  Mz,  for  the  model  in  question  is  given  by  SP  1  (60,6). 


CHAPTER  X 


THE  DIAGRAM  TECHNIQUE  FOR 
NON-  EQUILIBRIUM  SYSTEMS 


§91.  The  Matsubara  susceptibility 

The  study  of  the  behaviour  of  various  systems  in  a  weak  alternating  external  field 
usually  amounts  to  the  calculation  of  the  appropriate  generalized  susceptibilities.  In 
this  section  we  shall  derive  expressions  relating  the  generalized  susceptibility  to  an 
auxiliary  quantity  which  may  be  calculated  by  means  of  the  Matsubara  diagram 
technique;  this  opens  the  way  to  the  use  of  such  a  technique  to  study  the  transport 
properties  of  various  systems  (A.  A.  Abrikosov,  1.  E.  DzyaloshinskiT  and  L.  P. 
Gor’kov,  1962). 

The  generalized  susceptibility  a(w)  is  defined  as  follows  ( SP  I,  §  123).  Let  the 
external  action  on  the  system  be  described  by  the  inclusion  in  the  Hamiltonian  of  a 
perturbing  operator 


V(f)  =  ~xf(t),  (91.1) 

where  x  is  the  Schrodinger  (time-independent)  operator  of  some  physical  quantity 
describing  the  system,  and  the  perturbing  generalized  force  f(t )  is  a  given  function 
of  time;  we  assume  that  the  mean  value  of  x  is  zero  in  the  absence  of  the  external 
action.  Then,  in  the  first  approximation  with  respect  to  /,  there  is  a  linear  relation 
between  the  Fourier  components  of  the  mean  value  x(t)  and  the  force  /(f),  and  the 
generalized  susceptibility  is  the  coefficient  in  this  relation: 

X,  =  oc(to)fw.  (91.2) 

According  to  the  Kubo  formula  (SP  I,  §  126),  the  function  a(co)  can  be  expressed 
in  the  operator  form 


a(co) 


-if 


el<,Jt(xo(r)i0(0)  -  .Xfl(0)xfj(l))  dt. 


(91.3) 


where  xo(0  is  the  Heisenberg  operator  defined  in  terms 
Hamiltonian  of  the  system  (indicated  by  the  subscript  0),  and 
the  specified  unperturbed  stationary  state  of  the  system, 
distribution  with  the  unperturbed  Hamiltonian. t 


of  the  unperturbed 
the  averaging  is  over 
or  over  the  Gibbs 


tThroughout  this  chapter  we  take  ft  =  1, 
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Let  us  now  consider,  purely  formally,  a  system  obeying  the  “Matsubara” 


j. ; _ _  „  i 


CLjUcilluua  u i  liiutiOii,  which  differ  frum  the  actual  cijUatiuiiS  by  the  change  ui  the 
time  f-»  —  it;  the  new  variable  t  takes  values  in  the  finite  range 


-I/T^t^I/T.  (91.4) 

Let  this  system  be  subjected  to  a  perturbation 

V(t)  =  -x/(t).  (91.5) 

The  mean  value  x  will  then  also  be  a  function  of  t.  We  expand  the  function  /( t)  in 
Fourier  series  on  the  range  (91.4): 


f(r)=  2  i,  =  2iriT,  (91.6) 

S  -  x 


ana  tne  runction  jc^t;  similarly. i  me  motsuoora  susceptwiuty  is  aennea  as  tne 
coefficient  of  proportionality  between  the  components  of  the  two  expansions: 


**  =  ««(&)/,.  (91.7) 

Our  aim  is  now,  firstly,  to  obtain  for  gcm(£s)  a  formula  analogous  to  (91.3)  and, 
secondly,  to  find  a  relation  between  c*M(£s)  and  the  function  a(co)  which  is  sought. 

For  the  first  task,  let  H  be  the  unperturbed  Hamiltonian  of  the  system.  The 
“exact”  Matsubara  operator  of  x  is  calculated  ast 

i"(7)  =  0)x0m(t)<t(t,  0),  (91.8) 

where  d  is  the  Matsubara  S-malrix: 

<t(t,  0)  =  T,  exp  j-  [  VoM(t')  dA,  (91.9) 


and  the  subscript  0  denotes  operators  in  the  Matsubara  “interaction  represen¬ 
tation”.^ 


*oM(t)  =  exp(rHo)*  exp(-TH0)  (91.10) 

nnrl  cimilnrlv 

reduces  to 

<t(t,0)«I-  (91.11) 

Jo 

tFor  x ,  which  has  a  classical  limit,  we  must  use  the  technique  corresponding  to  Bose  statistics;  the 
expansion  (91.6)  is  then  made  in  terms  of  “even  frequencies” 

tAll  the  concepts  and  formulae  used  below  may  be  found  in  SP  2,  §38. 

§  Formula  (91.8)  is  valid  even  when  the  initial  operator  V(t)  depends  explicitly  on  t,  although  this  has 
not  been  implied  in  the  derivation  given  in  SP  2,  §38. 
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The  value  averaged  over  the  Gibbs  distribution  is 

x(T)=tr{e  ri/TiM(r)}.  (91.12) 

According  to  SP  2  (38.6),  we  have 

e  flir  ~  e~'>0,r<T(l/T,  0) 

“  —  JJT  V0m(t')  dr'), 


and  by  (91,8)  and  (91.11) 

xm(t)-x0m(t)-  rr{x0M(T)V„M(T')-  V0M(r')x0 '■•(T)}dr'. 

J  f) 

Substitution  of  these  expressions  in  (91.12)  gives  with  the  same  accuracy 


x(r)  =  trje  [  VoM(t')xoM(t)  —  x0m(t)  Vo^^  )]  dr1 

Jp  l/T 

V,oM(t')Xo(t)  dr' 

0 


In  the  first  integral,  the  variable  t'<t;  in  the  second,  we  divide  the  range  of 
integration  into  those  from  0  to  r  and  from  t  to  l/T,  After  cancelling,  and 
substituting  for  V0(t)  from  (91.5),  we  see  that  the  result  may  be  written 


/(t')(Ttx0m(t)xoM(t'))  dr'; 


(91.13) 


the  operator  Tt  of  chronological  ordering  with  respect  to  r  places  the  factors  in 
order  of  increasing  t  from  right  to  left,  without  changing  the  sign  of  the  product. 
The  averaging  in  (91.13)  is  over  the  Gibbs  distribution  with  the  Hamiltonian  Ho. 
The  result  of  the  averaging  depends  only  on  the  difference  r  —  t'.  Finally,  putting 
/(t')  in  the  form  of  the  Fourier  expansion  (91.6),  we  obtain  the  required  formula  for 
the  Matsubara  susceptibility: 


eiJ’’(T,Xi)M  (t)x0m  (0))  dr. 


(91.14) 


We  see  that  aM(fs)  is  expressed  in  terms  of  the  Fourier  component  of  the 
Matsubara  Green’s  function  constructed  from  the  operators  x;  cf.  the  definition  in 
SP  2  (37.2).  Note  the  difference  from  formula  (91.3)  for  a(cu),  which  contains  the 
retarded  (with  respect  to  the  time  r)  commutator,  not  the  chronological  product. 

To  deal  with  the  second  part  of  the  problem,  that  is,  to  find  the  relation  between 
the  functions  a(co)  and  otM(£s),  we  must  start  from  (91.3)  and  (91.1),  and  express 
these  functions  in  terms  of  the  matrix  elements  of  the  operator  x.  We  shall  not  give 
the  relevant  calculations  here,  since  they  are  practically  identical  with  earlier  similar 


394 


The  Diagram  Technique  for  Non- equilibria,  y stems 


ones  ( SP  1,  §  126;  SP  2,  §§36,  37),  but  simply  give  the  result: 


a(co)  —  2  e  E",T 


aM^)^  S  e  E",T 


co  —  comn  +  iO 


-(1  -  e  W™IT) 


m,  ft 


i£s  ~  Wr 


(1  -  e"t,,*»"/T) 


(91.15) 

(91.16) 


Here  the  xwm  are  the  matrix  elements  of  the  Schrodinger  operator  x  with  respect  to 
the  stationary  states  of  the  system,  and  co,nn  =  Em  -  E„.  Comparison  of  the  two 
expressions  shows  that 

«„(£)  =  a(i£s),  £s>0.  (91.17) 

Since  the  generalized  susceptibility  a  (to)  is  real  on  the  positive  half  of  the 
imaginary  co-axis,  the  function  aM(£s)  is  real  when  >  0.  It  is  seen  from  (91.16) 
that  aM(-^)  —  «j?K£s).  Thus  aM((j)  is  a  real  even  function  of  £s,  expressed  in  terms 
of  a(co)  by 


«M(£*)  =  a(i|k|).  (91.18) 

This  gives  the  required  relation.  To  determine  a(co),  we  must  construct  a 
function  that  is  analytic  in  the  upper  half  of  the  co-plane,  whose  values  at  discrete 
points  co  =  i£s  on  the  positive  half  of  the  imaginary  axis  are  equal  to  aM(^s);  this 
will  give  the  required  generalized  susceptibility. 

In  the  next  chapter,  the  above  method  will  be  applied  to  the  transport  properties 
of  superconductors. 

To  conclude,  we  shall  show  that  from  a(co)  we  can  find  the  relaxation  formula 
for  the  quantity  x  reaching  its  equilibrium  value  x  =  0.  To  do  so,  we  shall  suppose 
that  the  initial  non-equilibrium  value  of  x  is  produced  by  a  generalized  force  f(t) 
acting  when  t  <0  but  not  thereafter.  The  value  of  x(f)  at  a  time  l  is  determined  by 
the  values  of  /  throughout  the  preceding  time: 

X(0  =  f  a(t  -  (■)/«')  dr', 

the  function  a(f)  being  related  to  the  generalized  susceptibility  by  the  inverse 
Fourier  transformation 


a(t)  =  J  a(w)£"”' do)/2ir; 
cf.  SP  1,  §  123.  If  /  =  0  when  t  >  0,  then 

x(f)=  fa(t-t')f(t')  dt' 


The  behaviour  of  x(t)  for  large  f  is  determined  by  the  asymptotic  form  of  a(t)  as 
I  ~»cc.  The  latter  in  turn  is  determined  by  the  singularity  of  ot(co)  that  is  in  the  lower 
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half-plane  and  closest  to  the  real  axis.  In  particular,  the  relaxation  of  x  by  a  simple 
exponential  law  x  x  e~th  with  relaxation  time  t  corresponds  to  a  simple  pole  of 
a(co)  at  co  =  —  If t. 


§92.  Green’s  functions  for  a  non-equilibrium  system 


Problems  in  physical  kinetics  always  involve  the  consideration  of  non-equili¬ 
brium  states.  Nevertheless,  the  application  of  the  method  described  in  § 9 i  allows, 
in  some  cases,  the  calculation  of  kinetic  quantities  to  be  reduced  to  that  of  Green’s 
functions  for  systems  in  thermodynamic  equilibrium,  and  this  shows  the  possibility 
of  using  a  diagram  technique  (e.g.  the  Matsubara)  which  is  essentially  -.pplicable  to 
equilibrium  states.  Of  course,  this  possibility  is  always  limited  to  physical  problems 
relating  to  states  not  far  from  equilibrium. 

We  will  now  proceed  to  set  up  a  diagram  technique  that  is  in  principle  suitable 
for  calculating  the  Green’s  functions  of  systems  in  any  non-equilibrium  states.  The 
equations  then  obtained  for  the  Green’s  functions  are  similar  to  the  transport 
equations  as  regards  their  significance.  As  applied  to  equilibrium  systems,  however, 
the  same  technique  makes  it  possible  to  obtain  the  Green’s  functions  and  the 
generalized  susceptibilities  (at  non-zero  temperatures)  as  functions  of  continuous 
real  frequencies  directly,  without  any  need  for  analytical  continuation;  for  this 
reason  it  may  prove,  in  complex  cases,  more  useful  than  the  Matsubara  technique. t 
Green’s  function  for  a  non-equilibrium  system  is  defined  in  the  same  way  as  in 
the  equilibrium  case; 

iG^fX,,  X2)  =  (nlT^CXd^.U^ln) 

=  f  < n | 'T „, ( X i ) 'l,‘ ^,(X2)  j rt ) ,  r,  >  f2;l  (q?  n 

^(nl^^X^CXdln),  t,  <  uj  w'l} 


The  only  difference  is  that  the  averaging  (denoted  by  (ri| . . .  |n))  is  now  taken  over 
any  quantum  state  of  the  system,  and  not  necessarily  over  the  stationary  state  as  in 
the  equilibrium  case.t  The  upper  sign  here  and  below  refers  to  Fermi  statistics,  and 
the  lower  sign  to  Bose  statistics;  in  the  latter  case  (for  a  system  of  spinless 

f  lia  tMiffivAi?  /T.  rr.  mil  C'i  nf  /‘•nllrra  Via  In  ftlio 
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statistics  it  is  assumed  that  there  is  no  condensation,  i.e.  that  the  systems  con¬ 
cerned  either  do  not  have  a  conserved  number  of  particles  (phonons  or  photons),  or 
are  at  temperatures  above  the  point  at  which  condensation  begins.  In  an  in¬ 
homogeneous  non-equilibrium  system,  the  function  (92.1)  depends  on  the  pairs  of 


‘■'This  technique  is  due  to  L.  V,  Keldysh  (1964),  In  some  respects  it  resembles  that  developed  by  R. 
Mills  (1962)  for  equilibrium  states. 

tThc  definition  of  G  in  SP  2,  §36,  for  an  equilibrium  system  with  T  0  also  involved  averaging  over 
the  Gibbs  distribution.  Lei  us  here  mention  once  more  that,  according  to  the  fundamental  principles  of 
statistical  physics,  the  result  of  a  statistical  averaging  for  an  equilibrium  system  is  independent  of 
whether  it  is  carried  out  with  respect  to  the  exact  wave  function  of  the  stationary  state  of  a  closed 
system  or  by  means  of  the  Gibbs  distribution  for  a  system  in  a  “thermostat”.  The  only  difference  is  that 
in  the  first  case  the  result  of  the  averaging  is  expressed  in  terms  of  lhe  energy  and  number  of  particles  in 
the  system,  and  in  the  second  case  in  terms  of  lhe  temperature  and  the  chemical  potential. 


396 


The  Diagram  Technique  for  Non-equilibrium  Systems 


variables  X|  =  (f,,  ri)  and  X2-(t2t  r2)  separately,  and  not  only  on  their  difference 
X|  —  X2  as  in  the  equilibrium  case. 

The  diagram  technique  should  enable  us  to  express  the  Green’s  function  of  a 
system  of  interacting  particles  in  terms  of  the  functions  for  an  ideal  gas.  There  is, 
however,  a  necessity  to  introduce  other  functions  besides  G.  In  order  not  to 
interrupt  the  subsequent  analysis,  the  definitions  and  some  properties  of  these 
functions  will  now  be  given. 

For  reasons  which  will  appear  in  §93,  it  is  appropriate  to  denote  the  function 
(92.1)  by  G“~:  thus  we  write  this  definition  in  the  formt 

iG12-  =  (T^,%+) 

('W), 

The  definition 

tG|2+  =  (T^VlV) 

l  0W+>, 

differs  from  (92.2)  in  that  T  is  replaced  by  T,  which  signifies  that  the  operator 
factors  are  arranged  in  the  reverse  of  chronological  order,  with  decreasing  time 
from  right  to  left. 

Two  further  functions  are  defined  as  the  mean  values  of  the  products  of 
T^-operators  not  in  chronological  order: 

iG  h  =  OM'2  f>,  ic  n  =  +  (92.4) 

The  difference  in  the  signs  in  these  definitions  for  Fermi  systems  is  due  to  the 
general  rule  that  there  must  be  a  change  of  sign  when  T'-operators  are  inter¬ 
changed. 

The  second  function  (92.4)  with  t|  =  f2=  t  is  the  same  as  the  one-particle  density 
matrix;  written  in  full, 

+  iG~+(f,  r,;  f,  r2)  =  Np(t,  r,,  r2)  (92,5) 

(cf.  SP  2  (7.17),  (31.4)).  Here  it  does  not  matter  from  which  side  t2  tends  to  the  limit 
fi,  since  G ~+  is  continuous  when  f2  =  1 1,  The  value  of  iG+~  with  =  t2  is  related  to 
that  of  iG  +  by 


tl  >  ^2  ^  ) 
t,<t2.) 


ti  >  t?;  j 
t,<t2) 


(92.2) 


(92.3) 


i{G+  (t,  r,;  t,  r2)- G  +(f,  r,;  r,  r2)}  =  S(n  -  r2),  (92.6) 

which  follows  from  the  commutation  rule  for  Fermi  or  Bose  T'-operators. 

"■To  lighten  the  notation,  we  shall  regard  the  spin  suffixes  as  included  in  the  variables  X  —  (t,  r,  c). 
Where  no  misunderstanding  is  possible,  we  shall  also  simplify  by  using  suffixes  to  represent  the 
arguments  X:  'I'i  =  ^(Xi),  Gi;  =  G(Xi,  X;).etc,  Lastly,  the  averaging  will  be  denoted  by  {, . ,)  simply,  not  by 
<n| , . ,  |n). 
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The  four  G  functions  thus  defined  are  not  independent.  They  are  linearly  related 
in  a  way  that  is  obvious  from  their  definitions: 

G  +  G++  =  G~"  +  G+'  (92.7) 

The  functions  G'~  and  G++  are  also  connected  by  the  relation  of  “anti-Hermitian 
conjugacy"  when  their  arguments  are  interchanged: 


GW 


The  functions  G  4  and  G  *  are  themselves  anti-flermitian: 


(92.8) 


y'l - 1 

Cr  |2 


tJ2l 


U,V  =  “U21"* 


(92.9) 


The  relation  between  these  functions  and  the  retarded  or  advanced  Green’s 
functions  will  be  important  in  the  following  discussions.  These  latter  functions  are 
defined  similarly  to  those  in  the  equilibrium  case  (cf.  SP  2,  §36): 


0, 


;g?2  =  ( 


0,  fl>f2. 

-(^,^2+±^2+^l),  fl<f2- 


These  two  are  Hermitian  conjugates: 


G,A2=Gf,*. 


(92.10) 


(92.11) 


Direct  comparison  of  the  definitions  (92.2)-(92.4)  and  (92.10)  gives 


gr  =  g"-g~+  =  g+--g++,] 
ga  =  g  -g+  =  G'*-G++J 


(92.12) 


In  the  steady  state  with  spatial  homogeneity,  when  all  functions  depend  only  on 
the  differences  t  =  b  -  f2  and  r  =  ri~r2,  they  can  be  Fourier-expanded  with  respect 
to  these  variables.  From  (92.8)  and  (92.11)  the  Fourier  components  satisfy  the 
equations 


G  (w,  p)  =  —  [G++(a>,  p)]*,  GA(w,  p)  =  [Gr(co,  p)]*,  (92.13) 

and  it  follows  from  (92.9)  that  the  Fourier  components  G*  (<w,  p)  and  G~^(co,  p)  are 
imaginary. 

For  a  system  of  non-interacting  particles  the  function  G"  satisfies  the  equation 

Go/Gl?—  =  8(X,  -  X2),  (92. 14) 
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where  G,f 1  denotes  the  differential  operator 


.  a 


A 


ar 


at  2m 


(92.15) 


e(p)  =  p2/2ru,  and 


S(X|-  X2)  =  S^2S(f,-  f2)S(r|-r2);  (92.16) 

the  superscript  (0)  to  G  indicates  that  this  function  pertains  to  an  ideal  gas,  and  the 
suffix  1  to  Go-1  indicates  that  the  differentiation  is  with  respect  to  the  variables  f, 
and  r|.  The  delta  function  on  the  right  of  (92.14)  arises  from  the  discontinuity  of  the 
function  G~~  at  f|  =  t2.f  The  functions  GR  and  GA  have  a  similar  discontinuity,  and 
therefore  G(0)R  and  Gf0U  satisfy  a  similar  equation.  The  function  G++  has  a 
discontinuity  of  the  opposite  sign  at  t i  —  f2,  and  therefore 

Goi'G  p)++  =  -  fi(X|-  X2),  (92.17) 

Lastly,  the  functions  G+”  and  G~+  are  continuous  at  ti  =  r2,  and  so,  for  an  ideal  gas, 
they  satisfy  the  equations^ 


GolGT  =0,  Gj'G  i?'+  =  0.  (92.18) 

We  shall  calculate  all  G  functions  for  a  stationary  homogeneous  state  of  an  ideal 
gas,  with  some  (not  necessarily  the  equilibrium)  momentum  distribution  np  of  the 
particles.  To  simplify  the  formulae,  we  shall  suppose  that  this  distribution  is 
independent  bf  the  spin.  The  spin  dependence  of  the  G  functions  (in  Fermi 
statistics)  then  separates  as  a  factor  S(ri„2,  and  we  shall  omit  this  factor  together 
with  the  spin  suffixes. 

The  T'-operators  for  an  ideal  gas  are  written  as  ordinary  expansions 

❖o(f,  r)  =  2  exp{i [p  .  r  -  e(p)f  +  /xf]},  (92. 19) 

and  similarly  for  TV;  see  SP  2  (9-3).  When  these  expressions  are  substituted  in  the 
definitions  of  the  G  functions,  it  must  be  remembered  that  the  only  non-zero 
diagonal  matrix  elements  are  those  of  products  of  particle  annihilation  and  creation 
operators  with  the  same  p: 


(Up+op)  =  np,  (dpUp+)  =  1  ■+-  ftp, 

tSee  SP  2,  §9.  The  derivation  given  there  does  not  depend  on  the  assumed  averaging  over  the  ground 
state  of  the  system,  and  remains  valid  for  averaging  over  any  quantum  state, 
tlf  the  differentiation  is  with  respect  to  the  second,  not  the  first,  variables  in  the  G  functions,  the  sign 
of  id/ di  must  be  changed,  i.e.  the  operator  Gm1  must  be  replaced  by  Gn;1*: 

G o'*GT  =  S(X,  ~  Xih  (92,14a) 


and  so  on. 


§92 


(  n’s  Functions  for  a  Non- equilibrium  System 


399 


Thus  we  find,  for  example, 

Gl0)_+(f,  r)  =  ±~  Jttp  exp{ip  .  r  —  ie(p)f  +  i/xf} 
where  t  =  f|  —  f2,  r  =  ri  —  r2.  With  an  identical  transformation  of  this  expression  into 

G,0)~+(f,  r)  =  ±  27ti  J  ttp  expfip  .  r  —  iwf)S(co  —  e  +  /x)  dco  d3p/(27r)4, 
we  see  that 

C^'V  p)  =  ±  2mnp8(<o  -  e  +  fi).  (92.20) 

Similarly, 

G(0)+’'(co,  p)  =  “  27ri(l  =F  np)S(o)  —  e  +  /x).  (92,21) 

To  calculate  GR,  it  is  most  convenient  to  start  directly  from  the  equation 

[i  jj- e(-iV)  +  p.]cl0)R(t,  r)  =  S(t)S( r), 

solve  it  by  the  Fourier  method,  and  use  the  fact  that  GR(co,  p)  cannot  have  a  73 
singularity  in  the  upper  half  of  the  w-plane.  This  gives  immediately 

G<°)R( co,  p)  =  [w  -  e(p)  +  \i  +  iO]-1;  (92,22) 

the  function  Gf0)A(w,  p)  is  found  from  this,  in  accordance  with  (92,13),  by  simply 
taking  the  complex  conjugate. 

Lastly,  (92,12)  then  gives 

Gi0}~  (co,  p)  =  [co  -  e(p)  +  p.  +  iO]"1  ±  277inpS(co  -  €  +  p) 

~  p  co  -  \  +  p  +  2np  ~  Ufi(to  ~  e  +  p),  (92.23) 

Note  that  (92,22)  is  independent  of  the  properties  of  the  state  (i.e,  of  the 
distribution  np)  over  which  the  averaging  is  carried  out.  This  property  of  GWR  (and  of 
G(0)A)  is  not  in  fact  dependent  on  the  homogeneity  and  stationarity  of  the  state  of 
the  system,  which  were  assumed  in  the  derivation  of  (92.22):  the  function 
G(0,P(X,,  X2)  is  necessarily  dependent  only  on  the  difference  X,  —  X2. 

For  an  equilibrium  system,  np  in  (92,21)— (92.23)  is  to  be  taken  as  the  Fermi  or 
Bose  distribution  function.  The  G  functions  are  then  expressed  in  terms  of  T  and 
p;  this  achieves  the  change  from  averaging  over  a  given  stationary  quantum  state 
to  averaging  over  the  Gibbs  distribution. 
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PROBLEM 


Find  Green's  functions  for  a  homogeneous  stationary  state  of  a  phonon  gas  in  a  liquid. 

Solution.  Similarly  to  the  definitions  (92,4),  we  have  for  the  phonon  field 

iOn  =<pJp5).i,D,i  =  <pipl),  (!) 

where  p’  =  p”  is  the  operator  of  the  variable  part  of  the  density  of  the  medium.  Since  this  operator  is 
self-conjugate,  the  functions  (!)  are  related  by 


Du  =  D; i  . 

and  they  of  course  again  have  the  property  (92,9), 

For  a  gas  of  non-interacting  phonons  (sec  SP  2  (24,10)), 


=  =  5  ',k  '  *'). 


(2) 


(3) 


where  /)n  is  the  unperturbed  density  and  u  the  speed  of  sound.  Substituting  (3)  in  1 1)  and  changing  from 
summation  to  integration,  we  have 

iDm  **" 

+  «Sc.>  M-r 

(Z7T) 

or,  replacing  the  variable  of  integration  k  by  -k  in  the  second  term  and  expressing  the  mean  values  in 
terms  of  the  occupation  numbers  Nv  of  the  phonon  stales, 

iD101  ‘(i,r>=  ,“l,  +  (!-rlV 

J  2 u  (2ir) 

The  integrand  (without  the  factor  e,lt,r)  is  the  Fourier  component  with  respect  to  the  coordinates, 
Fxpansion  with  respect  to  time,  also,  gives 


iL/ni+~(o>,  k)  =  ~  TTpokiNkS(to  -  uk)  +  (i  +  N  k)5(w  +  ok)}. 


For  the  function  DI0>*  we  have,  according  to  (2), 

Dl0,’~(&>,  k)  =  DI0)' *(-&),  -k). 
Two  further  Green’s  functions  are  defined  by 


(4) 


(5) 


iD,;  =(Tpip2'),  iDi/=<Tpip2'),  (6) 

with 

Dr2=D2f,  DU  =  DiL  (7) 

For  non-interacting  phonons,  a  similar  calculation  gives  (cf.  SP  2.  §31,  Problem) 

D,0)  (w,  k)  =  -IDiai^(w,  k)R 


^pok  rr _ 

2  u  ( [_tt) 


1 


uk  +  iO  co  +  uk 


3-7^  —  27ri[iVkfi(a>  —  uk)  +  N  k6(w  4-  uk)lj. 


(8) 


In  accordance  with  (7),  DIor~~(tt),  k)  =  DI0,_'(— w,  — k). 

It  follows  from  (8)  that  in  the  coordinate  representation  the  function  Dm ~(f,  r)  satisfies  the  equation 


(f,r)  =  po«<OA6(r), 


(9) 


which  replaces  (92.14)  for  the  Green’s  functions  of  ordinary  particles. 


§93.  The  diagram  technique  for  non-equilibrium  systems 


The  whole  of  the  diagram  technique  is  based  on  separating  in  the  Hamiltonian  of 
the  system  the  interaction  operator:  H  =  H0+  V,  where  H0  is  the  Hamiltonian  for  a 
system  of  non-interacting  particles.  The  diagram  technique  is  a  perturbation  theory 
with  respect  to  V. 

For  a  non-equilibrium  system,  the  technique  is  constructed  in  the  same  way  as  in 
the  equilibrium  case  with  T  =  O.t  The  Green’s  function  G=G~  is  expressed  in 
terms  of  the  'F-operators  in  the  interaction  representation  fi.e.  for  an  ideal  gas)  by 

iGl2-  =  <S-|T['i'01'i'u-,S]),  (93.1) 

where 

S  =  S(°°,  — *)  =  T exp^-i  f  V„0 )*),  (93.2) 


and  Vrfr)  is  the  operator  V  in  the  interaction  representation.  The  averaging  in  (93.1) 
is  over  some  state  of  the  system  of  non-i  iteracting  particles.  It  will  be  convenient 

(rt  neenmo  tbic  )C  a  Kt;»tinnar\J  hnmnopnpnnc  bi  1 1  nr*t  (Vio  nmimH  ct-jito-  uw 
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shall  see  later  that  the  initial  state  can  be  eliminated,  and  the  theory  formulated  so 
that  the  equations  are  independent  of  it.  There  is  a  difference  here  from  the  case 
T  =  0,  where  the  averaging  is  over  the  ground  state.  This  difference  is  very 
important:  the  averaging  is  over  the  ground  state.  This  difference  is  very  important: 
the  averaging  of  the  operator  S_l  cannot  be  separated  from  that  of  the  other  factors 
as  in  the  derivation  of  SP  2  ( 12. 1 4)  from  (12.12),  because  a  non-ground  state  is  not 
transformed  into  itself  by  the  operator  S“‘,  but  into  a  superposition  of  other  excited 
states,  which  may  be  intuitively  regarded  as  the  result  of  all  possible  processes  of 
mutual  scattering  of  quasi-particles. t 

The  expression  (93.1)  is  to  be  expanded  in  powers  of  V.  It  is  convenient  first  to 
transform  S  l ,  using  the  unitarity  of  S  and  the  fact  that  the  operator  V  is 
Hermitian: 


S''  =  S*  =  T  expfi  j  V(t)dt); 


(93.3) 


the  symbol  T,  which  denotes  anti-chronological  ordering,  has  been  defined  in  §  92. 

Expanding  S  and  in  series  and  substituting  in  (93.1),  we  obtain  a  sum  of 
various  terms,  in  each  of  which  an  averaging  is  to  be  performed  by  means  of 
Wick’s  theorem,  and  a  diagram  is  associated  with  each  way  of  contracting  the 
^-operators  in  pairs. § 


tThe  following  discussion  is  essentially  based  on  that  in  SP  2,  §§  12  and  13. 

tFor  the  same  reason,  the  diagram  technique  given  in  SP  2,  §§  12  and  13,  is  not  in  general  applicable, 
even  when  T=0,  for  the  case  where  alternating  external  fields  are  present  (i.e.  when  V  depends 
explicitly  on  the  time  even  in  the  Schrodinger  representation):  the  alternating  fields  excite  the  giuund 
state  of  the  system.  It  must  be  emphasized,  however,  that  the  technique  described  here  is  valid  even 
when  an  alternating  field  is  present, 

§In  the  macroscopic  limit,  the  validity  of  Wick’s  theorem  does  not  depend  on  the  homogeneous 
stationary  state  over  which  the  averaging  is  carried  out;  see  SP  2,  §  13,  end. 
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First  of  all,  as  in  the  “ordinary”  diagram  technique  with  X  =  0,  only  the 
connected  diagrams  (not  containing  separate  vacuum  loops)  need  be  considered. 
The  vacuum  loops  cancel  out,  as  is  easily  seen  by  examining  the  first  few  diagrams, 
which  show  the  general  principle  involved. 

If  all  the  contractions  that  yield  a  connected  diagram  are  made  in  the  factor 
T'I'i'I'2  S  in  (93.1),  we  obtain  terms  represented  by  the  ordinary  diagrams  described 
in  SP  2,  §13,  though  of  course  with  a  different  specific  form  for  the  functions 
corresponding  to  the  continuous  lines.  These  are  diagrams  in  the  coordinate 
representation;  the  change  to  the  momentum  representation  is  unsuitable  for 
non-equilibrium  states  (when  the  G  functions  depend  on  the  variables  Xx  and  X2 
separately).  Other  terms  arise  from  contractions  involving  also  '{'-operators  from 
S~‘  =  SL  In  each  order  of  perturbation  theory,  they  are  obtained  from  the  ordinary 
terms  on  replacing  any  factor  V  from  S  by  a  factor  from  S'.  Such  terms  are 
represented  by  diagrams  of  the  same  graphical  form  but  with  a  somewhat  different 
rule  for  reading  them.  The  changes  result  from  three  causes;  (1)  in  S+  the 
interaction  operators  appear  as  +  iV,  not  —iV  as  in  S;  (2)  all  the  'F-operators  in  S+ 
are  always  to  the  left  of  the  operators  in  the  product  (3)  within  the  factor 

S+,  the  operators  are  ordered  as  a  f  (not  T)  product. 

Let  us  now  consider  how  these  changes  affect  the  construction  of  the  diagram 
technique  in  the  simple  case  of  a  system  of  particles  (fermions,  say)  in  an  external 
field  U (f,  r)  =  U(X). 

The  first-order  terms  in  the  expansion  of  the  expression  (93.1)  are 


(T^,^2+(-i  f  %+U,V,  d4X j))  +  (fi  [  4',+  d4X,.T'iri'Iv). 


The  second  term  in  this  sum  is  characteristic  of  the  situation  in  question;  on 
averaging  over  the  ground  state,  only  the  first  term  would  have  to  be  considered.  In 
the  first  term,  all  four  '{'-operators  are  in  the  T  product;  their  contractions  in  pairs 
according  to 

i - 1 

TpW*3V3T3)  (93.4) 

i _ i 


give  factors  G*?  and  G™’  L  In  the  second  term,  the  '{'-operators  contracted  are 
not  mutually  ordered  by  T  or  T: 

i  i 

(93.5) 


their  contractions  give  factors  G$+“  and  +iU3  replaces  ~iU3. 

The  graphical  elements  differ  from  those  occurring  in  the  ordinary  diagram 
technique  by  having  additional  symbols  +  or  -  at  the  ends  of  the  lines.  Broken 
lines  with  +  or  -  at  one  end  (a  vertex  of  the  diagram)  denote  factors  +it/(X)  or 
-iU(X): 


+ 


i  :rr/v\ 

r  vyw. 


*  w  r  /  nr\ 


/m  /  \ 


yyj.vj 
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(cf.  SP  2,  §  19),  Continuous  lines  with  +  or  —  at  each  end  are  associated  with  th  p  various 
G  functions: 


2- 


-tG 


(01 

■2 


=  >c 


(0)  +  - 


1  + 


2  + 


=  iG\ 


~  /<?, 


(Ol 

12 


(93.7) 


The  numbers  at  the  ends  of  the  lines  show  the  arguments  of  the  functions  (the 
variables  X,  and  X2). 

The  two  terms  (93.4)  and  (93.5)  are  then  represented  by  the  diagrams 


(93.8) 


The  two  outer  ends  of  the  continuous  lines  are  marked  — ,  these  being  corrections 
to  the  functions  G".  Integration  is  implied  with  respect  to  the  variables  cor¬ 
responding  to  the  vertex  of  the  diagram.!  In  analytical  form, 

iG\V-  =  J  {iGa~~iG&"(—iU})  +  i Gfl-iGfl-iU,}  d4X,.  (93.9) 


In  the  next  (second)  order  of  perturbation  theory,  the  correction  to  the  functions 
G  is  given  by  four  diagrams: 


(the  numerals  are  omitted).  The  signs  +  or  —  at  each  vertex  of  the  diagram  relate  to 


tii  o  n f  o  II  *u  woo  nf  tlio  laridc  tlvjl  m^pt  tViPfp 
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Similarly,  the  correction  terms  in  the  other  G  functions  are  represented  by 
diagrams  with  other  signs  at  the  two  outer  ends  of  the  continuous  lines.  For 
example,  in  the  first  order  the  function  G  +  has  two  diagrams: 


+More  precisely,  integration  over  d I  d3x  and  summation  over  a  pair  of  like  spin  suffixes.  The  latter  will 
be  regarded  here  as  included  in  the  integration  over  d4X. 
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Thus  the  diagrams  in  the  Keldysh  technique  are  obtained  from  those  in  the 
ordinary  technique  by  assigning  additional  indices  +  or  —  in  all  possible  ways  to 
their  vertices  and  free  ends.  This  rule  remains  valid  in  the  diagram  technique  for 
other  types  of  interaction. 

For  a  system  with  a  pair  interaction  between  particles,  in  the  ordinary  diagram 
technique  the  interaction  potential  of  two  particles  is  associated  with  an  internal 
broken  line.  We  now  assign  to  the  ends  of  such  a  line  a  further  pair  of  like  signs  + 
or 

2+  =  i U(Xt  -  X2)  =  i8(f,  -  h)  U (r,  -  r2). 


1  + 


1-  2—  =  — iU(X,— X2). 


/■m 

i i-) 


For  example,  the  first-order  correction  to  the  functions  G  for  a  system  with  pair 
interaction  is  represented  by  a  sum  of  four  diagrams; 


o 

■  r 


/  \ 
-  -U _ 


r.  \ 


Q 


(93.13) 


instead  of  the  two  diagrams  SP  2  (13. 13)  in  the  ordinary  technique.  The  continuous 
line  forming  a  closed  loop  is  again  associated  with  a  factor  N0(/x,  T)  (the  ideal  gas 
density)  for  either  sign  of  the  vertex. 

It  t'  KiJ/in  montirifWJ  H  tlT,t  tn^  li  ol  ( ! i 1 1 li  fli-mr-jm  tnr'linmnn  ic  ‘inn  l.V-.Kh, 

■  i.  uuj  uii  cuu  j  uvvu  liivmnvwvv  mui  uiy^  ivviuj  an  vu um  i-vvimi  vjuu  j  j  «.»  p  j/n  vm uiv 

also  to  equilibrium  systems  with  T ^  0.  Let  u.s  suppose  that  there  is  no  external 
field,  and  change  from  the  coordinate  to  the  momentum  representation,  expanding 
all  G  functions  as  Fourier  integrals.  Then  each  line  in  the  diagrams  is,  as  usual, 
assigned  a  definite  4-momentum,  and  the  functions  U(Q)  and  G(0)(P)  in  the 
momentum  representation  are  associated  with  these  lines  by  the  same  rules. 

When  T  -  0,  the  Fermi  distribution  function  is  1 

ftp  =  1  for  p  <  pF, 

=  0  for  p  >  pF. 

Hence,  from  (92.20)  and  (92.21),  we  have  for  a  Fermi  system  with  T  =  0 
G‘°>-+(P)  =  o  for  p>pF,  G,,I|+(P)  =  0  for  p<pF, 


and  all  the  diagrams  for  G  that  contain  “plus”  vertices  are  identically  zero.  Thus 
the  Keldysh  diagram  technique,  as  applied  to  equilibrium  systems,  becomes  the 
ordinary  diagram  technique  directly  when  T  =  0,  unlike  the  Matsubara  technique. 


§94.  Seif-energy  functions 

Like  any  “reasonable”  diagram  technique,  the  Keldysh  technique  allows  the 
diagrams  to  be  summed  in  “blocks”.  The  most  important  of  these  are  the  self¬ 
energy  functions. 


i 
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This  concept  arises  (SP  2,  §  14)  in  considering  Green’s  function  diagrams  that 
cannot  be  divided  into  two  parts  joined  only  by  one  continuous  line.  We  can 
separate  the  factors  i‘G^0,  corresponding  to  the  two  end  lines  of  such  a  diagram  and 
express  it  (in  the  coordinate  representation  as  a  function  of  the  two  arguments  Xx 
and  X2)  in  the  form 


[  i GT,(-  ilu)iGj"  daX j  daX,. 

The  function  -  i2i4,  which  stands  for  the  whole  of  the  inner  part  of  the  diagram,  is 
called  a  self -energy  function.  The  exact  self-energy  function,  denoted  by  —  i‘2,  is  the 
sum  of  all  possible  diagrams  of  this  type.  In  accordance  with  the  fact  that  in  this 
technique  each  vertex  in  the  diagram  has  to  be  given  the  sign  +  or  there  are  four 
exact  self-energy  functions,  corresponding  to  the  signs  of  their  “exit”  and  “entry” 
vertices:  they  are  denoted  by  2  T  2  *  and  2f  . 

The  exact  G  functions  are  expressed  in  terms  of  the  exact  2  functions  by 
identities  which  may  be  written  graphically  for  G  as 


(94.1) 

and  similarly  for  the  other  functions;  the  thick  lines  are  exact  G  functions  and  the 
ovals  2  functions  (cf.  SP  2  (14.4)).  In  analytical  form. 

G7f  =  G?r  +  J  {G'lT  277  G«  +  G‘S'^»Gh 

+  Gi‘r*X4VG,V  +  Gft’-'Sw  CsY}  daX 3  daX,  (94.2) 

with  three  more  equations  for  the  other  G  functions. 

These  equations  may  be  compactly  written  by  means  of  the  matrices 


Then  the  four  equations  such  as  (94.2)  can  be  written  jointly  as  one  matrix  equation 

G,2  =  Gi?  +  J  G(S?.»G,2  d'X,  (94.4) 

the  factors  in  the  integrand  being  combined  by  the  rule  of  matrix  multiplication. 

The  equations  (92. 14)— (92. 18)  satisfied  by  the  ideal-gas  G  functions  are  similarly 
written  jointly  as 


GolGW^azSiXt-Xd, 


(94.5) 


K  * 
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wheret 


crz 


Let  us  now  return  to  (94.4)  and  apply  the  operator  Go/  to  each  side.  Using  (94.5), 
we  obtain  a  set  of  four  integro-differential  equations  written  jointly  as  one  matrix 
equation: 

>  h 

Gc",,G,2  =  <t;S(X,-X2)  +  J  rr2£„G,2  d4X,.  (94.6) 


This  equation  may  be  written  in  an  equivalent  alternative  way,  by  noting  that  in  the 
diagram  form  (94.1)  the  thick  lines  may  just  as  well  be  on  the  left  instead  of  on  the 
right.  In  (94.2),  therefore,  the  factors  in  each  term  of  the  integrand  may  be  written 
in  the  order  G^^G??-  By  applying  the  operator  Go/*  (see  the  last  footnote  to  §  92) 
to  the  resulting  equations,  we  find 

Go2*Gi2  =  a ,S(X,  -  X2)  +  [  G„£j2( t,  d4Xy  (94.7) 


The  self-energy  functions  themselves  can  be  expressed  as  a  series  of  skeleton 
diagrams  whose  graphical  elements  are  thick  continuous  lines  corresponding  to 
exact  G  functions.  For  example,  in  a  system  of  particles  with  pair  interaction, 


+ 


(94.8) 


L - i  + 


+ 


+ 

7  +  ■  ■ 


(94.9) 


and  similarly  for  2++  and  2+_;  the  further  terms  of  the  series, contain  diagrams  with 
a  larger  number  of  broken  lines.!  Thus  the  equation  (94.4)  or  (94.7)  constitutes  a 
complete  (though  very  complicated)  set  of  equations  for  the  exact  G  functions. 

Equations  (94.6)  do  not  involve  the  functions  G<0)  which  depend  on  the  choice  of 
the  “zero”  state  of  a  system  of  non-interacting  particles.  Thus  there  is  no  depend- 


tThe  symbol  o-7l  taken  from  the  standard  notation  for  the  Pauli  matrices,  has  of  course  no  reference  to 
spin  here. 

fCf.  SP  2  (14.9),  (14.10);  all  the  diagrams  of  the  first  or  second  order  listed  there  are  among  the 
skeleton  diagrams  (94.8). 
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ence  on  that  choice.!  But  the  occurrence  of  differential  operators  in  the  equations 
makes  their  solutions  indefinite.  This  is  manifested  by  the  presence  of  the  functions 
G(0)  in  the  integral  equations  (94.4). 

The  set  of  equations  (94.6)  has,  however,  the  disadvantage  that  it  does  not 
explicitly  take  account  of  the  linear  dependence  of  the  G  functions  shown  by 
(92.7).  To  avoid  this  disadvantage  we  must  make  a  linear  transformation  of  the 
matrix  G  in  such  a  way  that  we  can  use  (92.7)  to  reduce  one  of  its  elements  to  zero. 
This  is  done  by  means  of  the  formula 


G’  -  R~lGR, 


where 


It  is  easily  seen  that  the  transformed  matrix  is 


(94.10) 


(94. 1 1) 


where 


F  —  G++  +  G”  =  G+  +  C~\  (94. 12) 

When  the  matrices  Gf0’  and  2  are  transformed  in  this  way,  equation  (94.4)  remains 
invariant. 

The  transformed  matrix  2  is 

/  O  yR\ 

2'=R-'SR  =  ^a  0j,  (94.13) 

with  the  notation 

n  =  5T-  +  2+\  +  +  (94.14) 

This  may  be  proved  by  direct  calculation,  using  the  equation 

£++  +  2""  =  -(2+"  +  S“+),  (94.15) 

which  follows  from  (92.7)  and  is  easily  derived  by  equating  to  zero  the  expression 
Go/(0“+  G++  —  G~+  —  G+~)  formed  by  means  of  equations  (94.6). 


tAn  important  comment  is  needed  here.  When  there  is  no  external  field,  the  functions  Go  depend  only 
on  the  difference  Xi“X2,  and  the  functions  G  given  by  a  series  expansion  in  terms  of  the  Go  would 
have  this  property  also.  After  the  elimination  of  Go.  however,  we  can  also  consider  solutions  of  (94.6) 
that  depend  on  Xi  and  Xi  separately. 


Now  expanding  the  transformed  matrix  equation  (94.4),  we  obtain  three  equa¬ 
tions.  One  of  them  is 

Cf2  =  G$A  +  J  G‘| d4X,  d4X,.  (94. 16) 

The  corresponding  equation  for  GR  gives  nothing  new,  since  it  is  simply  the 
Hermitian  conjugate  of  (94.16).  That  equation,  although  it  contains  the  function 
G,0,A  pertaining  to  an  ideal  gas,  does  not  depend  on  the  “zero”  state,  since  G*0,A 
does  not  do  so,  as  noted  in  §92. 

Lastly,  the  third  equation  derived  from  (94.4),  for  the  function  F,  contains  terms 
involving  the  function  Fi0\  which  does  depend  on  the  “zero”  state-  These, 

A  -  A  „ 

however,  are  reduced  to  zero  by  the  differential  operator  Gw,  since  G0i  F‘ }  =  0.  The 
resulting  equation  is 

Go!  Fa  =  f  {flnGic  +  XbF,;}  d4X,.  (94. 17) 


Equations  (94.16)  and  (94. 17)  constitute  a  complete  description  in  principle  of  the 
behaviour  of  a  non-equilibrium  system.  The  second  of  them  is  an  integro-differen- 
tial  equation,  and  forms  a  generalization  of  the  Boltzmann  equation;  here  it  should 
be  remembered  that  by  (92.5)  and  (92.6)  the  functions  G  +  and  G  f  ,  and  therefore 
F,  are  directly  related  to  the  particle  distribution  function  in  the  system.  The 
solution  of  (94.17)  is  arbitrary  to  the  same  extent  as  that  of  the  transport  equation. 
However,  (94.16)  is  a  purely  integral  equation  and  therefore  brings  no  further 
arbitrariness  into  the  solution. 
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which  they  differ  in  general  from  the  ordinary  transport  equation;  they  contain  not 
one  but  two  time  variables,  1 1  and  G.  We  shall  show  in  §95  how  this  difference  is 
removed  in  the  quasi-classical  case. 


§95.  The  transport  equation  in  the  diagram  technique 

We  shall  use  a  simple  example  to  show  how  the  passage  is  made  from  equations 
of  the  type  (94.16),  (94.17)  to  the  ordinary  quasi-classical  transport  equation.  Let  us 
consider  a  slightly  non-ideal  Fermi  gas  at  temperatures  T  ~~  eF,  assuming  the 
quasi-classicality  conditions  to  be  satisfied:  the  time  intervals  t  and  distances  L  over 
which  all  quantities  vary  significantly  satisfy  the  inequalities 

t€F  >  1,  Lpp^l;  (95.1) 

cf.  §40.  Although  no  new  result  is  obtained  in  this  case,  of  course,  the  analysis  has 
some  instructive  features  that  will  be  useful  in  more  complicated  cases. 

The  quantized  transport  equation  must  determine  the  one-particle  density  matrix 
p(f,  ri,r2)-t  To  go  to  the  quasi-classical  case,  it  is  appropriate  to  use  the  mixed 

tAs  in  §40.  we  assume  that  the  electron  distribution  is  independent  of  the  spin,  and  omit  the  spin 
factor  from  p. 


coordinate-momentum  representation,  taking  a  Fourier  expansion  with  respect  to 
£  =  ri  —  r2  but  retaining  the  coordinate  dependence  on  r  =  5(n  +  r:).  Here  n  =  r  + 
r2  =  r  —  if,  so  that  the  Fourier  transform  is 

jf n(t.r,p)  =  J  +  (95.2) 

The  inverse  transform  is 

p(f,r,,r:)  =  j  Je,p"l"r:'n(f,!(ri+r:),p)r^.  (95.3) 

The  integration  of  n(t,  r,  p)  with  respect  to  the  coordinates  gives  the  particle 
momentum  distribution  function,  as  is  seen  from  the  expression  for  this  integral  in 
terms  of  the  original  density  matrix; 

Np  =  J  n(t,  r,  p)  d\x  =  X  j  e~ipJ,'~r-p{U  n,  r:)  d3Xi  d3x2.  (95,4) 

The  integration  with  respect  to  momenta  gives  the  coordinate  distribution,  i.e.  the 
spatial  number  density  of  particles,  as  we  again  see  from  the  expression  in  terms  of 
the  density  matrix: 


N  (f,  r)  =  n(f,  r.  p)  d3p  =  ,Vp(f,  r,  r). 


(95,5) 


The  function  n(f,  r,  p)  itself,  in  the  general  quantum  case,  cannot  be  regarded  as  the 
coordinate  and  momentum  distribution  function  simultaneously;  this  would  con¬ 
tradict  the  fundamental  principles  of  quantum  mechanics,  and  in  any  case  the 
function  n(f,  r,p)  defined  by  (95,2)  is  in  general  not  even  positive. 

The  function  n(f,  r,  p)  does,  however,  have  the  literal  sense  of  a  distribution 
function  in  the  quasi-classical  approximation.  To  see  this,  let  us  consider  the 
operator  of  some  physical  quantity  pertaining  to  an  individual  particle  and  depend¬ 
ing  on  r  and  p:  /  =  /(r,  p)  =  /(r,  — iV).t  By  definition  of  the  density  matrix,  the 
mean  value  of  f  is 


f  =  J  Uipd*  r,,  r2)]r,-r,=r  d3x. 


where  /i  acts  on  the  variable  r,.  We  substitute  p  in  the  form  (95.3),  and  use  the  fact 
that  with  the  conditions  (95.1)  n  is  a  more  slowly  varying  function  of  n  than  the 
factor  exp(ip .  ri).  It  is  therefore  sufficient  to  differentiate  only  the  latter,  which 


nmnnnic  In  thp  eharurp  — i\ 7, 


n.  The  exnression  for  f  then  be. comes 


/  =  jf  f  fir,  p)n(f,  r.  p)  d\ 


(95.6) 


tWe  shall  take  the  particular  case  where  all  the  operators  V  are  to  the  righl  of  r.  In  the  quasi-classical 
approximation,  this  is  not  an  important  poinl. 
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which  (since  /  is  arbitrary)  corresponds  exactly  to  the  definition  of  the  classical 
distribution  function. 

We  will  now  obtain  the  equations  for  the  Green’s  function  G_+(Xi,  X2)  which  is,  by 
(92.5),  most  closely  related  to  the  density  matrix.  We  use  for  this  function  the 
“four-dimensional”  mixed  representation 

G+(X,P)  =  f  eip=G-\X  +l2S,X  -ia)  d4Z,  (95.7) 

/ 

where  P  =  (w,  p),  X  =  (f,  r),  E  (fa  £),  t  =  +  h ),  &,=  t,  -  t2.  Then 

n(t,  r,  d)  =  -  i  f  G“+(X,  P)  dco/27r;  (95.8) 

j  r-U 

the  integration  over  dw/27r  is  equivalent  to  putting  f|  =  f2. 

After  these  preliminary  definitions,  let  us  derive  the  transport  equation.  We  take 
the  — H  component  of  equations  (94.6)  and  (94.7),  and  subtract  term  by  term: 

(G7,i*  -  C7i')G ;,*=-(  (2„G77  +  2,70(7  +  0,72(7  +  G7,"2«+)  d4X,.  (95.9) 

J 


The  operator  acting  on  the  function  Gi2+  on  the  left  is 


Go?*  — 


=  -tl±-Lv 


J 


Vat 


m 


We  now  take  Fourier  components  (95.7)  on  each  side  of  (95.9)  and  put  fj  =  t2  (or, 
equivalently,  integrate  over  doiflir).  Using  (95.8),  we  find  that  the  left-hand  side  of 
(95.9)  becomes 

dn  p  dn 
dt  m  dr * 


which  is  the  required  form  of  the  left-hand  side  of  the  transport  equation  for  the 
distribution  function  n(t,  r,  p).  The  right-hand  side  of  (95.9),  after  Fourier  trans¬ 
formation,  must  therefore  give  the  collision  integral  C(n). 

The  change  to  Fourier  components  on  the  right-hand  side  must  take  account  of 
the  quasi-classicality  conditions.  The  integral  in  (95.9)  is  a  sum  of  terms  of  the  form 

J  2(X„Xi)G(Xi,X2)d,Xi. 

We  express  the  factors  £  and  G  as  functions  of  the  differences  and  averages  of  the 
“4-coordinates”: 


[  S(X,  -  x„  i(x,  +  X,))G(X,  -  x2,  i(X, + x2))  <;4x„ 


§95 
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In  the  change  to  Fourier  components  with  respect  to  the  first  arguments,  the 
important  ranges  are  |rj  —  r3[,  [r3  —  r2|'-'-l/p  for  the  coordinate  differences,  and 
|t,-  f3|,  |f3-  t2|~  1/e  for  the  time  differences.  According  to  the  conditions  (95.1),  2 
and  G  as  functions  of  their  second  arguments  vary  only  slightly  in  these  ranges. 
We  can  therefore  approximately  replace  those  arguments  by  X  —  i(X,  +  X2): 

__  £ 


i  " 


WY  -  V.  Y^^Y.-  Y.  YW4V. 

*■  I  ■*  *-35  ■*  ‘  Z'-' \J  *3  ■'»/**  '»Jl 


and  can  then  take  the  Fourier  representation  for  a  given  value  of  X.  The  right-hand 
side  of  (95.9)  then  becomes 


C(n)  =  -  J  {2"+(G~~  +  G**)  +  (Z~  +2+‘)G"*}  dco/2ir 

=  [{-2‘*G*-  +  2+'G-+}dco/2ir,  (95.10) 


where  all  the  functions  in  the  integrand  have  the  same  arguments  (X,  P)  = 
(t,  r;  co,  p);  in  the  second  expression,  we  have  used  the  relations  (92.7)  and  (94.15). 

Let  us  apply  formula  (95.10)  to  the  model  of  an  almost  ideal  Fermi  gas  discussed 
previously  ( SP  2,  §§6  and  21).  As  there,  we  shall  arbitrarily  suppose  that  the 
potential  G(r|  —  r2)  of  the  interaction  between  particles  satisfies  the  condition  for 
perturbation  theory  to  be  applicable;  in  the  change  to  the  real  interaction  (which 
does  not  satisfy  this  condition)  it  is  sufficient  to  express  the  result  in  terms  of  the 
scattering  amplitude. 

Having  in  view  the  determination  of  the  collision  integral  in  the  first  non¬ 
vanishing  approximation  of  perturbation  theory  with  regard  to  the  particle  inter¬ 


action,  we  may  suppose  that  the  exact  G  functions  in  (95.10)  are  related  to  the 
distribution  function  n  by  the  same  formulae  (92.20),  (92.21)  as  in  an  ideal  gas;  this 
implies  the  neglect  of  small  corrections,  due  to  the  interaction,  in  the  gas  particle 
energy  e  =  p2/2m.f  The  expressions  (92.20)  and  (92.21)  relate,  strictly  speaking,  to 
the  homogeneous  steady  state  of  the  gas,  but,  in  the  quasi-classical  case,  because  of  the 
slow  variation  of  n  with  coordinates  and  time,  we  can  use  the  same  expressions  with  np 
regarded  as  a  function  n(t,  r,  p),  with  t  and  r  as  parameters.  The  integration  with  respect 


tn 


rpmm/pc  thp  HpHm  c  looivinn 

■  f  v  j  L11V  \4V1'-L4  I  uuvmvuj,  I\.,LA  f  All5) 


C(n)  =  f2  +(e  -  p;  t,  r)[l  -  n(t,  r,  p)] 

+  i2+“(e-^,  p;  t,  r)n(r,  r,  p).  (95.11) 

It  is  clear  from  the  form  of  this  expression  that  the  first  term  describes  the  “gain” 
of  particles,  possible  only  when  1  —  n¥-  0;  the  second  describes  the  “loss”,  which  is 
proportional  to  n.  It  remains  to  calculate  the  self-energy  functions  5T+  and  1/ 


tThis  approximation  enables  us  to  neglect  the  remaining  components  of  (94.6),  i.e.  to  regard  them  as 
satisfied  identically  in  the  relevant  approximation. 
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The  first  non-vanhshing  contribution  to  these  comes  from  the  second-order 
diagrams  (cf.  (94.9));  for  example. 


p’ 


(95  J  2) 


(a) 


(b) 


where  PJ  =  P  +  P|  — P'.  When  U  is  replaced  by  L/0  (see  below),  the  contributions 
to  1  from  these  two  diagrams  are  related  by  It]  —  —  21/,  (the  minus  sign  comes  from 
the  closed  loop  in  diagram  (a),  and  the  factor  2  from  the  spin  summation  in  that  loop; 
compare  the  analogous  calculations  in  SP  2,  §21).  Expanding  diagram  (b)  in 
analytical  form,  we  find 


iS  +(P)  =  J  G~\P’)G ‘-(P,)C-+(Pi)t/2(p,  -  p')  d4P,  d'P'Kl-nf. 


In  a  degenerate  gas,  the  particle  wavelength  (~  1  /p)  is  necessarily  large  in  com¬ 
parison  with  the  range  of  the  interaction  forces,  because  of  the  condition  for  the 
gas  to  be  rarefied  (see  SP  2,  §6);  this  enables  us  to  replace  U(p|  — p')  by  its  value 
for  pi  -  p'  =  (h 


Uo=[  U(r)dV. 

Substituting  the  expressions  (92.20)  and  (92.21)  for  G“+  and  G+~,  and  eliminating 
the  two  delta  functions  by  integration  with  respect  to  the  “time”  components  of  the 
4-vectors  P|  and  P\  we  see  that  the  first  term  in  (95.11)  in  fact  coincides  with  the 
“gain”  term  in  the  collision  integral  (74.5)  (w  =  2ttU02).  The  calculation  of  is 
similar,  and  the  second  term  in  (95.11)  coincides  with  the  “loss”  term  in  the  same 
collision  integral. 


CHAPTER  XI 


SUPERCONDUCTORS 


§96.  High-frequency  properties  of  superconductors.  General  formula 

Formijlaf  have  been  derived  in  SP  2,  §51,  whtch  relate  the  current  in  a 
superconductor  to  the  vector  potential  of  the  electromagnetic  field  there.  Here, 
these  formulae  will  be  generalized  to  case  of  a  field  varying  in  time.  As  in  SP  2, 
the  investigation  will  be  based  on  the  BCS  model,  the  electrons  in  a  metal  being 
regarded  as  an  isotropic  gas  with  a  weak  attraction  between  the  particles. t 

As  always  in  metals  (and  the  more  so  in  superconductors),  the  displacement 
current  may  be  neglected  in  Maxwell’s  equations: 

curl  H  =  4tt\!c .  (96. 1) 

Hence,  in  this  approximation, 

div  j  =  0.  (96.2) 

To  describe  the  field,  we  choose  the  gauge  in  which  the  scalar  potential  <p  =  0.  The 
linear  relation  between  the  Fourier  components  (with  respect  to  time  and  coor¬ 
dinates)  of  the  current  density  and  the  vector  potential  of  the  field  is  written 

/„(<*>,  k)  -  -  Q(w,  k)(SQf}  -  kQkp/k2)Ap(w,  k),  (963) 

which  satisfies  identically  the  equation  (96.2),  i.e.  the  condition  k  .  j(w,  k)  =  0.  The 
longitudinal  part  (parallel  to  k)  of  the  vector  A  does  not  appear  in  (963),  nor 
therefore  in  the  equations  at  all,  so  that  it  can  be  taken  as  zero,  with  the  assumption 
that  k .  A(cu,  k)  =  0.  With  this  choice  of  A,  the  relation  between  the  current  and  the 
field  reduces  to 


j(w.  k)  =  —  O(to,  k)A(w,  k).  (96.4) 

Our  object  is  to  calculate  the  function  Q(co,  k).  This  is  a  generalized  suscep¬ 
tibility,  and  to  solve  the  problem  we  use  the  method  described  in  §91.  We  formally 
include  in  the  Hamiltonian  of  the  superconductor  a  “vector  potential”  that  depends 
on  the  Matsubara  variable  r  (and  on  the  coord inates):t 

A(t,  r)  -  A(£s,  k)e*k^\  £,  -  2ttsT.  (96.5) 

tThe  results  in  §§96  and  97  are  due  to  J.  Bardeen  and  D.  C.  Mattis  (1958)  and  to  A.  A.  Abrikosov,  L- 
P.  Gor’kov  and  I.  M.  Khalatnikov  (1958). 

tin  this  section  we  put  fi  ~  1. 
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Using  Gor’kov’s  equations,  we  calculate  the  correction  linear  in  A  to  the  Matsubara 
Green’s  function: 


^(ti,  n:  T2,r2)  =  ^f0)(T|-T2,  ri-r2)+  t2,i*2);  (96.6) 

because  of  the  “homogeneity  in  t”  and  the  spatial  homogeneity  of  the  unperturbed 
superconductor,  ^(0)  depends  only  on  the  differences  of  its  arguments.  The  current 
density  j(T.r)  is  expressed  in  terms  of  the  Green’s  function  by 

j(T, r)=  -yn  [(V' -  V)*‘"(T, r;  t', r')]r.,r.r.,I+0- ^  A(t,  r),  (96.7) 

where  N  is  the  number  density  of  particles. t  With  the  field  (96.5),  this  relation  has 
in  practice  the  form 


j(t,  r)  =  -  Qm  (£s,  k)A(T,  r).  (96.8) 

The  coefficient  QM  is  the  Matsubara  susceptibility,  and  by  (91.18) 

Q(*|£s|.  k)  =  Qm(£«  k).  (96.9) 

To  determine  the  required  function  Q(co,  k),  it  is  necessary  to  make  an  analytical 
continuation  from  the  points  w  =  i|£s|  to  the  whole  of  the  upper  half-plane. 

The  calculation  of  QM  is  similar  to  the  calculations  in  SP  2,  §51.  In  the  potential 
gauge  with  div  A=  0,  there  is  no  correction  to  the  gap  A  in  the  energy  spectrum, 
and  the  linearized  Gor’kov  equations  for  the  Green’s  functions  ^  and  &  are 


-j;  +  ^  +  r;  t',  r')  +  r;  t\  r') 


ie 

me 


A(T,r).  V<^0)(T-T',r-r'), 


1^7  +  Yrn  +  r;  T<’  ^  ~  A*<I,(t’  r;  T<’ r,) 

,e  A(t,  r) .  V#i0)(t  —  t',  r  —  r')- 


me 


(96.10) 


With  a  field  of  the  form  (96.5),  we  can  at  once  separate  the  dependence  of  ^(I) 
and  on  the  sums  t  +  t'  and  r  +  r',  putting 


^(i)  =  g(r  -  r',  r  -  r')  exp[2ik  ,  (r  +  r>)  -  ii^(r  +  t')]  (96. 1 1) 


tCf.  SP  2  (51.17).  In  making  comparisons  with  the  formulae  in  SP  2,  §51,  it  must  be  remembered  that 
e  is  now  a  positive  quantity,  the  unit  charge. 
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and  similarly  for  #(i)  with  /  in  place  of  g.  After  this  change,  the  first  equation 
(96.10),  for  example,  becomes 

[-GH*»)+i(v+*k)2+4+A' 

=  -  7^  M&,  k)  exp[]ik ,  (r  -  O  -  fc(r  -  r1)] .  VS'"1. 


We  now  expand  all  quantities  in  Fourier  series  with  respect  to  t  -  t'  and  Fourier 
intf’prals  with  rfisnpct  to  r— rf* 

- 0 -  -  ~  I ‘  “  ‘ 

g(T,r)=T  X  f  p)  exp[/p .  r  —  i^-t]  d3p/(27i)3  (96.12) 

£'=-00  J 

and  so  on.  We  then  obtain  for  the  Fourier  components  a  pair  of  algebraic 
equations: 


i(n'  +  te)-2^(p  +  2k)2+^ 


g(£*  P)  +  A/(^,  p) 


me 


p.A(fI,k)«<o,(f:-ks.p-5k), 


[  -  Ha + k.)  -  2~(p + ho2 + p.]/(£;-.  p)  -  a/« p) 

€.  .  »  \  /Tr  f(\\  /  bl  I  b  li  \ 

= - P  .  AUS,  P  -  2KJ. 

me 


(96.13) 


The  “unperturbed”  Green’s  functions  ^f0)  and  are  expanded  in  Fourier  series 
with  “odd  frequencies”  (2s'+1)7tT.  It  therefore  follows  from  (96.13)  that  the 
“frequencies”  take  the  values 

C'={2s‘+\-s)7tT. 

The  functions  ^(0)  and  ^(0)  are  (see  SP  2  (42.7),  (42.8)) 

^f0,(k,p)  =  -0*t +TJWS  +  C2), 

p)  =  A/a2s+€2), 

where 

2 

V  =2m  ^  ^  +  t]2; 


(96.14) 

(96.15) 


the  constant  A  is  assumed  real.  By  using  these  formulae,  we  can  easily  put  the 
solution  of  equations  (96.13)  in  the  form 

g(ft,  p)  =  -frp- A(k  p){^0|(Pt)*,0|(P-)  +  ^°>(P+)#,0,(P-) }, 


(96.16) 
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where 

P*=(&±k«P±JlO.  (96.17) 

With  (96.7),  (96.11)  and  (96.12),  we  obtain  for  the  current  density 


j(k,k)=  “ 


2  eT 


m 


g  being  given  by  (96.16).  As  the  vectors  j  and  A  are  transverse  to  k,  we  average  in 
the  integrand  over  the  directions  of  the  vector  p^  in  the  plane  perpendicular  to  k. 
The  functions  (Si0)  and  in  (96.16)  do  not  depend  on  the  direction  of  p±; 
averaging  of  the  factor  px(p_ .  A)  converts  it  to  Ap2sin220,  where  0  is  the  angle 
between  p  and  k.  We  thus  have  the  following  final  expression  for  the  Matsubara 
susceptibility: 


Ne2  e2T 


Ji 


p2  sin2  0  x 


rcMG )/r>  \r^lO)/T»  \  i  <5T(0)/d  \oriG)fTi  M 
L  a  yr+jit  v1  +)'*'  V1  -}i  “  VI 11 )  ■ 


IC'k 

yyv.  i  uy 


Let  us  now  make  the  analytical  continuation  of  this  function  from  the  discrete 
series  of  points  f,  =  2s7tT  to  the  whole  of  the  right-hand  half  of  the  complex 
f-plane,  i.e.  to  the  upper  half  of  the  w-plane  (to  =  i£).  This  amounts  to  the  analytical 
continuation  of  the  integrand  in  (96.18);  let  us  consider  its  first  term,  for 
example: 

x 

x 

=  T  V  <8jn.s'+  IWTl^  (Os' +  IWT-M  196.19) 

-  y  j  -  f  \\ “/  ”  '  *  “  W '/  "  '  ' 

5r--* 

For  brevity,  we  omit  the  index  (0),  and  replace  the  arguments  p±  =  p  ±2k  by  suffixes 
±.  This  expression  may  be  written  as  the  integral 


■ML)  =  ^rj%(zySM  -  fs)  tan(z/2T)  dz. 


(96.20) 


taken  along  the  three  closed  contours  Cu  C2  and  C3  in  Fig.  32,  which  together 
enclose  the  infinite  set  of  poles  of  the  factor  tan(z/2T)  at  the  points  z  =  (2s' +  1)ttT 
(marked  by  strokes  in  the  diagram).  The  residues  of  the  integrand  at  each  pole  give 
corresponding  terms  in  the  sum  (96.19);  at  infinity,  ^(z)  «  1/z,  and  the  integral 
therefore  converges.  In  choosing  the  contours,  we  have  used  the  fact  that  <£(z)  is 
analytic  in  each  of  the  two  half-planes: 


re  z  >  0; 
re  z  <  0, 


§96  High-frequency  Properties  of  Superconductors.  General  Formula  417 


Fig.  32. 


where  GR  and  GA  are  analytic  functions,  the  retarded  and  advanced  Green’s 
functions  (see  SP  2.  §  37);  the  imaginary  z-axis  is  in  general  a  cut  for  the  function 
«(z). 

We  now  rotate  the  contours  so  as  to  pass  vertically  on  either  side  of  the  cuts 
re  z  =  0  and  re  z  =  £s  (Fig.  33;  the  infinitely  distant  parts  which  close  the  contours 


Fig.  33. 


are  not  shown).  On  the  pair  of  lines  C C2  we  change  the  variable  of  integration  by 
putting  z  =  ito',  and  on  C2,  C3  we  put  z  —  £*  =  ito'.  Then,  when  £s  >  0, 

+  tan  W>'-rr  ^  [G-V')  -  G^(co')]G?(co'  +  if,)}  do,’.  (96.21) 

In  the  derivation  of  this  equation,  £s  has  been  fixed  as  2 ttsT.  For  such  values. 


*  _  +  L  *  ito'  . .  i_  to ' 

tan  — 2f — =  tan  2T  =  1  hmh^j. 


The  fact  that  the  expression  (96.21)  is  analytic  for  all  >  0  is  then  evident  from  the 
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fact  that  Ga  and  GK  are  analytic  in  the  corresponding  half-planes.  Now  putting 
i£s  =  w,  we  have  for  the  analytically  continued  functiont 


J  (co)  =  JM(-  ico) 

=  —^  j  tanh^{[C;(co’)-Gi(toO]CV'-«) 

+  [G?(co')  -  G^<o')]Gj(&)'  +  to)}  dco’.  (96.22) 

The  second  term  in  the  integrand  in  (96.18)  is  analytically  continued  in  a  similar 
way,  and  the  result  differs  from  (96.22)  only  in  that  GR  and  GA  are  replaced  by  F+R 
and  F+A.$  These  functions  are  (see  SP  2,  §  41) 


where 


GR(w,p) 


”  + 


co  —  e  +  iO  co  +  e  +  iO’ 


f"W)  =  A[ 


co  +  e  +  iO  co 


-JU-l 

-« +  10J’ 


(96.23) 


lb  1  _l/i  _i /  _  \ 
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The  functions  GA  and  F+A  are  the  same  with  the  sign  of  iO  changed.  Hence 

GR-GA=2imGR=  -  'it[up28(co  -  e)  +  v2b(c o  +  e)], 

F+R  _  p+A  =  (7iA/2e)[5(co  -  e)  ~  S(co  +  e)L 


and  the  integration  in  (96.22)  amounts  to  the  removal  of  the  delta  functions. 
After  some  simple  but  laborious  algebra  we  arrive  at  the  final  expression§ 
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2  sin2  6  tanh  ^  x 
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io  +  iO. 


co  —  iO  e+  —  e^  +  co  +  iO 
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JJ  (So1, 


(96.24) 


IThis  method  of  analytical  continuation  is  due  to  G.M.  Eliashberg  (1962). 

tThe  definition  of  the  Green's  function  F"  (corresponding  to  the  temperature  function  &)  is  given  in  SP 
2.  §41.  The  definitions  of  F+ii  and  F+A  differ  from  that  of  F+  in  that  the  T  product  is  replaced  by  the 
commutator,  the  relationship  being  similar  to  that  between  GK,  G*  and  G. 

^Mention  has  been  made  (SP  2,  §51)  of  the  need  for  caution  in  calculating  sums  and  integrals  of  the 
form  (96.18),  because  of  the  slowness  of  decrease  of  the  integrand.  With  the  order  of  operations  used 
here,  this  difficulty  is  avoided,  as  is  confirmed  by  the  fact  that  the  final  expression  (96.24)  satisfies  the 
necessary  condition:  0  =  0  when  A  =  0  and  w  =  0  (a  normal  metal  in  a  static  field);  see  the  second 
footnote  to  §97. 
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where 

^  =  =  A'  +  ri-  (96.25) 

The  two  terms  in  the  braces  in  (96.24)  are  quite  different  in  origin  and 
significance.  The  first  is  an  odd  function  of  p,  and  the  integral  of  it  is  therefore  zero 
for  T~  0,  when  tanh(e+/2T)=  1.  This  part  of  Q  is  related  to  the  collisionless 
dynamics  of  elementary  excitations.  Its  imaginary  part,  which  exists  for  all  co  and 
k,  is  related  to  the  collisionless  Landau  damping. 

The  integral  of  the  second  term  is  not  zero  even  when  T  =  0.  This  part  of  Q  is 
related  to  the  formation  or  break-up  of  Cooper  pairs.  The  poles  of  the  integrand  in 
this  part  are  at  e+  +  e  =  ±  co.  For  them  to  exist  (and  so  for  there  to  be  dissipation 
because  Q  has  an  imaginary  part),  the  frequency  must  exceed  2A,  the  Cooper  pair 
binding  energy. 
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Let  us  now  examine  the  general  formula  (96.24).  The  number  of  limiting  cases 
here  is  very  large  on  account  of  the  presence  of  four  independent  parameters  ftco, 
fikvFf  A  and  T,  which  can  be  in  various  relationships  to  one  another.  Several  of 
these  limiting  cases  will  be  considered. 

When  fico  >  A,  the  gap  in  the  superconductor  spectrum  is  unimportant.  Putting 
A  =  0  in  the  first  approximation,  we  should  obtain  the  formula  for  the  transverse 
permittivity  of  a  normal  electron  Fermi  gas;  we  shall  not  pause  to  give  the  relevant 
calculations.! 

London  case 

Let  us  take  the  London  limiting  case,  in  which 

fikvp  <  A0,  (97.1) 

where  A0  is  the  value  of  A(T)  when  T  =  0.  We  shall  assume  that  A  <T,  thus 
excluding  the  range  of  very  low  temperatures.  The  frequency  will  be  regarded  as 
small,  in  the  sense  that  co  s  kvF. 

As  k  -^0, 

e+e- 

The  second  term  in  the  braces  in  (96.24)  is  therefore  small,  and  may  be  neglected. 
In  the  first  term,  the  first  square  bracket  is  equal  to  2;  since  the  second  square 

tThe  relation  between  Q(w,k)  and  the  transverse  permittivity  e,{w,  k)  is  ascertained  as  follows. 
Expressing  the  current  density  in  terms  of  the  polarization  vector  by  -  iwP  =  j,  and  the  vector  potential 
A  in  terms  of  the  electric  field  by  E=  iwA/c,  we  can  rewrite  (964)  as  P=  ~cw~2QE.  This  shows  that 


—  cQlo)2  =  (c,  -  1 ) /4 -7T. 
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bracket  is  an  odd  function  of  p,  we  can  then  write 


n,  Ne  e 2  f  f*  u  t  ,  e-  1  p  sin  0  d3p 

Q(cu,  k)  - - n  "i  I  tanh  -  tanh  -^=  - 1 - r-  ■ 

me  2m  c  J  [  2T  2TJ  €+—  —  fuo  —  lO (27rn) 

We  have  tanh  (e/2T)  =  1  -2 rip(e),  where 


«o  =  [etlT  +  l]-1 


(97.2) 


is  the  distribution  function  of  elementary  excitations  in  a  superconducting  Fermi 
gas  (a  Fermi  distribution  with  zero  chemical  potential),  and  thus  put 

tanh  JY  ~ tan^  2f  =  2tfIo(€  > ) -  «o(c-)] 

~  -  2ftk  .  v  dn0lde. 


where 


v  =  de/dp  —  -rjp/me. 


Then 


Q(«.  k) 


Ne2  ( 
me 


m2c 


dn0  k  .  yp2  sin  6  d3p 
dt  k .  v  —  co  —  iO  (27rfi)3‘ 


(97.3) 


When  co  —  0,  this  expression  agrees,  as  it  should,  with  the  London  value  Nse2lmc, 
where  NS(T)  is  the  density  of  superconducting  electrons. t  We  can  therefore 
rewrite  (97.3)  in  the  equivalent  form 


Q(co,  k) 


Nse2  +  toe2  f  gn0  p2  sin2  0  d3 p 
me  m2c  J  de  k  .  v  -  co  -  iO  (27rft)3 


(97.4) 


The  second  term  in  this  expression  represents  the  contribution  to  the  permittivity 
from  the  elementary  excitations  in  the  Fermi  gas.t 

When  co  <£  kv,  we  may  neglect  co  in  the  denominator  of  the  integrand  in  (97.4): 


N  p1 

Q(co,k)  =  1^  + 


coe 


i: 


sin2  0  d  cos  0 


me  47T2ck3k  J^t  cos  0  -  iO 


J  de 


m2  v 


dp - 


(97.5) 


tThis  is  easily  shown  by  means  of  the  formulae  given  in  SP  2,  §40,  for  the  calculation  of  ps  =  mJVj. 
The  function  Q(0.  k)  tends  to  zero  (as  does  Ns)  when  T-»Tr,  as  already  mentioned  in  the  last  footnote 
to  §96. 

tThis  may  be  seen  by  comparing  (97.4)  with  formula  (2)  in  §31,  Problem  2,  for  the  transverse 
permittivity  of  a  collisionless  electron  plasma.  In  making  the  comparison,  it  must  be  noted  that  the 
London  case  corresponds  to  the  quasi-classical  limit,  so  that  the  formula  for  a  degenerate  gas  differs 
from  that  for  a  Maxwellian  plasma  only  in  the  form  of  the  distribution  function  and  the  dispersion 
relation  c(p). 
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The  integral  with  respect  to  cos  6  is  calculated  from  the  residue  at  the  pole 
cos  8  =  iO,  and  is  equal  to  i7r.  The  integral  with  respect  to  p,  written  as 


dnp  p2e 
0€  7] 


dr). 


diverges  logarithmically  when  |tiNA.  With  a  cut-off  at  |-n|  —  o)AfkvF  (where  kv  ~ 
co),  we  find  with  logarithmic  accuracy 

[f-°]  pf2A  .  2  P  & 

Thus 


Q(co,  h)  - 


N<e2 

me 


—  i 


e2pF2Aco  log (kvFlco) 
2T7chJTk(eUr+  IXe^17  +  1)‘ 


(97.6) 


The  imaginary  part  of  Q  determines  the  dissipation;  a  negative  sign  of  this  pari 
corresponds  to  a  positive  imaginary  part  of  the  permittivity. 

The  expression  (97.6)  becomes  invalid  when  T-»TC  and  Ns  and  A  tend  to  zero. 
The  principal  contribution  to  the  integral  with  respect  to  p  in  (97.5)  here  comes 
from  the  range  tj  ~  T  >  A,  and  in  it  we  may  put  A  =  0.  The  result  is 


Q( co,  k)  “  —  i .  \n 


Ne2  co 
me  ktpf 


where  N  =  pF3/3-j72fi3  is  the  electron  density.  This  expression  simply  represents  the 
anomalous  skin  effect  in  a  normal  metal,  with  the  dispersion  relation  e  =  p2/2m.  r 


Pippard  case 

In  a  static  magnetic  field,  the  Pippard  limiting  case  corresponds  to  the  inequality 

hkvF>A„-Tc.  (97.7) 

To  consider  an  alternating  electromagnetic  field,  we  add  the  further  condition 


kvF  >  to. 


(97.8) 


The  calculations  in  this  case  are  considerably  simplified  by  first  subtracting  from 
Q(w,  k)  (96.24)  its  static  value  Q(0,  k);  this  is  equivalent  to  omitting  the  constant 
term  Ne2jmc  and  subtracting  from  each  term  (e+±c_±ftw)_I  in  the  integrand  a 
similar  term  with  co  =  0.  The  difference  Q( co,  k)  —  Q(0,  k)  is  found  to  be  proportional 
to  1/k.  The  Pippard-case  Q(0,  k)  has  a  similar  dependence  on  k: 


0(0,  k)  = 


47Tk’ 


4 7 TNe2  3tt2a 
me2  4hvF 


(97.9) 


tSee  (86.16).  In  making  the  comparison,  it  is  important  that  K  in  this  case  is  independent  of  tpy  and 
that  Q  relates  j  to  A,  not  to  E  as  cr  does  in  (86.16). 


FK  -  BE 
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see  SP  2  (51.21).  We  can  therefore  write  Q(w,k)  in  the  form 

0(a),k)  =  ^[/3  +  'y((o)]>  (97.10) 

where  -vlcol  is  a  function  that  mav  be  calculated  and  is  zero  when  co  =  0.  Because  of 
this  dependence  on  k,  the  formula  SP  2  (52.6)  for  the  penetration  depth  S  remains 
valid,  if  we  replace  /3  by  (3  +  y(w).  However,  since  -y(co)  is  complex  (see  below),  it 
is  natural  to  use  here  not  S  itself  but  the  related  surface  impedance  £(co)  =  —  icoS/c. 

In  the  integral  which  gives  the  difference  Q(co,  k)—  Q(0,  k),  the  important  range 
is  that  of  small  values  of  cos  0,  as  in  the  calculation  of  0(0,  k)  in  SP  2,  §51,  and  the 
integral  converges  rapidly  as  cos  0  increases;  we  can  therefore  put  sin  0=1,  and 
extend  the  integration  with  respect  to  cos  0  from  ~oo  to  °°. 

The  integral  is  transformed  by  means  of 

d3p  =  2-n-p2  dp  d  cos  0  **  2npFm  drj  d  cos  0 
(■0  =  p2l2m  —  p),  and  new  variables  of  integration  are  used: 


Xi  =  e+/A,  x2=e-/A. 


We  have 


T)+  +  —  2j)y  TJ+  —  7)-  ftkvp  cos  0. 


The  integration  over  drjd  cos  0  can  therefore  be  replaced  by  one  over  dypdrj  fkvF 
from  -oo  to  oo  for  each  of  the  variables  r}+  and  17-.  All  terms  in  the  integrand  which 
contain  the  product  17+17-  and  are  therefore  odd  functions  of  these  variables  then 
give  zero  on  integration.  We  can  then  change  to  integration  from  1  to  00  with 
respect  to  each  of  the  variables  x,  and  x2,  putting 


€+€- 

d-n  d  cos  0  ->  4  — - de+de_ 

nkvpri+7]- 

_  4A2x,x2  dx]dx2 

“  fikuF[(jc?-  IXjcI-  l)]1'2' 


These  transformations  lead  to  the  result 


,  ._Ne2  A  T 

•y(co)  —  3  77 - JT Jy 

1  me  nvF 


dxjdx2 


XiA 


J,  l  [(JC?- i)]>«tanh  * 


2T 


x{(JclJc2+  of— 


+  (x,x2-  1) 


1 


-  Co  -  iO  X]  —  x2  +  co  +  iO  X]  -  x2 


1 


tt;  + 


1 


x j  T  x2  co  i" 0  X]+x2  +  cii  +  i0  X]  +  x2 


]}• 


(97.11) 
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where  c o  =  fico/A.  We  shall  consider  only  the  imaginary  part  of  this  expression, 
which  determines  the  absorption  of  energy  from  the  field. 

The  imaginary  part  of  the  integrands  in  (97.11)  is  separated  by  means  of  the  rule 
(29.8),  and  the  delta  functions  are  then  eliminated  by  integrating  with  respect  to  one 
variable  X]  or  x2;  it  is  necessary  here  to  verify  that  the  point  at  which  the  argument 
of  the  delta  function  is  zero  does  in  fact  lie  in  the  range  of  integration.  A  simple 
calculation  gives,  when  to  >0, 


J"  =  imJ 


f°°  x(x  +  cu)  +  1 

-  77  J(  mft 


(x^-\yu[(x  +  d)Y-\] 


|T73 


[• 


A  ,  (x  +  w)A  4  L  xA 
tanh — - tanh^jT 


dx 


rdi-  1 

77  J, 


x(co  -  x)  ~1 
(jc2-1)''z[(jc-<5)j-1] 


775  tanh  dx , 


(97.12) 


the  second  term  occurs  only  when  to  >  2.  Similarly,  we  can  easily  show  that 
J"(— w)  =  J"(to).  The  integral  (97.12)  depends  on  two  parameters  A  IT  and  fiw/A, 
which  may  bear  various  relations  to  each  other  and  to  unity.  Let  us  consider  some 
of  the  possible  limiting  cases. 

Lei  T  =  0.  Then  the  first  integral  in  (97.12)  is  zero;  the  second  is  non-zero  when 
to  >  2A0;  that  is,  there  is  an  absorption  threshold  at  the  binding  energy  of  the 
Cooper  pairs.  The  presence  of  this  threshold,  which  is  a  direct  result  of  the  gap  in 
the  spectrum,  is  a  specific  property  of  a  superconductor. 

Near  the  threshold,  when  to  —  2<?  1,  x  is  close  to  unity  throughout  the  range  of 
integration.  Putting  to  —  2  =  5,  x  —  1  =  zS.  we  find 

J" ~ k8 1  V[i (T-ljl =  Ws  =  ^ 


Collecting  the  above  formulae,  we  have  the  following  expression  for  the  imaginary 
part  of  Q  at  T  =  0  near  the  absorption  threshold: 


37 T2Ne2  A0  /  hco  j\ 
4m c  hvpk  \2A0  / 


(97.13) 


If  the  temperature  is  not  zero,  let  us  consider  the  case  of  low  frequencies  fito  A, 
and  assume  that  A(T)  —  T  (thus  excluding  both  temperatures  near  zero  and  those 
near  Tf).  The  second  integral  in  (97.12)  is  then  absent.  In  the  first  integral,  the 
important  range  is  x  —  l~o)<Sl.  Expanding  the  difference  of  two  tanh  in  the 
integrand  in  powers  of  to  and  using  the  variable  x  —  1  =  «,  we  find  with  logarithmic 
accuracy 


tii  irnco  t.— 2  ^ 

J  ^-cosh 


Jo  Vi 


au 

u(u  +  Co)] 


77 hco  ,  _2  A  .  A 

2T  cosh  2T  og  ho>' 


The  result  is  then 


377  Ne 2  to  A 
8  me  vFk  T 


A 

2T 


cosh-2  log 


_A 

hto' 


(97.14) 


424 


Superconductors 


§98.  Thermal  conductivity  of  superconductors 
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similar  to  that  of  thermal  conduction  or  viscosity  in  Bose  superfluids.  In  both  cases 
we  are  concerned  with  the  transport  coefficients  of  the  normal  component  of  a 
quantum  liquid,  which  forms  a  set  of  elementary  excitations  therein.  Here  we  shall 
consider  this  topic  also  in  the  BCS  model  (B.  T.  Gellikman  1958). 

We  start  from  the  transport  equation  for  the  distribution  function  of  quasi¬ 
particles  in  a  superconductor  where  there  is  a  temperature  gradient: 


d/i  de  d/i  v 


(98.1) 


. .  ,u  _ _  3,/9_  _ _ :  _«■ ; i — ,  tu-  ~  _ _  „  „ . , — : 

wucic  v  —  (/e/i/jj  n  me  LjudM'pm  uuc  vciuui).  i  nc  tiici^  ui  tx  Ljuciarpai  iilic  is 


r  _  2/  . 


and  itself  depends  on  the  temperature  through  the  energy  gap  A(T).  Hence,  when  a 
temperature  gradient  is  present,  the  energy  e  also  becomes  a  function  of  the 
coordinates,  and  —  de/dr  represents  the  force  acting  on  a  quasi-particle.  This  is  the 
source  of  the  second  term  on  the  left  of  (98- 1). 

As  usual,  we  put  n  =  n0(e)  +  Sn(r,  p),  where 

n0(c)  =  (^T  +  ir1  (98.3) 

is  the  equilibrium  distribution  function.  Retaining  only  the  terms  in  zi0  on  the  left, 
we  have  as  the  equation  for  n0 

dn0  de  dn0  _  f  drip  dn0  de  1 
V  dr  dr  dp  LdT  de  dT JV  * 

The  difference  of  terms  containing  the  derivative  of  A  is  zero  in  the  square 
brackets,  leaving 

e  dzip  ^  _  v  .  VT  e 

TfleVVJ  T2  (ee,t  +  l)(e~‘,T  +  1)' 

The  collision  integral  depends  on  the  quasi-particle  scattering  mechanism.  We 
shall  consider  the  case  where  the  principal  mechanism  is  elastic  scattering  by 
impurity  atoms  at  rest,  and  assume  this  scattering  to  be  isotropic.  Then  the  collisioif 
integral  reduces  (cf.  (11.3))  to 


C(n)  —  —  v  S/i, 

where  v  =  uN^cr,  is  the  effective  collision  frequency,  Njmp  the  number  density  of 
impurity  atoms,  and  at  the  transport  cross-section  for  the  scattering  of  a  quasi¬ 
particle  by  an  impurity  atom.  The  latter  quantity  is  a  constant,  of  the  order  of 
atomic  dimensions. 
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The  transport  equation  thus  becomes 

v  .  VT  e  dn0  _  Sn 
u  T  d€  ~  r 

where  l  =  l/NjmpOt  is  the  constant  mean  free  path. 
The  heat  flux  is  calculated  as  the  integral 

q  -  j  evSn  .  2d3p/(277fi)3, 


(98.4) 


(98.5) 


the  factor  2  coming  from  the  two  directions  of  the  quasi-particle  spin.  The 
distribution  function  n  =  n0+  Sn  is  also  related  to  the  normal  electric  current  in  the 
superconductor,  with  density 


jr  =  j-J,  =  P  Sn 


m  J 


2  d3p 


(277  ft) 


3  -e(N-Ns)\s 


in  the  model  under  consideration,  j  —  -  ei/m,  with  i  given  by  (77.7). 

The  thermal  conductivity  is  defined  in  terms  of  the  heat  flux  with  j  -  0.  In  the 


pi  vu  JV-j 


I IV  WVK  VI  , 


uuj  wuumvu  uwo 
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(98.4).  The  reason  is  that  the  total  current  density  in  the  superconductor  is 
j  =  j„  +  j5,  the  sum  of  the  normal  and  superconducting  currents.  The  current  j„  that 
occurs  in  the  presence  of  a  temperature  gradient  is  automatically  balanced  (in  an 
open  circuit)  by  the  superconducting  current  j(  ~  —  j„.  An  important  point  here  is 
that  the  movement  of  superconducting  electrons  does  not  involve  any  transfer  of 
heat.  The  equilibrium  distribution  function  of  quasi-particles  against  the  “back¬ 
ground”  of  the  superfluid  flow  with  velocity  vs  =  —\JeNs  differs  from  (98.3)  in  that 
e  is  replaced  by  e  +  p.vs  (cf.  §77);  this  change  would  also  have  to  be  made  in  the 
transport  equation  (98.1).  The  velocity  vs  is  proportional  to  jn,  and  therefore  to  the 
small  gradient  VT ;  hence  the  above  change  would  give  rise  only  to  second-order 
smali  terms  on  the  left  of  the  transport  equation,  and  inese  would  in  any  case  have 
to  be  omitted  in  arriving  at  (98.4). 

Substituting  Sn  from  (98.4)  in  (98.5),  we  find,  after  averaging  over  the  directions 
of  p,  the  thermal  conductivity 


l  f  2  dn0  2.4  7rp^  dp 
3T  J  Vf  8f  (2i7fi)’  ’ 


or,  with  v  dp  =  dt,  p2~  pF2, 


k  ~ 


w  , 

lw2tl3T  1 


r^d, 

Ja  be 


(98.6) 


Finally,  after  some  obvious  substitutions, 
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When  T 


0,  A-»A0,  the  conductivity  tends  to  zero: 

=  2fpF2A2  A/T 
3  ttWT  * 


When  T  — »  Tc,  A-»0,  it  is  seen  from  (98.6)  to  tend  to  the  limit 


corresponding  to  the  case  of  a  normal  metal. 


(98.8) 


CHAPTER  XII 


KINETICS  OF  PHASE  TRANSITIONS 


§99.  Kinetics  of  first-order  phase  transitions.  Nucleation 

The  basic  ideas  of  the  thermodynamic  theory  of  nucleus  formation  in  a  phase 
transition  are  as  follows  (SP  1,  §162). 

The  change  from  a  metastable  to  a  stable  phase  occurs  as  the  result  of  fluctuations 
in  a  homogeneous  medium,  which  form  small  quantities  of  a  new  phase,  or  nuclei.  The 
energetically  unfavourable  process  of  creation  of  an  interface,  however,  has  the 
result  that  when  the  nucleus  is  below  a  certain  size  it  is  unstable  and  disappears 
again.  Only  nuclei  whose  size  a  is  above  a  definite  value  acr  (for  a  given  -state  of  the 
metastable  phase)  are  stable;  this  is  called  the  critical  size ,  and  nuclei  of  this  size 
will  be  called  critical  nuclei t  They  are  assumed  to  be  macroscopic  objects 
containing  large  numbers  of  molecules.  The  entire  theory  is  therefore  valid  only  for 
metastable  states  that  are  not  too  close  to  the  limit  of  absolute  instability  of  the 

ae  fliic-  limit  ic  ftiA  oo r*A ri ti a ^  irnlilA  rif  IKa  r\ Ar 
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of  molecular  dimensions. 

With  a  purely  thermodynamic  approach,  one  can  put  only  the  problem  of 
calculating  the  probability  of  occurrence  in  a  medium  of  fluctuational  nuclei  of 
various  sizes,  the  medium  being  regarded  as  in  equilibrium.  This  is  a  point  of 
fundamental  importance.  Since  the  state  of  the  metastable  phase  does  not  actually 
correspond  to  complete  statistical  equilibrium,  this  treatment  applies  only  to  times 
much  less  than  the  critical  nucleus  formation  time  (reciprocal  probability  per  unit 
time),  after  which  the  change  to  the  new  phase  occurs  in  practice,  and  the 
metastable  state  ceases  to  exist.  For  the  same  reason,  the  thermodynamic  cal¬ 
culation  of  the  formation  probability  is  feasible  only  for  nuclei  with  size  a  <  acr; 
larger  nuclei  develop  into  the  new  phase.  Thai  is,  such  large  fluctuations  are  not 
among  the  group  of  microscopic  states  which  correspond  to  the  (metastable) 
macroscopic  state  under  consideration. 

Instead  of  the  thermodynamic  probability  of  nucleation,  we  shall  refer  to  a 
quantity  proportional  to  this,  the  “equilibrium”  (in  the  sense  mentioned)  dis¬ 
tribution  function  for  nuclei  of  various  sizes  existing  in  the  medium,  denoted  by 
/o(a);  fo  da  is  the  number  of  nuclei  per  unit  volume  of  the  medium  with  sizes  in  the 

i<ii  m  j-w  A  /I  n  A  j-w  #-  R  A  lIiArv**!  r  ^  fliml'i'irtl'iAMM 
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fM  «  exp{-Rmm(a)IT}, 


(99.1) 


tin  SP  I,  §  162,  only  nuclei  of  the  new  phase  which  have  just  this  critical  size  were  considered. 
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where  Rm m  is  the  minimum  work  needed  to  form  a  nucleus  of  a  given  size.  This  is 
made  up  of  volume  and  surface  parts,  and  for  a  spherical  nucleus  with  radius  a  it  is 


rj  _  8  77fl3«  ,  ,  2 

*^min  ^  +  47TO  ft, 


where  a  is  the  surface  tension  coefficient  and  the  critical  radius  acr  is  expressed  in 
terms  of  the  thermodynamic  quantities  for  the  two  phases;  see  SP  1,  §162, 
Problem  2.  The  value  a  =  atfr  corresponds  to  the  maximum  of  Rmin(a)y  and  near  it 

Pmin  =  ivraa h  -4tt a(a  -  acr)2.  (99.2) 


The  maximum  of  Rmm  corresponds  to  an  exponentially  sharp  minimum  of  the 
distribution  function.  Neglecting  the  much  slower  variation  with  a  of  the  coefficient 
of  the  exponential,  we  have 


“  JUV«cr/  k'/'pp  u  t 


_  „  \2IT\ 

“Cl J  I  *  It 


fOQ 

\y  '  t 


where+ 


/o(flcr)  “  constant  x  exp{-477aflcr/3T}. 

From  the  above  discussion,  the  value  a  =  aLr  corresponds  to  the  limit  beyond 
which  large  quantities  of  the  new  phase  begin  to  be  formed.  More  precisely,  we 
should  refer  not  to  a  limit  point  a  =  aCI  but  to  a  critical  range  of  values  of  a  near 
that  point,  with  width  8a  —  (T/47ra)1/2.  The  fluctuational  development  of  nuclei  in 
this  size  range  can  still,  with  appreciable  probability,  throw  them  back  into  the 
subcritical  range,  but  nuclei  beyond  the  critical  range  will  inevitably  develop  into  a 
new  phase. 

Since  the  thermodynamic  theory  is  limited  to  the  stage  before  the  actual  phase 
transition,  it  cannot  provide  information  about  the  course  of  this  process,  for 
instance  the  rate  of  the  process.  That  would  require  a  kinetic  analysis  of  the 
development  of  the  nuclei,  which  ultimately  merge  into  the  new  phase.t 

Let  /(f,  a)  be  the  required  “kinetic”  size  distribution  function  of  the  nuclei.  The 
“elementary  process”  which  changes  the  size  of  a  nucleus  is  the  attachment  to  it, 
or  the  loss  by  it,  of  one  molecule,  and  this  is  to  be  regarded  as  a  small  change,  since 
in  the  present  theory  the  nuclei  are  macroscopic  objects.  We  may  therefore 
describe  the  growth  of  the  nuclei  by  a  Fokker-PIanck  equation: 

dfldt  =  -  dsiday  (99.4) 


tThe  coefficient  of  the  exponential  in  /o(«cr)  cannot  be  expressed  in  lerms  of  just  the  macroscopic 
properties  of  the  phases.  For  a  qualitative  estimate,  we  may  suppose  that  this  factor  is  proportional  to 
the  particle  number  density  N i  in  the  main  phase  (1)  and  to  the  derivative  dV/da,  where  is  the  number 


\f  Mnrf  _ 

pat  iicicj 


icr/  VZy 


volumes  per  molecule  in  the  two  phases,  we  obtain  as  an  estimate  of  lhe  constant 
tThe  theory  given  below  is  due  to  Ya.  B.  ZePdovich  (1942), 
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whorr*  s  is  thf*  flux  in  “sizf1  snare": 


s  =  -  B  dflda  +  Af. 


(99.5) 


d  a  .. ,:>u  n  i „ 

i  lie  ijudiiuiy  j j  in  a  uuutai  site  uiuumuu  eucniuciii  ,  /a  is  euuucucu  wmi  u  uy  a 

relationship  which  follows  from  the  fact  that  s  is  zero  for  the  equilibrium  dis¬ 
tribution.  With  the  latter  in  the  form  (99.1),  and  neglecting  the  slow  variation  of  the 
coefficient  of  the  exponential,  we  find 


/4  =  -BRUa)lT. 


(99.6) 


Let  us  now  find  the  stationary  solution  corresponding  to  a  continuous  phase- 
transition  process.  Then  s  =  constant,  and  this  constant  flux  (in  the  direction  of 
increasing  size)  is  just  the  number  of  nuclei  passing  through  the  critical  range  per 
unit  time  and  unit  volume  of  the  medium,  i.e.  it  defines  the  rate  of  the  process. 

We  can  rewrite  the  expression  (99.5)  for  the  flux  by  expressing  it,  using  (99.6),  in 
terms  of  the  ratio  f/f0  instead  of  /  itself.  Then  the  condition  of  constant  flux 
becomes 


(///«)  =  s.  (99.7) 

Hence 

flfo  =  -  S  f  +  constant. 

J  tij  o 

The  constant  here,  and  s,  are  found  from  the  boundary  conditions  for  small  and 
large  a.  The  fluctuation  probability  increases  rapidly  with  decreasing  size,  and  small 
nuclei  therefore  have  a  high  probability  of  occurrence.  The  stock  of  such  nuclei 
may  be  regarded  as  made  up  so  quickly  that  their  number  continues  to  have  its 
equilibrium  value,  despite  the  constant  depletion  by  the  flux  s.  This  is  expressed  by 
the  boundary  condition  flf0  -»  1  as  a  0.  The  boundary  condition  for  large  a  can 
be  established  by  noting  that  above  the  critical  range  the  function  f0  defined  by 
(90.1)  (which  is  actually  not  valid  there)  increases  without  limit,  whereas  the  true 
distribution  function  f(a)  of  course  remains  finite.  This  situation  is  expressed  by 
the  condition  fif0  =  0,  imposed  somewhere  above  the  critical  range;  precisely 
where,  is  of  no  importance  (see  below),  and  we  shall  arbitrarily  apply  it  as  a  °°.t 
The  solution  which  satisfies  both  the  above  conditions  is 

fifo  =  S  f  dalBfo,  (99.8) 

J  a 

and  s  is  determined  by 

1  /s=f  dal  B fa  (99.9) 

Jo 


^Similar  arguments  have  been  used  in  solving  a  different  problem  (§24). 
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The  integrand  has  a  sharp  maximum  at  a  =  acr.  Using  the  expression  (99.3)  near 
that  point,  we  can  extend  the  integration  with  respect  to  a  —  aCT  in  (99.9)  from  —  oo  to 
«>,  regardless  of  precisely  where  (outside  the  critical  range)  the  upper  limit  in  (99.8) 
and  (99.9)  is  taken,  i.e.  precisely  where  the  boundary  condition  is  imposed.  The 
result  is 


i  =  2V(a/T)B(flc,)/„(act).  (99.10) 

This  is  the  number  of  “viable**  nuclei  (i.e.  those  that  have  passed  through  the 
critical  range)  formed  in  stationary  conditions  per  unit  time  and  per  unit  volume  of 
the  metastable  phase,  expressed  in  terms  of  the  equilibrium  number  of  critical 
nuclei  given  by  the  thermodynamic  theory. 

For  the  distribution  function  f(a)  itself,  formula  (99.8)  in  the  subcritical  range 
gives  simply  /(a)  ~/0(a)-  Above  the  critical  range,  (99.8)  tells  us  only  that  /  <§/0,  in 
accordance  with  the  boundary  condition  stated.  It  is  evident  from  the  physical 
picture  of  the  process  that  in  this  range  the  distribution  function  is  constant:  having 
reached  that  point,  the  nucleus  becomes  steadily  larger,  with  practically  no  change 
in  the  reverse  direction.  Accordingly,  we  can  here  neglect  the  term  containing  the 
derivative  dflda  in  the  flux  (99.5),  writing  s  =  Af.  From  the  significance  of  the  flux 
s,  the  coefficient  A  acts  as  a  velocity  in  size  space,  daldt.  The  growth  of  a  nucleus 
beyond  the  critical  range,  however,  takes  place  in  accordance  with  the  macroscopic 
equations,  by  means  of  which  the  derivative  daldt  can  be  independently  deter¬ 
mined: 


A  =  (daldt) 

macro* 

the  subscript  indicating  the  result  of  such  a  calculation^ 
From  (99.6),  we  then  find 


B(a) 


R 


~( 

min(u)  \ 


da\ 

dt)r 


87 jct(a  -  acr)  \df  h 


(99.11) 


(99.12) 


Strictly  speaking,  the  function  B(a)  thus  calculated  pertains  to  the  range  a  >  acr, 
whereas  we  are  interested  in  the  value  of  B(acr)  for  substitution  in  (99.10). 
However,  since  B(a)  has  no  singularity  at  a  =  acr,  the  function  just  found  can  be 
used  at  that  point  also.  As  a-»acr,  the  derivative  (dal dt)mzCTO  tends  to  zero  (the 
nucleus  is  in — unstable — equilibrium);  division  by  a  —  acr  gives  a  finite  result. 

Formula  (99.12)  makes  it  possible  in  principle  to  calculate  the  coefficient  B(acr) 
and  hence  the  rate  of  formation  of  nuclei,  without  using  a  microscopic  treatment. 


tThe  question  may  arise  of  the  correspondence  between  (99.11)  and  the  “microscopic”  definition 
(21.4),  according  to  which  the  rate  £  fia/Sf  (summed  over  elementary  growth  events)  is  not  A  itself  bui 
the  sum  A  =  A  +  B'(°).  But  the  derivative  B'(a)  is  small  (outside  the  critical  range)  in  comparison  with 
the  value  (99.6).  which  includes  the  large  factor  and  must  be  omitted.  Quantities  of  this  order 

have  already  been  neglected  in  deriving  (99.6),  when  the  coefficient  of  the  exponential  in  (99.1)  was 
regarded  as  constant. 
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For  example,  in  the  case  of  boiling  we  have  to  apply  the  hydrodynamic  equations 
to  consider  the  growth  of  a  vapour  bubble  in  the  liquid;  for  precipitation  of  a  solute 
from  a  supersaturated  solution,  we  have  to  deal  with  the  growth  of  a  precipitated 
grain  as  a  result  of  the  diffusion  of  the  substance  to  it  from  the  surrounding 
solution. 


PROBLEM 

Determine  the  “size  diffusion  coefficient”  for  the  precipitation  of  a  substance  from  a  supersaturated 
(but  nevertheless  weak)  solution;  the  nuclei  are  assumed  to  be  spherical. 

Solution.  The  thermodynamic  formulae  are  as  follows.  The  critical  radius  at  which  a  nucleus  is 
precipitated  from  a  supersaturated  solution  is 

=  2av'l(fi'  -  jxo); 

see  SP  1,  §  162,  Problem  2.  In  the  present  case,  nl  and  v'  are  the  chemical  potential  and  molecular 
volume  of  the  substance  of  the  nucleus,  and  the  chemical  potential  of  the  solute  in  solution: 
n'  =  T  log  c  +  0(P,  T),  where  c  is  the  concentration.  With  the  concentration  Co*  of  the  saturated 
solution  above  a  plane  surface  of  solute:  T  log  co*  +  0  =  #*6,  we  have 

ft'-  Ho  =  T  log{c/co«) **  T(c  -  co*)/co«; 

the  latter  equation  is  valid  for  weak  solutions.  The  critical  radius  is  therefore 

ac,  —  2av'coJT(c  —  co«).  (1) 


The  formula 


coa  =  Co«{l  +2av'ITa) 

=  Co-  +  (flcr/fl)(c~  Co«)  f  2) 

gives  the  saturation  concentration  co®  above  a  spherical  solute  surface  with  radius  a 
The  substance  reaches  the  nucleus  as  it  grows,  beyond  the  critical  range,  by  diffusion  from  the 
surrounding  solution.  In  a  steady  state,  the  spherically  symmetric  concentration  distribution  c{r)  round  a 
nucleus  of  radius  a  is  given  by  the  solution  of  the  diffusion  equation 

^  31  ,  ,  dc{r)  . 

r  dr  '  di 

with  the  boundary  conditions  c(=c)  =  c  (the  given  value  of  the  concentration  of  the  supersaturated 
solution)  and  c(a)  =  co®.  Hence 


c{r)  =  c  -  (c  -  cou)a/r. 


and  the  diffusional  flux  towards  the  nucleus  is 

/  =  AttPD  dddr 
=  47rDa{c  —  coa) 

=  47tD(c  —  Co«Ka  “  Gcr); 


in  the  last  equation,  formula  (2)  is  used. 

If  the  concentration  is  defined  as  the  number  of  dissolved  molecules  per  unit  volume,  then  I  is  the 
number  of  molecules  deposited  on  the  surface  of  the  nucleus  per  unit  time.  We  have 

(da/dDmacro  =  Iv'I4tTU2 

=  ( Dv'i a2)(a  -  a„)(c  -  co*) 
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and,  from  (99.12), 


B(flcr)  =  TDu'(c  —  co*)/8Traflc, 

=  Dv'^ C{y,J A  TTU  Cr. 


§  100.  Kinetics  of  first-order  phase  transitions.  Coalescence 

The  treatment  in  §99  of  phase-transition  kinetics  relates  only  to  the  initial  stage 
of  the  transition:  the  total  volume  of  all  nuclei  of  the  new  phase  has  to  be  so  small 
that  their  formation  and  growth  have  no  appreciable  effect  on  the  “degree  of 
metastability”  of  the  main  phase,  and  the  critical  size  of  the  nuclei,  determined  by 
the  degree  of  metastability,  may  be  regarded  as  a  constant.  In  this  sta;/,e  there  is  a 
fluctuational  formation  of  nuclei  of  the  new  phase,  and  the  growth  of  each  nucleus 
is  independent  of  the  behaviour  of  the  others.  We  shall  refer  to  the  particular  case 
of  solute  precipitation  from  a  supersaturated  solution;  the  degree  of  metastability  is 
then  the  degree  of  supersaturation  of  the  solution. 

In  the  later  stage  when  the  supersaturation  of  the  solution  becomes  very  slight, 
the  nature  of  the  process  is  quite  different.  The  fluctuational  formation  of  new 
nuclei  has  now  nracticallv  ceased,  as  the  critical  size  is  ereat.  The  increase  in  the 

...  r j  -  -  w  -  -  '  -  —  —  -  -  cr “  

critical  size  accompanying  the  steady  decrease  in  the  degree  of  supersaturation  has 
the  result  that  the  smaller  among  the  grains  of  the  new  phase  already  formed  fall 
below  the  critical  range  and  redissolve.  Thus  a  decisive  role  at  this  stage  is  played 
by  the  "'"swallowing  up”  of  small  grains  by  large  ones,  which  grow  as  the  resuit  of 
the  dissolution  of  the  small  ones  ( coalescence ).  This  stage  will  be  discussed  in  the 
present  section.  It  is  assumed  that  the  initial  concentration  of  the  solution  is  so 
small  that  the  precipitated  grains  are  far  apart  and  their  direct  “interaction”  may  be 
neglected. t 

We  shall  consider  a  solid  solution  in  which  the  precipitated  grains  are  at  rest  and 
grow  only  by  diffusion  from  the  surrounding  solution.  In  order  to  illustrate  the 
method  and  the  basic  qualitative  features  of  the  process,  we  shall  also  make  a 
number  of  other  simplifying  assumptions,  neglecting  the  elastic  stresses  round  the 
precipitated  grains,  and  assuming  that  these  are  spherical. 

The  equilibrium  concentration  of  the  solution  at  the  surface  of  a  grain  with 
radius  a  is  given  by  the  thermodynamic  formula 

Coo  =  c0»(l  +  2av‘fTa),  (100.1) 

where  c0oo  is  the  concentration  of  a  saturated  solution  above  a  plane  surface  of  the 
solute,  a  the  surface  tension  coefficient  at  the  phase  interface,  t/  the  molecular 
volume  of  the  solute;  see  §99,  Problem.  The  concentration  is  defined  in  terms  of 
the  volume  of  the  substance  dissolved  in  unit  volume  of  the  solution.  With  this 
definition,  the  diffusive  flux  i  =  DBcfBr  at  a  grain  surface  is  equal  to  the  rate  of 


tThe  theory  given  here  is  due  to  I.  M.  Lifshitz  and  V.  V.  Slezov  (1958). 
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change  of  the  grain  radius: 


daldt  =  D[dcfdr]r=a, 

where  D  is  the  solute  diffusion  coefficient.  Because  the  concentration  is  assumed 
small,  this  rate  is  so  small  that  the  concentration  distribution  round  the  grain  can  be 
regarded  as  equal,  at  each  instant,  to  the  steady  distribution  c(r)  corresponding  to 
the  relevant  value  of  a: 


c(r)  =  c-(c-  CoJfl/r, 

where  c  is  the  mean  concentration  of  the  solution.  Hence  the  diffusive  flux 
i(r)  =  Da{c-c0a)jr2  and,  with  (100.1), 


i(fl)  =  daldt 

=  Dic-Cfia^a 


where  the  parameter  cr  —  Zav'c^lT  and  the  quantity  A  =  c  —  c0*  is  the  super- 
saturation  of  the  solution.  The  quantity 


M0  =  o/A(f)  (100.2) 

is  the  critical  radius:  when  a  >  ac r,  the  grain  becomes  larger  {daldt  >  0),  and  when 
a  <  ocr  it  dissolves  {daldt  <0).  In  the  following  analysis,  up  to  the  final  result,  we 
shall  measure  time  in  units  of  flcr(0)/Dcr,  where  acr(0)  is  the  critical  radius  at  the 
point  where  coalescence  begins.  Thus  we  have  the  equation 

^=«cr(0)/J — J_\  (100.3) 

dt  a  \acr  a  J 

Next,  let  /(f,  a)  be  the  grain  size  distribution  function  normalized  so  that  the 
integral 


N(f)=  \Xf{t,a)da 
Jo 

is  the  number  of  grains  per  unit  volume.  Regarding  va  =  daldt  as  the  rate  of 
movement  of  the  grain  in  size  space,  we  can  write  the  continuity  equation  in  that 
space  as 
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Lastly,  the  conservation  of  the  total  quantity  of  solute  is  expressed  by 

A  +  q  =  constant  =  Q,  q(t)  =  ijir  j  a^fit,  a)  da,  (100.5) 

where  Q  is  the  total  initial  concentration  and  q  the  volume  of  precipitated  grains 
per  unit  volume  of  the  solution. 

Equations  (100.3)— ( 100.5)  form  a  complete  set  of  equations  for  the  problem 
concerned.  They  can  be  transformed  so  as  to  involve  variables  that  are  more 
convenient  for  the  analysis. 

We  use  the  dimensionless  quantity 

X(0  =  flcr(t)/flcr(0).  (100.6) 

As  t  oo,  the  supersaturation  A(r)  tends  to  zero,  and  the  critical  radius  cor¬ 
respondingly  tends  to  infinity.  Hence,  as  t  varies  from  0  to  °°,  the  quantity 

r  =  3  logx(t)  (100.7) 

also  varies  monotonically  from  0  to  and  we  shall  take  this  as  a  new  time 
variable.  As  the  unknown  function  in  (100.3)  we  take  the  ratio 


u  =  a/aCT(t).  (100.8) 

The  equation  then  becomes 

du3/dr  =  y(u  —  1)-  u\  (100.9) 

where 

y  =  7(t)  =  dtfx2  dx  >  0.  (100.10) 

Going  on  now  to  analyse  the  equations,  we  shall  first  show  that  as  r  -*  °o  the 
function  y(T)  must  tend  to  a  particular  finite  limit. 

The  right-hand  side  of  (100.9)  has  a  maximum  at  u2  =  \y,  where  its  value  is 
T [i(3*y)l/2  —  13-  Thus,  depending  on  the  value  of  7,  the  rate  du3idr  as  a  function  of  u 
may  have  any  of  the  three  forms  shown  in  Fig.  34.  When  7  =  70  =  27/4,  the  curve 
touches  the  abscissa  axis  at  u  =  u0  =  3/2. 

Each  point  on  the  abscissa  axis  representing  the  state  of  a  grain  moves  to  the 
right  or  to  the  left,  according  to  the  sign  of  the  derivative  du3/dT.  When  7  >  70,  all 
points  to  the  left  of  iq  move  to  the  left  and  disappear  on  reaching  the  origin.  The 
points  with  u>  u  1  move  to  the  point  U2,  approaching  it  asymptotically  from  the 
right  or  from  the  left.  This  means  that  all  grains  with  11  >  11 1,  i.e.  with  radius 
a  >  Uiflcr,  would  reach  asymptotically  the  size  a  =  acrw2,  which  tends  to  infinity  with 
acr;  the  total  volume  q  of  precipitated  grains  would  thus  also  tend  to  infinity,  so  that 
the  equation  of  conservation  of  matter  (100.5)  could  not  be  satisfied.  When  7  <70, 
all  points  move  to  the  left  and  disappear  on  reaching  the  origin  after  a  finite  time;  in 
this  case,  q{r)  ->  0,  and  equation  (100.5)  again  cannot  be  satisfied. 
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du 3 

y>y0 

0 

V 

£ 

11 

dr 

--  /  w.  \  ^  /; 

7* 

Fig.  34. 

Thus  the  function  y(r)  must  tend  to  the  limit  70  and  must  do  so  from  below:  if  it 
did  so  from  above,  or  if  7  =  70  exactly,  all  points  with  u  >  u0 ,  moving  to  the  left, 
would  still  become  “stuck”  at  u  =  it0  (where  du3/dr  =  0),  and  equation  (100.5)  could 
not  be  satisfied,  as  in  the  case  7(°°)>  70.  We  must  therefore  have 

y(r)  =  ?[l-e2(T)],  (100.11) 

with  e  ->  0  as  t  — *  The  points  approaching  from  the  right  pass  more  and  more 
slowly  through  the  “hold-up**  point  u  =  u0.  Their  rate  of  passage  is  governed  by  the 
function  c(t),  which  must  again  be  determined  from  the  equation  of  motion  (100.9) 
and  the  equation  of  conservation  of  matter  (100.5). 

Near  the  point  u  =  u0,  equation  (100.9),  with  7  from  (100.11),  is 


da 

dr 


With  a  new  unknown  function,  the  ratio  z  =  (u  —  \)le  of  two  small  quantities,  we 
can  write  this  equation  as 


3  dz 
2e  dr 


2  3  3 

-z  -4  +  2*1 


(  _d(l/e)\ 

V'—oT} 


(100.12) 


Analysis  of  this,  similar  to  that  of  (100.9),  leads  to  the  conclusion  that  as  r  ->  *  the 
function  t)(t)  must  tend  asymptotically  to  a  finite  limit  tj0=2/V3,  the  value  for 
which  the  right-hand  side  of  (100.12)  as  a  function  of  z  touches  the  abscissa  axis  at 
the  hold-up  point  z0  =  V3/2.  The  asymptotic  equation  rj  =  tjo  gives  the  limiting  form 

c(t)  =  V3/2t.  (100.13) 

When  r2>  1,  the  correlation  term  in  (100.11)  may  be  neglected.  The  equation 
I/7  =  x2dxjdt  =4/27  then  gives  the  limiting  form  of  the  time  dependence  of  the 
critical  radius: 


x(0=flcr(t)/flcr(0)  =  (4r/9),,\ 


(100.14) 
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Since  r  =  log*3,  the  condition  for  (100.14)  to  be  applicable,  expressed  in  terms  of 


the  actual  tune  /,  is  log2  i  >  1. 


It  is  note wurth y  that,  aithuugh  the  i dative  magnitude 


of  the  corrections  to  y0  decreases  rapidly  with  increasing  r  and  the  first  ap¬ 
proximation  (100.14)  becomes  more  and  more  nearly  exact,  the  behaviour  of  the 
solution  near  the  hold-up  point  is  governed  by  just  these  corrections. 

Let  us  now  calculate  the  grain  size  distribution  function.  The  distribution 
function  in  the  variables  u  and  r  is  related  to  that  in  t  and  a  by 


(p(r,  u)du  =  /(f,  a)  da,  f  =  tplacr . 
The  continuity  equation  for  this  function  is 


(i(p  , 

dr 


d 

dll 


(vu(p) 


vu  =  dul  dr. 


(100.15) 


(100.16) 


The  rate  vu  is  given  by  (100.9),  with  y  =  27/4,  everywhere  except  in  a  neighbour¬ 
hood  ( ~  e)  of  u0: 


».=^=  -3p(«-i)2(«  +  3).  (100.17) 

The  solution  of  equation  (100.16)  has  the  form 

<p(t,  w)  =  x\.t~  t(u)]/- vuy  r(u)=  f  dufvu,  (100.18) 

Jo 

where  x  is  a  function  to  be  determined. 

We  have  seen  that  all  points  representing  grains  move  from  right  to  left  on  the 
u-axis,  pass  through  the  neighbourhood  of  the  hold-up  point,  and  spend  a  longer 
time  there  if  they  arrive  later.  This  neighbourhood  thus  acts  as  a  sink  for  points 
with  u  >  u0  and  as  a  source  for  the  range  u  <  u0- 
The  distribution  function  to  the  right  of  u0,  as  r  <»,  is  determined  by  the  points 
arriving  from  infinity,  which  correspond  to  grains  in  the  “tail”  of  their  initial  (t  =  0) 
distribution.  Since  the  number  of  grains  in  that  distribution  of  course  decreases 
rapidly  (in  practice  exponentially)  with  increasing  size,  the  distribution  function  in 
the  range  u  >  u0  (outside  the  immediate  neighbourhood  of  u0)  tends  to  zero  as 
r  — » co. 

In  the  equation  of  conservation  of  matter  (100.5),  the  term  A(t)  0  as  r 
Expressing  the  integral  q  in  terms  of  the  variables  r  and  u,  with  a3  =  u3x3a„(0)  = 
uVa3CI(0),  we  find 


KeT  I  u3<p(t,  u)  du  =  1,  k  =47rflJr(0)/3Q;  (100.19) 

Jo 

here  <p  is  to  be  substituted  from  (100.18),  with  vu  from  (100.17).t  It  is  immediately 

tWe  shall  not  pause  to  prove  that  the  relative  contribution  to  the  integral  from  the  neighbourhood  of 
no,  where  (100.17)  is  not  valid,  tends  to  zero  as  t 


§  100  Kinetics  of  First-order  Phase  Transitions.  Coalescence  437 

evident  that  the  expression  on  the  left  of  (100.19)  can  be  independent  of  r  only  if  x 
has  the  form 

The  function  r(u)  is  calculated  by  elementary  integration,  and  the  result  is 

(p(r,  u)  =  Ae~TP(u)t  (100.20) 


where 


p.  3*e  «~exp[-  1/(1 -fu)] 

(  >  2571  (u  +  3)7'’(2-u)"'’  ’ 


u  < 


(100.21) 


P(h)  =  0,  u  >  j. 

The  constant  A  is  determined  by  substituting  (100.20)  back  into  (100.19);  numerical 
evaluation  of  the  resulting  integral  gives  A  =  0.9/ k.  The  function  P(u)  is  necessarily 
normalized  to  unity: 


fu°  f 

I  r{uj  au  =  - 


3  2  er(u) 


Jo  Vu 


au  —  — 


The  number  of  grains  per  unit  volume  is  therefore 


“0 

<p(7.  If)  du  =  Ae~T  =  9AI4t.  (100.22) 

i 

It  is  easy  to  find  also  the  value  i7  averaged  over  the  distribution  (100.21).  To  do  so, 
we  consider  the  integral 


JPU«  r«o  au  ro 

P(u)(n  -  \)du  —  e*u\u-\)-^-=  eT[u(r)  —  \]dr. 

0  Jo  Vu  J  cc 


Substitution  of  h(t)-  1  from  (100.9)  gives 


A 

27 


|  e 7  u3(r)  +  ^~^Jdr  =  ^[u3(T)eT]-^  =  0. 


Thus 


J‘«o  r« o 

P(u)iidii=|  P(u)du  =  l, 

0  Jo 

i.e.  a  =  aCT(t ),  the  mean  size  being  equal  to  the  critical  size. 

We  can  assemble  the  above  formulae  and  rewrite  the  results  in  terms  of  the 
original  variables — the  grain  radius  a  and  the  dimensional  time  f.  The  mean  grain 
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radius  increases  asymptotically  with  time  according  to 


a  =  (4<xDt/9)l''\  (100.23) 

The  grain  size  distribution  is  given  at  any  time  by  (100.21):  the  number  of  grains 
whose  radius  is  in  the  range  da  is  P(afa)  dala.  The  function  P(u)  is  non-zero  only 
when  u<i  and  is  shown  graphically  in  Fig.  35.  The  asymptotic  distribution  is 
independent  of  the  initial  distribution  at  the  start  of  coalescence.  The  total  number 
of  grains  per  unit  volume  decreases  with  time  according  to 

N(t)  =  0.5QfDat.  (100.24) 

The  supersaturation  of  the  solution  tends  to  zero: 

A(f)  =  (9<r2/Df)1'3.  (100.25) 

To  see  the  significance  of  these  relations,  note  that  in  the  above  treatment  the 
total  volume  of  the  solution  is  regarded  as  infinite,  and  the  total  amount  of  solute  is 
therefore  infinite  also.  In  a  finite  volume  the  process  is  of  course  complete  after  a 
finite  time,  when  the  whole  of  the  solute  has  been  precipitated  into  one  mass. 


§101.  Relaxation  of  the  order  parameter  near  a  second-order  phase  transition 

It  is  well  known  that  the  change  in  state  of  a  body  in  a  second-order  phase 
transition  (phase  transition  of  the  second  kind)  is  described  by  the  order  parameter 
t],  which  is  non-zero  on  one  side  of  the  transition  point  (in  the  “unsymmetrical” 
phase)  and  zero  on  the  other  side  (in  the  “symmetrical”  phase).  The  discussion  in 
SP  1,  Chapter  XIV,  related  to  the  properties  of  bodies  in  thermodynamic  equili- 


P{u) 


Fig.  35. 
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brium  near  transition  points.  Let  us  consider  the  relaxation  of  the  order  parameter 
in  a  system  not  in  equilibrium. 

The  equilibrium  value  of  the  order  parameter,  denoted  here  by  rj,  is  determined 
by  minimizing  the  corresponding  thermodynamic  potential.  In  order  to  deal  with 
cases  of  spatial  homogeneity  and  inhomogeneity,  we  shall  use  the  potential  fl,  a 
function  of  the  temperature  T  and  the  chemical  potential  /x  (for  a  given  total 
volume  of  the  body);  cf.  SP  1,  §  146. 

In  a  spatially  homogeneous  body,  the  value  of  17  is  determined  by  the  minimum 
of  fl(T,  /x,  tj)  (the  thermodynamic  potential  per  unit  volume)  as  a  function  of  tj  with 
given  T  and  jx: 


dflf  di)  =  0. 


(101.1) 


If  this  condition  is  not  satisfied,  a  relaxation  process  occurs,  in  which  77  varies  with 

tlmA  'jnH  tAnrlc  tn  ««  I  n  ■  >  etatp  r>pf  fur  from  AoillIlKrlilm  1  P  \i/tipn  PO/ ■  c  c  m  ■»  1 1 
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but  not  zero,  the  relaxation  rate  (the  derivative  drjldt )  is  also  small.  In  the  Landau 
theory,  where  fluctuations  of  the  order  parameter  are  neglected,  we  must  suppose 
that  the  relation  between  these  two  derivatives  amounts  to  a  simple  propor¬ 
tionality: 


dr)ldt  =  —  ydn/c)i7,  (101.2) 

with  a  constant  coefficient  y  (L.  D.  Landau  and  I.  M.  Khalatnikov,  1954). 

In  the  Landau  theory,  the  thermodynamic  potential  near  the  transition  point  has 
the  form 


fl  =  n0(T,  /x)  +  (T  -  Tt  )arj2  +  fcrj4. 


(101.3) 


wim  a  cuuuviciu  u.  ii  uii^yiiiincLii^ai  iu  1  ^  1  C9 

then  a  >  0  also;  see  SP  1  (146.3).  The  equilibrium  value  of  the  order  parameter  in 
the  unsymmetrical  phase,  i.e.  the  solution  of  equation  (101.1),  is 


V  =  [a(Tr  —  T)l2b]V2. 


(101.4) 


The  relaxation  equation  (101.2)  becomes 

dijfdt  =  —  2y[(T  —  Tc)a7j  +  Ibi}*], 
or  linearizing  with  respect  to  the  small  difference  S17  =  tj  —  rjy 

dSrjIdt  =  — Stj/to*  (101.5) 

where 

r0-l/47a(Tc-T),  T  <  Tc.  (101.6) 

As  t  -»  oo,  the  difference  617  must  tend  to  zero;  hence  we  must  have  ^>0,  and 
therefore  y  >  0. 
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The  relaxation  in  the  range  T  >  Tt  is  treated  similarly.  Here  77  =  0,  and  the 
linearized  expression  for  the  derivative  is 

dO/drj  =  -2a(T-Tc)8r). 

Accordingly,  (101.6)  is  replaced  by 


t0=  l/2ya(T-T,),  T  >  Tc. 


(101.7) 


The  quantity  r0  is  the  relaxation  time  for  the  order  parameter.  We  see  that  it 
tends  to  infinity  as  T  -»  Tt.  This  is  of  fundamental  importance  for  the  whole  theory 
of  phase  transitions.  As  already  noted  in  SP  1,  §143,  it  ensures  the  existence  of 
macroscopic  states  corresponding  to  incomplete  equilibrium  for  given  non-equili- 


hrinm  viiIiipc  nf 


»!_  The  theory  given  in  §§  101  and  102,  which  treats  the  relaxation 


of  the  order  parameter  independently  of  that  of  other  macroscopic  characteristics 
of  the  body,  depends  on  this  property  for  its  significance. 

In  a  spatially  inhomogeneous  system,  we  have  to  consider  the  total  ther¬ 
modynamic  potential,  given  by  the  integral 

fl,  =  J  {n„  +  u(T  -  Tc)v2  +  br)4  +  g(Vi,)2}  dV;  (101.8) 


see  SP  1  (146.5).  The  corresponding  equilibrium  condition  is  found  by  varying  the 
integral  with  respect  to  tj  and  equating  the  variation  to  zero.  Integrating  by  parts  in 
the  gradient  term,  we  get  as  the  condition  of  equilibrium 

2 a(T  —  Tf  )rj  +  4 —  2gAi7  ~  817/ yT0  —  2gA8rj  =  0; 

we  have  taken  the  particular  case  of  the  unsymmetrical  phase  with  T  <  Tc. 
Correspondingly,  there  is  an  additional  term  in  the  relaxation  equation: 


-{^-27gA8„}.  (101.9) 


For  each  of  the  spatial  Fourier  components  of  the  function  617(1.  r),  this  gives 

7-7+2 ygk2.  (101.10) 

at  Tk  rk  T0 

We  see  that  the  relaxation  time  for  components  with  k  ^  0  remains  finite  as  T  »-»Tc, 
but  increases  with  decreasing  k. 

Lastly,  if  we  include  in  fl  the  term  —  17/1  which  describes  the  effect  of  an  external 
field  on  the  transition  (see  SP  1  046.5)),  the  relaxation  equation  becomes 

-^7-+  27gA8i7  +  yh. 
at  To 


(101.11) 
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If  the  field  is  assumed  periodic. 


h  x  e 


•  (k.  r-  d)l) 


we  then  obtain 


$Vk  =  k )/h, 

with  the  generalized  susceptibility 

*(co,  k)  =  yl(Thl  -  iw).  (101.12) 

This  expression  has  a  pole  at  co  =  —  ir^1,  in  accordance  with  the  general  statement 
made  at  the  end  of  §91.  When  co  =  0  and  k  =  0.  it  reduces  to  *(0, 0)  =  l/4a(Tc  —  T), 
in  agreement  with  SP  1  (144.8). 

According  to  the  fluctuation-dissipation  theorem,  the  generalized  susceptibility 
(101.12)  determines  the  spectral  correlation  function  of  the  fluctuations  of  the  order 
parameter  by  the  formula  (in  the  classical  limit  /ico  T) 

(Si72)^k  =  (2T/co)  im  *(co,  k)  =  2y T/(to2  +  r^2).  (101.13) 

This  is  the  space-time  Fourier  component  of  the  correlation  function 
(St)(0,  0)St)((,  r));  the  mean  values  of  the  products  of  Fourier  components  of  the 
fluctuations  are  related  to  (Sij^k  by 

(STjukSTVk')  —  (27r)4fi(aj  +  o/)S(k  +  k'XSi}2)^- 

Integration  of  (101.13)  over  dcafl'i:  gives  the  spatial  Fourier  component  of  the 
single-time  correlation  function  (Si^O,  0)Stj(0,  r)):t 

ffin2)i,  ~  f  fSn2)..,L  dtol'l'ir 

'  *  J  '  ’ 

=  T/[2gk2  +  4a(Tc  -  T)].  (101.14) 


§  102.  Dynamical  scale  invariance 

The  theory  in  §  101  does  not  take  account  of  fluctuations  of  the  order  parameter. 
Its  applicability  is  therefore  restricted  by  the  same  conditions  as  for  the  Landau 
thermodynamic  theory  of  phase  transitions.  These  conditions  are  not  satisfied  in  a 
neighbourhood  of  the  transition  point,  the  “fluctuation”  region. 

In  this  region,  the  kinetic  properties  of  the  body,  like  the  purely  thermodynamic 
properties  (see  SP  1,  §  148),  can  be  described  by  a  set  of  critical  indices  (or  critical 
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components  in  the  expansion  as  a  Fourier  series  in  a  finite  volume  V,  not  as  a  Fourier  integral. 
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exponents )  which  specify  the  manner  of  variation  of  quantities  as  the  transition 
point  is  approached.  It  proves  possible  to  derive  certain  relations  between  these 
indices  by  extending  to  include  kinetic  effects  the  hypothesis  of  scale  invariance 
formulated  for  the  thermodynamic  properties  in  SP  1,  §  149;  this  generalization  is 
termed  dynamical  scale  invariance. 

The  nature  of  the  singularity  of  the  thermodynamic  quantities  at  the  transition 
point  depends  on  the  number  of  components  of  the  order  parameter  describing  the 


u  aiismoii,  and  uii  the  structuie  of  the  effective  1 1  ami!  to  man  formed  from  them  (see 
SP  1,  §147).  For  the  kinetic  quantities,  the  range  of  possible  cases  become  more 
various  because  of  the  different  possible  forms  of  the  “equations  of  motion” 
describing  the  relaxation.  Let  us  first  consider  the  simplest  case,  that  of  an  order 
parameter  having  only  one  component  (B.  I.  Halperin  and  P.  C.  Hohenberg  1969). t 
A  way  to  determine  the  relaxation  behaviour  that  is  possible  in  principle,  but  not 
in  practice,  is  to  calculate  the  exact  (including  fluctuations)  generalized  suscep¬ 
tibility  x(co,  k;  T)  for  the  order  parameter  t)  under  the  action  of  the  external  field. 
The  time  variation  of  rj  during  the  relaxation  is  governed  (as  was  explained  in  §91) 
by  the  singularities  of  x  as  a  function  of  the  complex  variable  co.  If  the  singularity 
nearest  the  real  axis  is  the  simple  pole  at  co  =  —ir~](k;  T)  on  the  imaginary  axis, 
each  Fourier  component  of  the  order  parameter  decays  exponentially,  with  relax¬ 
ation  time  r(k;  T).  As  well  as  the  critical  indices  which  determine  the  behaviour  of 
the  thermodynamic  quantities,  we  use  two  indices  y  and  z  which  describe  the 
function  x(w,  k ;  T); 


T  cx  \T  -  Tc ry  when  k  =  0,  (102.1) 

t  a  k~z  when  T  =  Tf,  (102.2) 

with  y  >  0,  z  >  0,  since  the  relaxation  time  becomes  infinite  for  k  =  0,  T  =  Tc. 

It  is  plausible  to  assume  that,  near  a  second-order  phase  transition  (in  the 
fluctuation  range),  the  relaxation  time  is  independent  of  the  temperature  if  it  is 
measured  in  units  of  t0=  t(0;  T)  and  the  lengths  1/k  are  measured  in  units  of  rr(T), 
the  correlation  radius  for  fluctuations  of  the  order  parameter.  Thus  r(k;  T)  must 
take  the  form 


r(k;  T)  =  |T  —  Tt  \~y  f(krc),  (102.3) 

where  /  depends  on  the  temperature  only  through  rr(T)  in  the  product  krr,  and 
/(0)  =  constant. 

Since  rc  ->  cc  when  T  -*  Tc,  in  accordance  with  the  definition  of  the  critical  index 
z  we  must  have  /(£)  «  £“z  as  £  ->  °°.  The  temperature  dependence  of  r  can  then  be 
separated  as  the  product 


\T  —  Tr|~y  |T  —  Tc|z", 


tThis  is  the  case,  for  instance,  in  the  relaxation  of  the  magnitude  of  the  magnetization  vector  in  a 
ferromagnet  near  its  Curie  poinl,  where  strong  relativistic  interactions  fix  the  crystallographic  direction 
of  the  vector. 
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where  v  is  the  critical  index  for  the  correlation  radius:! 
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rc  oc  |T-Tcr.  (102.4) 

But  t  must  remain  finite  as  T  ->  Tc  (with  k &  0).  Hence  it  follows  that  we  must  have 


y  =  zv. 


(102.5) 


Thus  the  assumption  of  scale  invariance  enables  us  to  relate  the  two  indices  in 
(102.1)  and  (102.2). 

As  in  the  static  case,  there  is  good  reason  to  suppose  that  the  critical  indices  are 
the  same  on  both  sides  of  the  transition  point.  This  is  because  the  spatial 
inhomogeneity  (k^O)  blurs  the  phase  transition,  in  the  sense  that  it  eliminates  the 
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influences  the  phase  transition  in  the  same  way  as  an  external  field.  In  other  words, 
the  point  T  =  Tc  is  no  longer  distinctive,  so  that  there  is  no  reason  to  expect  a 
difference  between  the  values  of  z  as  T  tends  to  Tr  from  above  and  from  below. 
By  virtue  of  the  relation  (102.5),  the  same  is  then  true  of  the  index  y. 

We  can  similarly  relate  z  to  the  other  critical  indices.  Let  us  consider,  for 
instance,  the  dependence  of  the  susceptibility  x  on  co  when  k  =  0,  at  the  point 
T  =  Tr.  According  to  scale  invariance,  the  function  ^(co,  k;  Tc)  may  be  put  in  the 


form 


X  =  \T-TC\  yf(cor0y  krc ),  /(0, 0)  =  constant, 

where  y  is  the  critical  index  for  the  susceptibility  when  k  =  0  and  &  =  0.  For  k  =  0 
and  T  Tc,  the  susceptibility  must  tend  to  a  finite  limit  (if  co^O).  Since  ~0  « 

| T  -  Tc \~zvy  we  find  that  this  implies 

/«.0)«rT'"  as  £-»«=. 

The  required  dependence  of  x  on  to  is  therefore 

x  “  ft)  for  k  =  0,  T  =  T*.  (102.6) 

In  the  case  considered,  then,  the  demands  of  scale  invariance  enable  us  to 
establish  a  relation  between  the  kinetic  and  thermodynamic  critical  indices,  but  not 
to  determine  the  former  entirely  from  the  latter. 


§  103.  Relaxation  in  liquid  helium  near  the  A-point 

Let  us  now  consider  “degenerate”  systems  in  which  the  order  parameter  has  n 
components  17,  but  the  effective  Hamiltonian  depends  (in  a  homogeneous  system) 

IThe  notation  for  the  critical  indices  of  the  thermodynamic  quantities  here  and  below  is  the  same  as  in 
SP  1,  §148. 


444 


Kinetics  of  Phase  Transitions 


only  on  the  sum  of  the  squares  of  these  components.  That  is.  if  the  set  of  the  ^  is 
regarded  as  an  n-dimensional  vector,  the  effective  Hamiltonian  is  independent  of 
the  direction  of  the  vector. 

A  typical  example  is  a  purely  exchange  ferromagnet,  whose  energy  is  in¬ 
dependent  of  the  direction  of  the  magnetization  vector.  Another  example  is  a 
superfluid  (liquid  helium),  in  which  the  order  parameter  is  represented  by  the 
condensate  wave  function 


H  =  VnGeI<p:  (103.1) 

see  SP  2,  §§26  and  27.  This  complex  quantity  is  a  set  of  two  independent 
quantities,  but  the  energy  of  a  homogeneous  liquid  depends  only  on  the  squared 
modulus  |H|2  =  n0,  the  density  of  the  condensate. 

The  specific  properties  of  degenerate  systems  are  due  to  the  presence  in  their 
vibrational  spectra  of  a  soft  mode ,  a  branch  which  results  from  variations  in  the 
direction  of  the  “order  parameter  vector'*;  the  frequency  of  these  is  zero  at  the 
phase  transition  point.  Their  dispersion  relation  can  be  found  from  the  macroscopic 
equations  of  motion,  and  must  satisfy  the  requirements  of  scale  invariance.  As  we 
shall  see,  this  allows  the  kinetic  critical  indices  to  be  expressed  entirely  in  terms  of 
the  thermodynamic  ones.  We  shall  do  this  for  the  case  of  liquid  helium  (R.  A. 
Ferrell,  N.  Menyhard,  H.  Schmidt,  F.  Schwabl  and  P.  Szepfalusy  1967). 

In  this  case,  the  soft  mode  is  second  sound.  Near  the  transition  point,  it  consists 
of  combined  oscillations  of  the  superfluid  velocity  v,  and  the  entropy;  the  normal 
velocity  oscillation  amplitude  in  second  sound  is  p„  —  VspJp-,,  and  near  the  phase 
transition  point  (the  A -point)  it  is  small,  like  pA.  The  superfluid  velocity  is  related  to 
the  phase  of  the  condensate  wave  function,  vv  =  fiV<F//?i,  so  that  oscillations  of  vs 
imply  oscillations  of  the  phase,  i.e.  of  the  direction  of  the  order  parameter  vector. 
The  dispersion  relation  for  these  oscillations  is 

cu  =  U2K  (103.2) 


where 


«2  =  V(TS2p,/Cpp„)  ~  V(T,SWC Pp)  (103.3) 

is  the  speed  of  second  sound  (S  being  the  entropy  and  Cp  the  specific  heat  per  unit 
mass  of  the  liquid):  near  the  A-point,  T  and  S  may  be  replaced  by  their  values  TA 
and  Sx  at  that  point,  and  p„  (the  density  of  the  normal  component  of  the  liquid)  by 
the  total  density  p.^ 


tThe  speeds  of  first  and  second  sound  in  liquid  helium  are  calculated  (see  FAf,  §130)  as  the  roots  of 
the  dispersion  relation 
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Outside  the  immediate  neighbourhood  of  the  A-point.  the  thermal  expansion  coefficient  is  small,  and 
therefore  so  is  the  difference  Cp  —  C„,  so  that  we  can  put  Cp  =*  C„.  As  T  -*■  7\,  CP  becomes  noticeably 
different  from  Cu,  but  p,  0,  and  we  then  arrive  at  (103.3). 
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As  T  -»  Ta.  the  density  ps  tends  to  zero  according  to 

P,  *  (Ta  -  TV2-*3,  (103.4) 

where  a  is  the  critical  index  for  the  specific  heat: 

Cp  *  |TA  -Tl"0;  (103.5) 

see  SP  2  (28.4).  The  way  in  which  u2  tends  to  zero  depends  on  the  sign  of  a.  If 
a  >  0,  so  that  Cp  -*  we  have 


uz  «  (Ta  -  T)fl+a)/\  a  >  0. 

If  a  <0,  Cr  tends  to  a  finite  limit  (the  critical  index  defines  the  behaviour  of  only 
the  singular  part  of  the  specific  heat  near  the  transition  point);  then 


u2  oc  (T*  -  T)(2~a)l\  a  <  o.  (103.6) 

We  shall  suppose  here  that  a  <0,  as  in  fact  seems  to  be  true  for  liquid  helium 
(a  —  0.02). 

The  damping  of  second  sound  is  governed  by  the  imaginary  part  of  the 
frequency.  Far  below  the  A -point,  this  imaginary  part  is  small,  but  it  increases  as 
the  A-point  is  approached,  and  in  its  immediate  neighbourhood  (krt.  —  1)  becomes  of 
the  order  of  unity  (im  w  ~  |«|).  At  a  sufficient  distance  above  the  A-point,  we  have 
an  ordinary  damped  thermal  wave  (the  solution  of  the  thermal  conduction  equa¬ 
tion),  with  the  dispersion  relation 


co  =  iidClpCp,  (103-7) 

where  k  is  the  thermal  conductivity. 

We  now  apply  the  hypothesis  of  scale  invariance,  according  to  which  the 
dispersion  relation  near  the  A-point  must  have  the  form 

co  =  kzf(krc). 


This  may  also  be  written  ast 


" = fc!/ Ffc17^)’  (io3-8) 

with  a  different  function  /,  v  being  the  critical  index  for  the  correlation  radius. 

The  validity  of  the  dispersion  relations  (103.2)  and  (103.7)  is  not  restricted  by  any 
condition  of  distance  from  the  A-point,  but  at  a  given  temperature  it  is  limited  by 

tThese  relations  must  be  valid  in  the  fluctuation  region,  which  means  that  the  inequality  |T-  TA|  TA 
must  always  be  satisfied.  There  is  evidence,  however,  that  in  liquid  helium  this  inequality  must  actually 
be  satisfied  with  plenty  to  spare,  implying  that  the  theory  should  involve  some  small  numerical 
parameter. 
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the  condition  krc  <§  1:  the  wavelength  must  be  much  greater  than  the  correlation 
radius,  since  otherwise  the  macroscopic  equations  on  which  these  relations  are 
based  cease  to  be  valid. 

Let  us  first  consider  temperatures  below  the  transition  point.  The  requirement 
that  for  krc  1  the  dispersion  relation  be  linear  in  k  determines  the  limiting  form  of 
fit)  in  (103.8): 


/(£)<*  as  £->-«>. 

The  temperature  dependence  of  the  dispersion  relation  is  found  similarly: 

co  oc  k(T,  -  T)v(2"1).  (103.9) 

Comparison  of  this  with  (103.6)  gives 

v(z  —  1)  =  (2  —  a)/6. 

The  critical  indices  v  and  a  are  related  by  3v  —  2  —  a  (see  SP  1  (149.2));  hencet 

z  —  3/2.  (103.10) 

As  T  -»  Ta,  the  frequency  must  tend  to  a  finite  limit,  and  therefore  /(0)  = 
constant.  Thus  the  dispersion  relation  for  second  sound  at  the  A -point  itself  is 

co  oc  k\  (103.11) 

The  imaginary  part  of  co  is  of  the  same  order  of  magnitude  as  the  real  part.  When 

T  ^  Ta,  the  dispersion  relation  (103.11)  is  valid  for  short  waves  such  that  krc  >  1. 

Lastly,  let  us  consider  the  temperature  range  T  >  T*.  Here,  when  krc  1,  co  must 
be  a  quadratic  function  of  k.  This  implies  that 

/«)  «  r(z“2)  as  h  +oo. 


Then 


co  oc  k2(T  -  Ta)1'<i~2). 

Comparison  with  (103.7),  expressing  v  in  terms  of  a,  gives  the  temperature 
dependence  of  the  thermal  conductivity: 

k  «  (T  -  TO'12'""6.  (103.12) 

This  tends  to  infinity  as  T  -*  T»,  approximately  as  (t-ta)-,d. 

Second  sound  involves  oscillations  of  the  phase  of  the  condensate  wave 
function.  Hence  1/im  co  also  represents  a  phase  relaxation  time.  When  k  -»  0  it  of 

tlf  a  <0,  z  =3/(2- a). 
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course  tends  to  infinity:  in  a  homogeneous  liquid,  the  change  in  phase  does  not  lead 
to  a  change  in  energy,  and  phase  relaxation  is  therefore  not  possible. 

The  relaxation  time  for  |H|  =  Vn0,  the  condensate  density,  is  not  in  general  the 
same  as  the  phase  relaxation  time.  However,  from  the  sense  of  scale  invariance  we 
can  say  that  the  two  times  agree  in  order  of  magnitude  when  krc  —  1.  According  to 
(103.9),  this  time  is 


T - «  rc(TA  -  Tr'1-"  «  (Ta  -  Tr\ 

co(l  lrc) 

With  z  from  (103.10), 


r  «  (T*  -  7Tl+“'2.  (103.13) 

The  relaxation  time  for  the  condensate  density  remains  finite  as  k  -»  0,  and  does 
not  tend  to  infinity  like  the  phase  relaxation  time.  The  temperature  dependence 
(103.13)  of  the  condensate  density  relaxation  therefore  remains  valid  when  k  =  0 
(V.  L.  Pokrovski!  and  I.  M.  Khalatnikov  1969).t 


tlf  a  >0,  we  should  obtain  t  a  (TA  -  T)  \  in  exact  agreement  with  the  result  (101.6)  of  the  Landau 
theory.  This  agreement,  however,  is  to  some  extent  accidental. 
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